Journal of Convex Analysis
Volume 33 (2026), No. 3&4, 841-864

New Unexpected Limit Operators for
Homogenizing Optimal Control Parabolic
Problems with Dynamic Reaction Flow on
the Boundary of Critically Scaled Particles

Jesus Ildefonso Diaz

Instituto de Matemdtica Interdisciplinar, Universidad Complutense de Madrid, Spain
jidiaz@ucm.es

Tatiana A. Shaposhnikova, Alexander V. Podolskiy

Lomonosov Moscow State University, Russia
shaposh.tan@mail.Tu, avpodolskiy@yandex.ru

Dedicated to the memory of Hedy Attouch.

Received: July 20, 2024
Accepted: February 21, 2025

We study the asymptotic behavior, as ¢ — 0, of the optimal control and the optimal state of an
initial boundary value problem in a domain that is e-periodically perforated by balls (or, equiva-
lently it is the complementary to a set of spherical particles). On the boundary of the perforations
(or of the particles) we assume a dynamic condition with a large growth coefficient in the time
derivative. The control region is a possible small subregion and the cost functional includes a
balance between the prize of the controls and the error with respect to a given target profile. We
consider the so-called “critical case” concerning a certain relation between the structure’s period,
the diameter of the balls, and the growth coefficient of the boundary condition. We show that
the homogenized problem contains in the limit state equation a nonlocal "strange term”, given
as a solution to a suitable ordinary differential equation. We prove the weak convergence of the
state and the optimal control to the state and the optimal control associated with the limit cost
functional which now contains an unexpected new “strange” term.
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dition, homogenized cost functional.

2020 Mathematics Subject Classification: 35B27, 35K20, 49K20, 93C20.

1. Introduction

It is well-known that important problems of Chemical Engineering lead to the op-
timization of some cost functionals (see, e.g. [34] and the survey [26]). Here, we
will consider the optimal control problem associated with the distributed case in
which the chemical reactor consists of a fixed bed and a dynamic reaction flow on
the boundary of the particles. The problem also arises in other frameworks linked
to porous media in which the word “particle” must be replaced by “perforation”
(see, e.g. [1] [8], [19], [20], [21], [27], [22], [32], and the many other references quoted
in the monograph [10]). The state equation of our control problem is the parabolic
problem with dynamic boundary conditions
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( Owue(v) — Auc(v) = f + xw.v, (2,) € QF,
e V0ue(v) + dyu.(v) =0, (z,t) € ST,

Q¢ ue(v)(z,0) =0, z € (), (1)
us(v)(x,0) =0, x €S,
L u-(v)(z,t) =0, (z,t) e TT,

where we are using the notation (considering 0 < 7' < 00)

Q. =0\ G, S. = 0G., 00, = 5. U IR, 2)
QI =Q.x(0,T), T"=00x (0,T), SI'=5.%x(0,7), Q" =Qx(0,T),
which will be detailed in the next section, G. is the set of small particles (e-
periodically distributed and homothetic to a ball) in an open bounded regular set
Qof R*, n >3, f € L*(QT), and the control v € L*(w!) is acting on a possibly
small open part w. of . (here, x,. denotes the characteristic function of w.): i.e.
we introduce an open domain w such that w C €2, and consider the sets

we=wNQ, w =w x(0,7T), w =wx(7T).

The parameter v > 0 plays a crucial role since in this paper we consider the so-
called “critical case” in which each particle is a translation of a small particle a.Gy,
where Gy is the unit ball and a. = Cye?, with v = ~%5 and Cj is some positive

constant.

Notice, since the problem (1) is linear, we can assume without loss of generality that
the initial data are zero. We also assume f € L?*(QT) and the control regularity
v € L*(wl). The existence of a unique weak solution u.(v) € L*(0,T; H*(Q.,09))
with atug( ) € L*(0,T; L*(Q.)), dyuc(v) € L*(0,T; L*(S.)) can be obtained by the
Galerkin approximations (see [36]). The application of the abstract theory for sub-
differential of convex functions also leads to some existence results, see Remark 2.1.

The formulation of the optimal control problem ends with the definition of the cost
functional J. : L?(w!) — R. We assume to be given a “target” function

ur € H'(0,T; H} () N C(QT),

a given profile observed at the final time T, and we try to optimize a weighted
functional making the balance between the “prize” of each control v € L?(w!) and
the “error with respect to the target function” at the final time 7" (over €). and over
Se) but in the same time trying to have a spatial gradient of the state u.(v)(z,1)
close to the one of the target profile ur when ¢ € (0,7") (notice that the trace of up
on S. is well defined), i.e. we consider the cost functional

/ V. (v) — Vur|*dzdt + % /(us(v) —up)(z, T)do+

A (3)
"‘7 (ue(v) — ur)?(x, T)ds + g /vzda:dt.

T
Se W

Some comments on the application of this optimal control problem to the study of
the approximate controllability of solutions of (1) will be given later (Remark 2.3).
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By applying different results in the literature, see [17], [18], [24], [33], it is well known
that there exists a unique optimal control v. € L*(w!) such that

J-(ve) = inf  J.(v). (4)

veL?(wl)

The main goal of this paper is to apply a homogenization process to the above
optimal control problem when € — 0. As in many other formulations, the kind of
the limit problem depends, strongly, on the size of the particles radii Coe®, Cy > 0
(see, e.g. [32], [1] and the exposition made in [10]). Here, we will consider the
critical case in which & = v = n/(n — 2). For some different elliptic and parabolic
problems; it is well-known that this critical choice leads to the emergence of a new
“strange” term (the naming is due to [6]) in the effective partial differential equation
(see [6], [21], [23], [35], and the monograph [10]).

In the framework of elliptic equations with a dynamic boundary condition on the
boundary of the particles, it was shown that the above-mentioned “strange” term
becomes a “non-local” operator obtained by solving a suitable ordinary differential
equation (we refer to [9, 11]). In this paper, we will show that a new unexpected term
appears in the limit cost functional (in contrast with previous results in the literature
for related formulations, e.g. see [14, 28, 29, 30]). Although, the detailed statements
of our results will be presented later, we summarize now that we will prove the
convergence of the optimal controls v. — vy strongly in L*(w”), the convergence
of the corresponding states (extended to ) 4. — ug weakly in L(0,T; H}(£2,00Q))
and Oy, — Oyup weakly in L?(Q7), with the limit state problem given by

atu() - AUO + An(u() - BnHuo(xvt)) = f + XwUo, (l’)t) € QTa
up(z,0) =0, x €€, (5)
UO(:L‘7t) = Oa (:E7t) S FTa

for suitable constants A,, B, and a suitable non-local in time operator H,,, and
that vy is the optimal control associated to the limit cost functional Jy(v) (i.e.
J()(UO) = in{Jg('U)|U € LQ(CL)T)} )

1 1 N
Jo(v) = 31V (uo(v) = ur)llz2gr) + 5 luo(0) (. T) = ur (-, T)l[720) + 5 I0ll720r)+

-1
C" rw,

T

A
||(UT(,T) - BnHuo(v)(7T))H%2(Q) + THatHuO(”)H%Q(QT)' (6>

A new consequence of the critical size of the particles is the presence of the last
two terms of Jy(v): this is not expected if we compare what arises in this critical
case with the similar results obtained for non-critical cases. Some comments on the
application of this optimal control limit problem to the study of the approximate
controllability of solutions of (5) will be given later (see Remark 7.1).

In order to get the proof of these convergence results, we will use the extension
of the Pontryagin’s method to the case of distributed problems (following the main
ideas introduced in [24]). The delicate question is to get a priori estimates under the
presence of suitable balances appearing in this critical case and to identify the limit
of several auxiliary expressions. In Section 2, we give the details of the formulation
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of the direct problem as well the paired system arising in terms of the adjoint optimal
state p.: we will show that the optimal control is given by v. = —N"1p.x,.. The
a priori estimates allow passing to the limit in the pair (u.,p.) (and thus in the
controls v.) is presented in Section 3. A detailed formulation of the main theorems
of this paper is collected in Section 4. For the proofs, we start by characterizing the
limit pair (ug, po) of the pair (u., p.), which is presented in Section 5, and finally, we
prove the identification of the limit cost functional Jy(v) in Section 6.

2. Problem formulation and coupled system with the adjoint state

Let €2 be a bounded domain in R", n > 3, with a smooth boundary 02 (the case
of n = 2 can be considered but requires a different approach, e.g. see Section
4.7.2 of [10] and its references). Let Y = (—1/2,1/2)™ a unit cube centered at the
coordinate’s origin, and Gy = {z||z| < 1}. Define 6B = {z|6~'z € B} for § > 0.
For € > 0, we set

Q. = {z € Q|dist(z,09) > 2¢}.

By Z™, we denote the set of all vectors z = (z1, ..., z,) with integer coordinates z;,
i € 1,n. Next, we define the set

G.= |J (aGo+ej) = | G

jEY, JEY

where Y. = {j € Z" |G C YJ =&Y +¢j, GI Q. # 0}. We consider the so-called
critical case a. = Cye?, 7 = 5, Cy is a positive constant (see, e.g. [3], [10] or [23]
for some general analysis about different choices of the exponent ~ for some related
problems). We note that the cardinal of Y. satisfies that |Y.| = de™", for some
constant d. Next, the set G. is used to define the sets in (2).

We say that the function u. € L*(0,T; H(Q.,09)) with du. € L*(0,T; L*(€2.))
and Qyu. € L*(0,T; L*(S.)) is a weak solution to the initial boundary value problem
(1) if u(z,0) = 0 for a.e. z € €. and a.e. x € S., and it satisfies the integral identity

/ékuggodxdt—i-/Vungodxdt +€_7/8tu5g0d8dt = /(f + X V) pdzdt (7)
QT QT sT QT
for an arbitrary function ¢ € L*(0,T; H'(Q., 00Q)).

For a given control function v € L%*(w!), we will denote by u.(v) a unique weak
solution to the initial boundary-value problem (1). The existence and uniqueness
of u.(v) was shown in [36] by means of the Galerkin method. In addition, the
following a priori estimate is valid

||atua(v)||%2(gg) + 5_7||8tua(v)||2m(sg) + tg%(%] ||Vug(v)(-,t)||%2(96) <

< K(I1fZ2gr) + vl Z2gry):

here and below, we suppose that K is independent of ¢.
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Remark 2.1. The existence and uniqueness of solutions to problem (1) can be
obtained via the abstract theory of subdifferential of convex functions. Indeed, by
an easy adaptation of the proof of Theorem 1.3 of [4], we know that the vectorial
operator associated to this system is a self-adjoint operator Ay on the Hilbert space
H = L?*(Q.) x L*(S.) and thus, by Proposition 2.15 of [5], it is the subdifferential of a
convex function defined through the square root of Ag. Finally, to take into account
the coefficient €77 in the dynamic boundary condition, we apply Propositions 3.2
and 3.3 of [31] with matrix B given by

I 0
B:(o g—U)' -

As mentioned in the Introduction, along with problem (1), we consider the cost
functional J. : L*(w!) — R defined in (3) for a given up € H*(0,T; HA(Q)) N C(QT).
By well-known results [17], [18], [24], [33], there exists a unique optimal control
v. € L*(w?l) such that J.(v.) = inf J.(v).

vel?(wl")
We define the adjoin problem associated with the given state problem (1) and the
cost functional (3)

( Oipe + Ape = A(u. — ug), (z,1) € QF,
Oype — e 10pe = 0, (ue —ur), (x,t) € ST,
pe(x,T) = (u. — ur)(z,T), x € Q,, (8)
pe(x,T) = (ue — ur)(z,T), x €S,

L pe(z,t) =0, (x,t) e TT.

Here we say that the function p. € L*(0,T; H'(Q.,99Q)) with the time derivatives
Op. € L*(0,T; L*(£2)) and d,p. € L*(0,T; L*(S.)) is a weak solution to the problem
(8) if po(x,T) = (ue — ur)(z,T) for a.e. z € Q. and a.e. x € S, and if it satisfies
the integral identity

—/atpsgpdxdt+/Vp5Vgpdxdt—e7/8tpgcpdsdt: /V(ug — up)Vdzdt, (9)
QT QT sT QT
for any test function ¢ € L*(0,T; H'(Q.,99)). The following results are a version
of the Pontryagin’s principle for this optimality system.

Theorem 2.2. Let the pair of functions (u-(v:),v:) be an optimal solution of the
problem (4), then v. = —N'p.x.., where p. is the solution to (8). The converse is
also true.

Proof. Let v be an arbitrary function from L*(w!) and A > 0. By u, we denote

the solution of (4) with the control v, + v, i.e. u? = u.(v. +Av). We use u. = u.(v.)
to simplify the notation. We have

1 1
Je(ve + M) = Je(ve) = SV (02 — ur) [ Zeqr) + 31l (uZ — ur)(@, T)l[720.)+

e 7 N
2 = ur) (2, T gy + 5 l0e + Mol —
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1 1
= 5IV(ue —ur)llfegr) — 5l (e — ur) (@, T) |72, —
e N
- TH(UE - UT)(%T)H%%SE) - 5””5”%2(%?) =

— % /V(u;\ — ug)V(u? + ue — 2up)dxdt + % /(u;\ — ue)(ug‘ + e — 2uyp)(z, T)dx+
Qf Qe
+ 5 [ (ud = ue)(ud +ue — 2ug)(x, T)ds + g / (2Av.v + A\20%)dadt.
Se Wl

A

Next, we define the function 0} = u} —

solution to the problem

( &ﬁg\ — A@;\ = \NXw,., (2,t)€ QgT,
eT00) + 0,00 =0, (x,t) € ST,

u.. It is easy to see that this function is a

02 (z,0) = 0, x € €,
02 (z,0) = 0, x €S,
\ 0?(1’,t) = 0, (l’,t) S FT.

The solution to this problem satisfies the estimate
10:02]| L2(qr) + € 18102 | L2(sm)+

+tI€I%3>T<} ||V0;\(-, 2y +e77 trerf&}T{] ||Q;\(7 1) 25,y < K|/\|”U||L2(wg)-

Thus, we have the following convergences, as A — 0,
u) — u. in L2(0,T; H'(Q.)), 0w — O, in L*(0,T; L*(S2.)),
oud — O in L*(0,T; L*(S.)), ul(-,T) = uc(-,T) in L*(Q.),

(-, T) — u(-,T) in L*(S,).

£

Then, the function 0, = 62/ satisfies the problem

( 8t95 - Aea = UXwga (Ilf,t) € an
5_70,59& + ayea == 0, (l‘,t) S Sg’

0.(x,0) =0, x € (.,
0.(x,0) =0, x €S,
( O.(z,t) =0, (z,t) e TT.

Now, as usual, we divide J.(v. + Av) — J-(v.) by A and pass to the limit as A — 0.
Thus, we get

Jl(va)v = lm (J(ve + M) — Jo(v2)) /A =

A—0

= /V@EV(U6 — ur)dzdt + /Hg(m, T)(u: — ur)(z, T)dx+
Qg—‘ QE

+e77 / O-(x, T)(ue —ur)(x,T)ds + N / vevdzdt.
SE wT

€
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Using the definition of the function p., we transform the last expression into

JL(ve)v = /pavdxdt—l—N/vavdxdt.
wT

T

we €

Since the function v. is the optimal control, hence, J/(v.)v = 0 for an arbitrary
function v € L*(w!). This implies that v. = —N"'p.y.,. O

According to the above theorem, the optimality conditions for (u.,v.) lead to the
study of the coupled system

( Qe — Au. = f — N7 pox.,., (z,t) € QT
Oip= + Ap: = A(ue — ur), (z,t) € QF,
O,u. + e "0, =0, (z,t) € ST,
Oppe — € 70pe = 0, (ue —ur), (2,t) € ST,
us(z,0) =0, x € €, (10)
us(z,0) =0, x €S,
pe(z, T) = (ue — up)(z,T), x € €,
pe(z,T) = (ue — up)(z,T), x €S,
[ ue(z,t) = p(z,t) =0, (x,t) € I'T.

Remark 2.3. By following some arguments introduced by J.-L. Lions in [25] (see
also, e.g., Section 1.6 in the book [18]), it is possible to use the study of a small
adaptation of the above optimal control problem to prove the “approximate con-
trollability property” for solutions of problem (1), provided we know a result on
“unique continuation” for this problem. Given up € HY0,T;H)(Q)) N C(QT)
and an arbitrarily small 6 > 0, the “approximate controllability property” con-
sists in finding a control v; € L*(w]) such that [Juc(-,T) — ur(-, T)|| 12(q,) < ¢ and
e ue(+, T) — urp(-, T)||L2(Ss) < 6. By using some a priori estimates on the adjoint
state p.(z,t), it can be shown that if we introduce a new parameter £ > 0 in the
cost functional

JE(v) = ;/ Vu.(v) — Vur|*dzdt + ;/(ug(v) —up)?(z, T)do+
QT Qe

—i—m;y /(ue(v) —ur)?(z, T)ds + g /U2d$dt,

T
Se W

then such a searched control vs can be found by considering the set of optimal
controls v, € L?(w!) associated to J%(v) and by taking vs = v, for & large enough.
As a matter of facts, the presence of the gradient difference term (the first term) in
JF(v) leads to the conclusion that the associated state will also satisfy the additional
property ||u. — urp|| r2Qry < 5. This point of view was developped in the paper by
the authors [16]. O
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3. A priori estimates on u. and p.

Taking p. as a test function in the integral identity for u., we get

/8tuap5dmdt+5_7/8tu5p6dsdt+/V%Vpadxdt =
Qf Qf

st
- / Fp.dedt — % / pRdadt. (11)
QT w?
Taking u. as a test function in the integral identity for p., we get

—/@Peusdl“dt—S_V/theugdsdt%—/VpEVudedt =
QT st QF
:/]Vus\Qd:vdt—/VuEVquxdt. (12)
QT QT

Next, we subtract (11) from (12) and obtain the expression

—/8t(u5p5)dxdt—e_v/at(ugpg)dsdt:

QT ST
= Vu.|*dzdt — pedxdt — [ VuNVurdrdt + e pAduxdt.
N &€
QT QT QT w?
Transforming this equality, we get
_ 1
IVuelLaiqry + e D72 + & el Tllzzes,) + S lIPelZor) =

= /fpadxdt +/ VuNVurdzdt +/u5(x,T)uT(x,T)dx + 5_7/u8(x,T)uT(x,T)ds.
QT QT Qe Se
From here, we immediately derive

IVuellz2gry + lue( Dllz2o.) + & e Dzzs.y + IPellz2r) <

< K1 lz@nllpellzz@n) + IVurlzegr) +maxur(z, T)F).

Then, we take p. as a test function in the integral identity for p. and get
IVpellZagry < K1V (ue = ur)lzqry + 1 (ue — ur) (-, T)lIZ20.)+
+e (e —ur)(, Tllas,) <

< K(Iz@nllpellzzr) + IVurlzzgr) +maxur(z, T)F).

Now, for the function from H'(€.,99), we have the Friedrichs’s inequality

1Pl 2200y < K[| Vpell 200
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Applying it to the previous inequality, we derive
Ip-N1Z2ry < K (Lfllz2@m) P:llizory + Vurlfegr) + max [u(z, T)[%).
T
Hence, we obtain the estimation

IPellz2gry < K (£ 122r) + IVurllzagr) + max ur(z, T)[?).

Then, we immediately derive the estimates
Vel Zaiory + Iue (- DlIZ2(q.) + e Mue(, Dlizzgs,) + [1P:ll72 gy <
< K (I f11Z2qry + IVurlizagr) + max ur(z, T)[?), (13)
IVpellz2iory < K fIIZ2(qry + IVur I Zaiqr) + max Jur (2, T)?).
Next, we get estimations for the time derivatives of u. and p.. Following the work
[36], we construct Galerkin’s approximations of u. and p. which we denote by u™

and p!" respectively, where m = 1,2,.... Note, that for v and p_", we have the
same estimates as in (13) for u. and p..

Taking J,ul* as a test function in the equation for «* and integrating from 0 to an
arbitrary 6 € [0, 7], we have

10 |72 gry + € 10Ul 725y + nax VUl |72,y <

1 m m 1 m m
< K/(lf! + 5 P2 X0l | dwdt < S0 |72 gry + K (I IZ2igry + I1PE 72
Qr

where the constant K is independent of € and m. From here, we immediately derive

100 z2z) + N0 z2(sry < K (I zegr) + IV urllzagr +max fur (z, T)).

Passing to the limit as m — 0o, we get the estimation

100w zr) + & N0elz2sry < K(IF zer) + IV urllzagr) +max fur (z, T)).

Again using Galerkin’s approximation, we have for a.e. t € (0,7

— 10 200y — € N0 225,y + (VP 0 VD) 1200y =
= — (0w, 0T ) 120y — € (O, Oupl") 1250y F
+((f = N7'pIXw.), 00 20y — (Vur, VO 2 (.-
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Integrating this expression with respect to ¢ from 0 to T', we get
— ||0:p?Z H%Q(QET) + §vas ('vT)“%Q(QE) - §||vps ('70>Hi2(95) — & 7|0t ”%2(55) -

= —/8tu;”8tp2”dxdt—5_7/3tu?8tp;”dsdt+
ST

QT
+ /(f — N7, )Opldadt — /VUTV&p;”dxdt =
Qf Qr
= —/Otug‘ﬁtp?dxdt—E_V/Gtu;”&pg‘dsdt+
QT s
+ /(f — N 7' X0 )Opl dadt + /V(()tuTVledxdt—
Qf Qf

—/VuT(a:,T)Vp;”(x,T)d:c—i-/VuT(a:,O)Vp;”(:c,O)dx.
Qe Qe

From here, we derive the estimate
m - m 1w m 1 m
107 2z + = 10T a(sry + SIVEL (. O)3aqen) + e 12 (. 0) B2,y <
1 m m m
< IV —ur)( D)l 720, + 10| 2ion) 102 | 2y +
+ e 0wl L2 (s 1002 | 25y + || fll 2@y 102" | L2 (@r) +
1 m m
+ o @ = ur) (. D)l ey + IVOur || 2 on) VP2 | 2@r) +
+ [[Vur (-, T) | 2@ [V (wl —ur) (-, T) || 12000 + | Vur (- 0) [ 200 VS (-5 0) [ £2(0) -
Next, we get
1002 32 ar) + & 1002 Baqsry + I VP OBy + 55 P2 (@, 0 ) <
tPe llL2@r) ™€ lIOPe ll2(sT) T 411V Pe U5 VliLz(n) T 5 liPe (s Y)lIL2(we) =
1 m 1 m e m
< §||VU5 ('aT)H%Q(QE) + ZHatps H%Q(QET) + T“atpe ||%2(SET)7L
+ K ([0l 72 gy + € N0 25y + 142 (- D)l 22y +
+ 1 12igry + IV Our|7agry + e IVur(, )| Z2) + max Jur (2, T)?).
Eventually, using the estimates for u*, we obtain
102 72(0r) + € N0 1257y < K (1 fII72(0r) + [Vur||72gry+
HIV Ol gr + max [ Vur(. Ol + max jur(@ D). (14)

where the constant K is independent of m and . Passing to the limit as m — oo,
we get the estimate for d;p.

||3tps||iQ(QaT) +€_7||at29e||%2(sg) < (15)

< K(If gy + IVOrur iz gr) + ax [[Vur(, Dlz2(e) + max fuzr (@, T)).
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There exists an extension operator P. : H(QT) — H(QT) (see, e.g., [7], [27]) such

that
| P ()|l v ory < [Jull grgry.-

Let 4., p. be the extensions of the functions wu., p. then the following estimations
are valid

100tie 12y + Vel gry < K(10ruellz2 gy + 1 Vitel 72 qr)). (16)

18:p: 172y + IV PelT2ory < K (10w 72gr) + 1IVP=N720r))- (17)

The estimates (16), (17) imply that there exist subsequences for which we preserve

the notation of the original, i.e. @, and p., such that, as ¢ — 0,
@ — ug weakly in L?(0,T; HL(Q)),
P — po weakly in L2(0,T; H3(Q)),

Ot — Oyug weakly in L2(Q
(9t]55 — 8tp0 Weakly in LQ(Q

(18)

c),
:)-

Moreover, the embedding theorem implies that %, — ug and p. — po in L2(Q7).

4. Main results

The following theorem characterizes the limit functions uy and pg defined in (18).

Theorem 4.1. Let n > 3, a. = Coe?, where Cy > 0, v = n/(n — 2). If the pair
(ue, pe) 18 a solution to the problem (10), then the pair (ug,po) is a solution to the
system

(Oyug — Aug + A, (ug — BoHyy(,t)) = f — N~ ywpo, (x,t) € QT
— Oipo — Apo + An(po — B H,, (7,1))
_A(uO_UT>+An(u0_BELH;Iu0 (‘xat)_esn(tiT)uT(x’T))? (%,t) S QT7

(19)
up(z,0) =0, x €,
po(x,T) = (uO - UT)('T7T)7 xr € Q,
(uo(z,t) = po(z,t) =0, (z,t) € TT,

where QT = Q x (0,T), A, = (n —2)Cy 2w, (with w, the surface area of the unit
sphere in R"™ ) and H,, is the non-local in time operator given, for a general function
o(z,t) € LA(QT), as the unique solution to the linear ordinary differential equation

OiHy(w,t) + BuH (1, 1) = ¢(x,1), t€(0,T), (20)
HSO<:U7 0) = 07

where B, = (n —2)Cy", and H} is the unique solution to the adjoint problem
H(x,T) = 0.
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Remark 4.2. In the problems (20), (21), we can view z as a given parameter.
Then, for a.e. x € Q, and for any functions ¢, € L?(QT) we have

T T
/ Hpdt = / Ho(—0,H}, + B, H})dt =
0 0

T T T T
T
— / B H Hidt — HoHS| + / O,H, Hyjdt = / (0:H, + B,H,) Hjdt = / PHdt.
0
0 0 0 0
T T
Thus, we have /Hsowdt = /apH{Zdt. N (22)
0 0

Remark 4.3. The solutions to the problems (20) and (21) can be found explicitly
using standard methods for linear ordinary differential equations. For ¢ € L*(QT),

we have
t

T
Hy(z,t) = /e‘Bn(t_T)gp(x,T)dT, Hi(v,t) = /eB”(t_T)go(x,T)dT. (23)
0 ¢

This explains the non-local in time nature of the “strange terms” H,, (z,t) and
H, (z,t) arising in the homogenized system (19). O

The pair of functions (ug,pp) can be used now to characterize the optimal con-
trol problem given by the homogenized state problem (5) and a suitable limit cost
functional Jy(v) which we will show to be given by expression (6).

Theorem 4.4. Under the same conditions as in Theorem 4.1, we have
lim J. (v.) = Jo(vo),
e—0

where v. is the optimal control of the problem (1), (3), and vy is the optimal control

of the problem (5), (6).

Remark 4.5. The optimal control vy of the problem (5), (6) is characterized by
the coupled system (19) and we have the relation vy = —N "'y, po. Thus, Theorem
4.4 can be understood as a version of the Pontryagin’s principle similar to the above
Theorem 2.2. [

Proof of Theorem 4.1. The proof of the Theorem 4.1 is split into two parts.
First, we derive effective equations for ug in Section 5. Second, based on the derived
problem for ug, we find the limit problem for py in Section 6.

5. Characterization of ug
First, we define auxiliary functions w? as a solution to the boundary value problem
Awl =0, zeT!,\GL
w! =0, x € 0T’

. o/
w! =1, x € 0GL.

(24)
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The solution to (24) is given explicitly as

i e P (/e
¢ az™" — (g/4)2—n

Next, we define
w!, xGTgM\G‘g,jGTa,
W.,=<¢ 1, x € G,
0, € R\ UjE'I'E T€]/4'

853

(25)

It is easy to see that W. € H}(Q) and W. — 0 weakly in H}(Q) as ¢ — 0. The
embedding theorems imply that W, — 0 strongly in L*(Q). By taking W.H} as
a test function in the integral identity (7), with ¢ = ¥(x)n(t), ¥(z) € CF(Q),

n(t) € C1([0,T]), we get

/8tu€WEH;dwdt+€7/8tu5H;dsdt+/VUEV(WEH;)dxdt

QT sT QT
-1 *
= /(f — N7 Xw.pe)WH dxdt.
QT

Using convergences (18) and the properties of W, we have

lim [ QuW.Hjdxdt =0
e—0
QT

lim /(f — N’lwapE)WEH;dxdt =0,

e—0
et
lim [ Vu.V(W.H})dvdt = lim [ V(u.H})VW.dxdt.
e—0 e—0

QT Qr
Thus, we get
5_7/8tu5H;dsdt = —/VI/VsV(uEH;)dxdt + ay,
ST

Qr

where o; . — 0 as € — 0. Then, we make the decomposition

T T
/ VWV (uH})dxdt = / / O,wlu Hidsdt + / / Oywlu.Hdsdt

e . €T .
Qr TR0 o, 1550 gf

T
= —eCy%(n — 2)4"1 Z / / ucHdsdt + B, /uEH;dsdt + o,

i€t or? ST

where ay . — 0 as € — 0.
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For the first integral, we use Lemma 1 from [35] to get

llmgc'” 2( 2)4"~ IZ/ / ucHydsdt = A, /uOH*dxdt A, /Hucgodxdt

€Yo 1!,
[

where the last equality is due to (22). Thus, we derive

lime™ "’/OtugH dsdt = A, /Huogodxdt—linés_V/BnuEH;dsdt. (26)
E—>

e—0
ST

Then, we have

/@ugH;dsdt = /(ug(:p,T)H;(m, T) — u.(z,0)H (x,0))ds

ST S.

—/usﬁtH;dsdt = —/us(?tH;dsdt, (27)

st s

where the last equality follows from the fact that u(z,0) = 0 and H*(z,T) = 0 for
x € S.. Thus, from (26), (27), we conclude that

e—0

lim e”/ug(—atH; + BnH;)dsdt = An/HuOgodxdt.

ST QT

Using the definition of H* and (22), we get

lim E_W/UEgadsdt = An/HuO(:v,t)godxdt. (28)

e—0
ST QT

Now, we take ¢IV. in the integral identity (7) and, similarly to above, using (28),
we derive

hms 7/(‘9,5u€<,odsdt A, /uogpd:vdt—lil%s_WBn/uggodsdt
e—>
ST
= A, /uogodxdt A, B, /HUO z,t)pdrdt = A, /uo B,H,,(z,t))pdxdt.
QT QT

Now, we can pass to the limit as € — 0 in the integral identity (7). Doing so, we
conclude that ug satisfies the integral identity

/8tuovda:dt+/Vrovd:L’dt—l—An/(uo—BnHuo (x,t))vdzdt = /(f—lewpo)vdxdt.
QT QT QT QT
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6. Characterization of pg

We take p = W.H,, ¢ = (x)n(t), v € C(R), n € C([0,T7]) as a test function in
the integral identity (9) and get

/VWEV(paH¢)dxdt —e7 / Oy(pe — ue)H,dsdt

QT sT
= /&(pa — ue )W.H,dxdt + /(f — N7 ' po)W.H dzdt + B. = k.,
Qf QT

where 5. — 0 as € — 0. Due to the properties of u., p., W., we have that k. — 0
as ¢ — 0. Hence, by decomposing the first integral, we derive

e "B /paH dsdt+2// 0 wang dsdt — ¢ 7/& —u.)Hydsdt = k1., (29)
ST jET508T5/4

where r1 . — 0 as ¢ — 0. For the last integral, we have
- / 0y(pe — ue)H,dsdt = 7 / 0y(pe — ue + ur)H, dsdt — ™7 / Oyur Hydsdt
st st st

_ e / (b — e + ug) (@, T) Ho(w, T)ds — = / (b — ue + ur) (@, 0)H,(z,0)ds
Se Se

—e 7 / Oy H,(p: — ue + up)dsdt — ™ / OvurH,dsdt.
T T

From the definitions of H and p,., we have H,(z,0) = 0 and
pe(z, T) —u(x,T) + ur(x,T) =0,

hence, we obtain

_7/& o) H,dsdt = —¢ 7/BtuTH dsdt — e~ 7/@ — U + ur)dsdt.

Thus, substituting this expression into (29), we get

g7 / p=(BoH, + 0,H,)dsdt = — ) / / dywip. H dsdt

T J€Te J
Se or?

—77 /(@uTH@ + O Hyur)dsdt + 77 / O H u.dsdt + [ .,

s st

where 3. —+ 0 as e — 0.
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Using the definition of H,, we obtain

T
5_"’/p590dsdt: — Z/ / d,wip.H,dsdt

T jeTs 0 i
Sz or?,,

—e 7 /(atuTHw + O H ur)dsdt + ¢ /(gp — By H,)ucdsdt + [ . (30)

st st
The limit of the first integral on the equality’s right-hand side can be found using
Lemma 1 from [35]. For the third integral, we use the convergence for u. obtained

above. Let us find the limit of the second integral. Using the definition of H, we
have

e /(GtuTHw + O H ur)dsdt = 77 /(8tuTH¢ + (¢ — B,Hy,)up)dsdt

ST ST
=7 /(&tuT — Byur)H,dsdt + a_v/UTSOdet
ST sT
=< /(HStUT—BnuT (z,1) + ur)pdsdt. (31)
ST

Using (23), we get
T

HgtuT—BnuT (I7 t) = /6Bn(t_7)(atUT — BnuT)dT

t
T T

= eB"(t_T)uT|tT—l—/BneB"(t_T)quT— /BneB"(t_T)quT

t t
= B Dy, T) — up(x,t).

From here, it follows that

e’ /(HgtuT—BnuT (Iv t) + UT)(pdet =e77 / 66n(t_T)UT<x7 T)QD(J;? t)det (32)
sE sE

Using the regularity of the functions ¢ and ur, we get the convergence

limeW/egn(tT)uT(x,T)godsdt: C’g1wn/68”(tT)uT(x,T)go(x,t)dxdt. (33)

e—0
ST QT

Using Lemma 1 from [35] and the convergences (31)-(33), from (30), we have
lir%s_W/pegpdsdt :An/pondxdt
e—
s QT
+ lin(l) e /(go — B, H,)u.dsdt — Cj' w, / B Dy (x, T pdadt.
e—

ST Qr
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For the last integral, we use the results of the previous section and get

lir% 5_7/p5<pdsdt = An/pondxdt + An/(HuO(x,t)gp — B, Hy,(x,t)H,)dzdt
e—
s QT QT
- CSL1wn/eB"(tT)uT(x,T)g0dxdt
QT

=A, / H) (z,t)pdzdt + A, /(Huo (z,t) — By Hp, (v,t))pdzdt

- Cg_lwn/eB"(t_T)uT(x,T)godxdt.
QT

Again, we take oWV, as the test function in the integral identity (9) and derive

—5“’/3tp5g0dsdt = —578n/p5<pdsdt

— Z/ / 0 wepgcpdsdt —¢ 7/8tu6g0dsdt+a€,

7T 1!,
£

where o, — 0 as ¢ — 0. From here, we have (note that CJ 'w, B, = A,)

hm —€ 7/8tp€<pdsdt -A,.B, / (@,t) + Hyo(2,t) — BoHp, (%,1))pdxdt

—I—A/ BTy (, T pdxdt + A, /pogodxdt - A/ H, (x,t))pdxdt  (34)
QT
=A / (@,8)) = (vwo—BnHy, (x,1)))pdzdt + .An/elg"(t_T)uT(m, T)pdxdt.
QT

Thus, passing to the limit in the integral identity (9), we conclude that p, satisfies
the integral identity. This concludes the proof of the Theorem 4.1.

7. Cost functional limit
Proof. Here, we give the proof of the Theorem 4.4.
Let us find the limit of the cost functional J. as e — 0. As v. = N~ !p., we have

Je(v:) = % / |Vu, — up|*dedt + ;/(uE —ur)*(x, T)dx

Qr Qe

+ i (ue — ur)*(z, T)ds + % /pgdxdt.

Se

we
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Based on this and integral identity (7), we transform the functional J. and get

Je(ve) = ;/ IV (ue — up)Pdedt + % /(ua —up)*(x, T)dx+

QT Q.
e 2 1
+ T (U/g — UT) (I7 T)dS + 5 fpedxdt—
Se QT
1 1 e
~3 / Vu.Vp.dxdt — 3 /&guspgd:cdt - / Opucp.dsdt.
Qg‘ QT ST

Next, we have

1

— ;/VuEVpgdxdt ~5 /atugpsdxdt — ‘E_;/&ugpsdsdt =
ST

Qf QT

- —% / Vu Vp.drdt + % / Opeucdrdt + % / Oypoucdsdt—
QT QT ST

1 e’
-3 /ug(x, T)(ue — ur)(z, T)dx — - ue(z, T)(ue —up)(z, T)ds =

Q. Se
= —% / V(UE — UT)VUdedt - % /U5<x, T) (us - UT)(Z', T)dx_
QT Qe
e 7
— 7 ue(x’ 7ﬁ>(uE — UT)(,I‘, T)dS

Se

Thus, we can further transform the expression for the cost functional

Je(v:) = % /VUTV(uT — u)dxdt + % /uT(x, T)(ur — ue)(z, T)dx+

QT Qe

+ % /UT(ZL‘,T)(UT —u)(z, T)ds + % / fp-dxdt =
Se QT

= ;/VUTV(UT — u.)dxdt + % / fp-dxdt
QT QT

+ % /u?p(x, T)dx — ;/(@uEuT + Oyurue )drdt+

Qe QT

+ % \/U%“(l‘,T)dS — % /(3tu£uT + atuTug)dxdt.
Se ST

Now, we should pass to the limit in the obtained expressions.
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First, properties of u,., 0;u. and p. imply that, as e — 0,

/VUTV(UT — ue)dxdt — /VUTV(UT — ug)dxdt,
Qf QT

/fpsdxdt%/fpodxdt,
QT QT

/(atuEuT + Oyuru )dxdt — /(&uouT + Oyurug)dzdt,
QT QT
/uQT(:E,T)dx — /u%(m,T)dm.

Q

Qe

Next, we find the limit of the integrals over S. based on the convergences obtained
in the previous sections

e—0

lim 5_7/8tuTu5dsdt = An/HuO(:v,t)Otqua:dt,
ST QT

lime™” / Oyucurdsdt = A, /(uo — B, H,,(z,t))urdxdt,

e—0
ST Qr

lim57/u?p(x,T)ds = Cg‘lwn/u%(x,T)dx.

e—0
Se Q

Combining all of the above convergences, we derive

lim J.(v.) = ;/VUTV(UT — ug)dxdt + % / fpodxdt+

e—0
QT QT
-1
+;/U2T(x,T)dx+ Co_wn /U2T([E,T)dl’— /(8tu0uT+3tuTu0)dxdt—
Q Q QT
A An B.H dud 3
-5 H,,(x,t)0purdxdt — 3 (ug — BnHyy(z,t))updzdt. (35)
QT QT
Again, we have
;/u%(x,T)dx—;/(GtuouT—I—atuTuo)dxdt: ;/UT(x,T)(uT—uo)(a:,T)dx. (36)

Q QT Q
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Also, using the definition of H,, we get

% / H,,(x,t)0yurdxdt + % /(uo — B, H,,(z,t))urdxdt

QT QT
/ OwurHyy(x,t) + O Hy, (x, t)ur)dedt = = /0,5 upHyy (2, t))dxdt
QT
= / Hy (z, T)dz. (37)
9)

From the integral identities for ug and pg, we get

1
/fpodxdt: 5/8tu0p0dxdt+;/VUOVpodxdt—i-

2
QT QT QT
20 [ (ug — BuHo (., )podedt + / PRdudt =
QT T
;/uo(:p T)(uy — ur)(z, T)dx — /atpouoda:dt+ /VUOVpodxdt+
Q QT Qr
A oo = By (2, 1) ugdwdt + -~ | pRdudt =
2 pO n-""po ’ 0 IN pO -
QT wT
— ;/U0($7T)<UO —ur)(z, T)dx + % / VugV(ug — ur)dxdt + % /pgdxdt+
o) or r
An 2+ An B (t—T)
+ 5 (uo — B Hy, (x,t))uodzdt — 5 [ ¢ ur(z, T)uodzdt (38)
QT QT

Next, we substitute (36)—(38) into (35) and derive

. 1 1 1
lim J. (ve) = 5[V (o — ur) | 12(gr) + 5 (w0 — ur) (2, ) 72(0) + 55 IPollL2r)

On_l n An
+ S (2, T) By + o / (12 — B2H ()~

2
QT Q

_ «‘tn/elﬁ w2, Tugdadt — 2"/ (z, T)up(z,T)dx. (39)
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Using the definition of H, and Hj, we have

/eBn(tT)uT(x, T)updzdt = /(H*(atuT — Byur)(z,t) + ur(z, t))updzdt =
QT QT
= /(&tuT Bhur)H,,(z,t)dzdt + /uTuodxdt =

QT QT

= /(8tuTHuO (x,t) + (ug — BpHyy(z,t))ur)dzdt =
QT

= /(at(uTHuO(x,t)))dxdt = /uT(x,T)HuO(x,T)dxdt.
QT Q

Substituting this into (39), we get

. 1 1 1
lim J (ve) = 51|V (1o — ur)llz2gry + 5110 = ur) (2, T)l20) + 53 llPollzoor)+

n—1
+ Co 5 Wn ||UT(5L‘7T)||%2(Q) + % /(U(Q) — BZHSO)d[Edt—
QT

/ Ho, (2,t)(z, T)dx.

Q
Using the definition of H,,(z,t), we derive

— B2H*(ug) = (0yHy, (z,t) + B2Hy, (2,1))* — B H?(ug)
= (OpHyy (7, 1))* 4+ 2B,0; Hyy (7, 1) Hyy (2, 1).

Hence, we have

/(ug — BiHSO)dxdt = /(8t H,,(z,t))*dxdt + B, /H2 x,T)dx.

QT QT

Thus, we further transform the limit of J. and get

. 1 1 1
llg% Je(ve) = §||V(U0 - UT)H%?(QT) + 5”(“0 - UT)(Q%T)H%?(Q) + ﬁ“po”%%ﬂﬂ‘

Cr 1w,
2

A,
F O (- T) — By Hog( Ty + o0, Hug (2. D) g

This concludes the proof of the Theorem 4.4. O

Remark 7.1. As indicated in Remark 2.3, the mentioned arguments by J.-L. Lions
n [25] (see also, e.g., Section 1.6 in the book [18]), allow to get some results on
the “approximate controllability property” for solutions of problem (5). Given
up € HY(0,T; HE(Q) N C(QT) and an arbitrarily small § > 0, the “approximate
controllability property” consists now in finding a control v; € L*(wl) such that
e, ) = (-, T gy < .
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We introduce a new parameter x > 0 in the cost functional

" N
Ty (w) = IV (uo(v) = ur)[Z2igry + 5luo(0) (-, T) = ur (- T)| 72 + S0l F2ry+

kKC" Lw, “ kA,

+ 2 2

ur(-,T) — BnHuo(v)('vT)H%?(Q) + ”atHuo(v)H%?(QT)’ (40)
and if we know a result on “unique continuation” for problem (5), then, by using
some a priori estimates on the adjoint state pg(x,t), it can be shown that such a
control vs can be found by considering the set of optimal controls v, € L*(wl)
associated to J§(v) and by taking vs = v, for k large enough. Again, the presence
of the first, fourth and fifth terms in J§ leads to conclude that the associated state
will also satisfy some additional properties:

IV (w0 = ur)llp2igry < 6, Nlur(-, T) = BuHuy (- Tl z2) <6, [10cHuo|72(gry < 0.

For the study of the “approximate controllability property” under some different
arguments see [16]. O
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