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1. Introduction and main results

Let N € Nand pe]l,+oo[. It is “well known” that the function £ € RV — |¢[P € R
is strongly conver, i.e., satisfies the strong convexity inequality

FA€]0, +oo[: [€]P = [nP+plnP2n(E—n)+NE—n*(|€]+|n])"~2, VE,neRN, (1.1)

and that the function ¢ € RY — [£|P72¢ € RY is strongly monotone, i.e., satisfies
the strong monotonicity inequality

pe]0,+ool: (IE[P72€ — InlP~?n) (€ —n) = pl& —nl* (€] +Inl)P~2, V&, neRN. (1.2)

Whenever one knows that there exists some A € ]0, +o00[ such that (1.1) holds true,
one can define the best constant o, as the supremum of those A’s such that (1.1)
holds true, and try to give a formula for c,. Similarly, whenever one knows that
there exists some u €10, 4+00[ such that (1.2) holds true, one can define the best
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constant (3, as the supremum of those ’s such that (1.2) holds true, and try to give
a formula for (3,.

A clear and simple proof of the strong monotonicity inequality (1.2) of |£|P72¢ can be
found in particular in [3], Lemma 5.1 and Lemma 5.2, but we were not able to locate
any precise reference of the proof of the strong convexity inequality (1.1) of |£]P. On
the other hand, to the best of our knowledge, the values of the best constants c,
in (1.1) and 3, in (1.2) are unknown, even if the papers [1] and [2] provide partial
results for the optimal constants which appear in variants of the strong monotonicity
inequality (1.2) (see Remark 3.8 in Section 3 below).

In this paper we give a proof of the strong convexity of the function [P, as well
as a characterization of the best constant «y, for which (1.1) holds true; this best
constant is computed through the resolution of an algebraic equation (see Theorem
1.1 below). The same proof allows us to prove the strong monotonicity of the
function [£|P72¢ and to identify the value of the best constant 3, for which (1.2)
holds true; in this case, the best constant is explicit (see Theorem 1.2 below).

The strong convexity of the function |£[P and the strong monotonicity of the function
|£[P~2€ are of critical use in the proof of many existence and regularity results of the
theory of nonlinear elliptic PDEs (see, for instance, [2] and the references therein).
Independently of its own interest, the determination of the best constant is useful
for the evaluation of the error estimate in the numerical approximation for such
problems.

As far as the strong convexity of the function [£|P is concerned, our result is the
following one.

Theorem 1.1. Let pe|l,+oo[ and N € N. (1.3)
The function EERY » |¢PeR (1.4)

is strongly convez, i.e., !

AN€EN0, +oo[: [ = [nlP+plnP~*n(§ —m) +AE=nl*(|€]+ )%, V&, n € RY. (1.5)
The best constant o, in (1.5) is given by

mb +pmy, +p—1

) 2
(mp+1)p ) pre] 7_'_00[7
a, =14 1, ifp=2, (1.6)
mg—pmerpfl ipr]l 2[

(mp —1)*(myp + 1)p=27
where, if p # 2, the real number my, is defined in the following way:
e ifpe|2,4o00[, my, is the unique solution to
ogp,(m) =0, me]l, +ool, (1.7)
where the function o, is defined by
o, : me|0, +0o[— o,(m) =mP™t — (p—1)m — (p — 2); (1.8)
1'When pe]1,2], the expressions |n|P~2n and |€ — 7|?(|¢| + |n])P~2 are indeterminate when 1 = 0

and when £ = 1 = 0, respectively. By convention, the values of these expressions will be zero in
both cases, see Remark 3.1.
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e ifpell, 2], the real number m, is the unique solution to
op,(m) =0, melo,1], (1.9)
where the function o, is defined by
o, : m€ |0, +0o[— o,(m) = p(p—1)m>*—(4—p)mP+p(5—2p)m—pm?+(p—2)*. (1.10)

Moreover, one has

27<ap<%<1, if pel2,+ool, (1.11)
1 .
%<ap<p—1<1<%, if pell,2]. (1.12)

As far as the strong monotonicity of the function [£[P~2¢ is concerned, our result is
the following one.

Theorem 1.2. Let pe|l,+oo[ and N € N. (1.13)
The function EERY = [¢p 26 e RY (1.14)
is strongly monotone, i.e.

Fpe0, +ool: (g 72— [nP~n) (§—n) = pls—nl*(Ig]+nl)"=*, ¥&,neR™. (1.15)
The best constant (3, in (1.15) is given by

pYECE if p€12,+o0],
Bp=9q 1 ifp=2, (1.16)
-1 .
S ifpell2l.

The contents of this paper is as follows.

In Section 2, Proposition 2.2 and Proposition 2.1, we state some qualitative prop-
erties of oy, the best constant in (1.5), and of m,, the quantity which is used in
formula (1.6) to compute the value of a,. These results are illustrated by Figure 1
which gives the graphs of the functions oy, and m,, as functions of p.

In Section 3, we make some remarks concerning Theorem 1.1 and Theorem 1.2, see
in particular Remarks 3.5, 3.6, and 3.7 on variants of the strong convexity inequality
of the function |£[P and of the strong monotonicity inequality of the function [£|P~2¢
written in terms of [€ — .

Theorem 1.1 and Theorem 1.2 will be proved in section 4 and in section 5, respec-
tively; a sketch of the proof of Theorem 1.1 is given in subsection 4.1.

Proposition 2.1 and Proposition 2.2 will be proved in section 6 and in section 7,
respectively.

2. Behaviour of m, and «, with respect to p

In this section we state qualitative properties of «,, the best constant in (1.5) given
by formula (1.6). A necessary step in this direction is the study of qualitative
properties of m,, the solution to the algebraic equation

op(m) =0,



878 A. Gaudiello, O. Guibé, F. Murat / The Best Constants ...

Qp

2

Figure 1: The graphs? of the functions «,, and m, in function of p

or more exactly the unique solution to equation (1.7), with the function o, defined
by (1.8), if p€ ]2, 400[, and to equation (1.9), with the function o, defined by (1.10),
if pe]l,2].

We state the properties of m,, in Proposition 2.1 and the properties of «, in Propo-
sition 2.2. These properties are illustrated by Figure 1. Proposition 2.1 and Propo-
sition 2.2 will be proved in section 6 and in section 7, respectively.

Proposition 2.1. Let u be the function defined by
p: pe]l +oo\{2} — p(p) = my€]0, +o0], (2.1)

where my, is the unique solution to equation (1.7), with the function o, defined by
(1.8), if p€ ]2, +00], and to equation (1.9), with the function o, defined by (1.10), if
p€]l,2[. Then
(p) =my — 1, as p — +o0; (2.2)
[L(p) = mp - m@v asp — 2+a (23)

where m® is the unique solution to

o2m) =0, mell,+oo, (2.4)
with the function p® defined by
p® :melo0, +oo[— mln(m) —m — 1; (2.5)

2 Figure 1 suggests that the two functions p€]1, +o0o[— a,, and p€]1, +o00[— m,, seem to be affine
in the interval ]1,2], and even that a, = p — 1 and m, = m*(2 — p). Numerical computations
however prove that this is not true and that the maxima of the relative errors are of order 5% and
15%, respectively.

Approximate values of m® and m# are given by m® = 3.59112 and m# = 0.22338.
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pu(p) =my =0, asp —27; (2.6)
p(p) =m, = m* asp— 1T,
where m* is the unique solution to
p?(m) =0, melo,1], (2.8)
with the function p” defined by
p? i mel0,+oo[— —(3m + 1) In(m) + m? + 2m — 3. (2.9)
On the other hand, the function p satisfies

p € C=(]1, +00[\{2}), (2.10)
with
( mbIn(my) —m, — 1 .
- (pil)(m£7271) ) Zf pE]Q,—'—OO[,
(2.11)
HP) =\ (= Dym2+[1—(@d—p) In(my)lmb+ (5—4p)m, — (14 pIn(m,))mp~! —2(2—p)
2p(p — 1)my, — (4 = p)pmp ™" +p(5 — 2p) — p(p — Lymp > 7
L if pe]l1,2].

Note that the function p is not defined at p = 2, since ms is not defined.

Note also that the function p is discontinuous at p = 2, since u(p) — m® as p — 2+
(see (2.3)), while pu(p) — 0 as p — 27 (see (2.6)). This result is unexpected.

Proposition 2.2. Let a be the function defined by

a:pell,+oo[— a(p) = a,, (2.12)
where , is defined by (1.6). Then
a(p) =ap, — 0, as p — +oo, (2.13)
alp) =a, > =1, asp — 2, (2.14)
alp)=a, =0, asp — 1. (2.15)
On the other hand, the function o satisfies
a(p) € C°(]1, +oo[) N C*(]1, +o0[ \{2}), (2.16)
with
(‘mp (In(myp) — In(myp + 1)) +mp (1 — pln(my + 1)) +1—(p—1) In(my+1)
(myp +1)° ’
if p€12,+o0],
o'(p) = 4 2.17)

mj (In(my) —In(my, + 1)) —my (1 = pln(my +1))+1—(p—1) In(m;,+1)
(myp — 1)2 (myp + l)p_2

9

L ipr]l,Q[,

where my, is the unique solution to equation (1.7), with the function o, defined by
(1.8), if p€ ]2, +0o0], and to equation (1.9), with the function o, defined by (1.10), if

p€|l,2[. Moreover,
o' (p) <0, if pel2,+ool. (2.18)
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In contrast to (2.18), we were not able to prove that the function « is increasing if
p€|l,2], even if Figure 1 strongly suggests it.

To supplement the regularity result (2.16), note that the function o does not belong
to C'(]1, 4o0]). Indeed, if p — 27, then o’(p) — 1 in view of (2.17) and (2.6); while,
if p — 2%, then o/(p) — 1 — In(m® + 1) in view of (2.17), (2.3), (2.4), and (2.5)

(hint: use Inm® = ") where m® > 1 in view of (2.4) and (2.5)).

3. Remarks on Theorem 1.1 and Theorem 1.2

Remark 3.1. (Conventions for two indeterminate expressions) When pe |1, 2], the
expressions |n[P~?n and |€ —n|3(|¢] + |n|)P~? are indeterminate when 7 = 0 and when
& = n =0, respectively. In this remark, see also footnote!, we make conventions to
solve this problem.

When pe|1,2], since ||n[P~2n| = |n|P~! if n # 0, we shall make the convention that
nfP~*n =0, if n = 0.

Similarly, when p€ |1, 2], since

0 < |€ = nf2 (g4I = =1 < UEm® e it fe] + o] > 0.
< =l (el = "= < G e = (ST i J] o+l >

we shall make the convention that

2 p—2 € —nl? :
_ 4 =—>= 9 =0, if&E=np=0. ]

Remark 3.2. (Another characterization of the best constant «,) The proof of
Theorem 1.1 (see section 4, and more specifically subsection 4.2) shows that the
best constant y, in (1.5) satisfies cy, = A, where the real number A, is defined by

2
A —  ipf Pl —plnEn(€ —n) 0 31
A e AT (3.1)

Remark 3.3. (Explicit values of o, when p = 2,3,4) Formula (1.6) gives the
value of the best constant a, in terms of the solution m, to equation (1.7) when
p € ]2, +o00[, with the function o, given by (1.8), and to equation (1.9) when pe]1,2],
with the function o, given by (1.10).

This result is explicit when p = 3 and p = 4; indeed in these cases one has

(3.2)

os(m)=m?—=2m—1, ms=1+v2, a3=2—+2,
oi(m)=m3>—3m—2, my=2, 4=

W

Remember also that when p = 2, ap = 1 (see (1.6)), and that my is not defined. [J
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Remark 3.4. (About equations (1.7) and (1.9)) Consider the equation
op,(m) =0, melo,+oo.

When p € ]2, +oo] and the function o, is given by (1.8), this equation has a unique
solution which actually belongs to |1, +o00| (see (4.21)); while, when p €]1,2[ and
the function o, is given by (1.10), this equation has exactly two solutions, one of
them which belongs to ]0, 1] and the other one which is equal to 1 (see (4.39), (4.40)
and (4.41)). O

Remark 3.5. (Variant of the strong convexity of the function |[£[P in terms of
|¢ — n|P when p€]2,4+00[) In this remark we only consider the case where

pE|2, 400l
Since in this case
&= nl” (1€ + [n)P 2 = [ —nlPlé = nPP 2 =€ =P VEmeRY, (3.3)
we deduce from Theorem 1.1 that
P > Inl” + plnP 2 n(€ —n) + aplé — P, VEn e RY, (3.4)

where «,, is the best constant in (1.5), namely the constant given by (1.6).
Actually, o, given by (1.6) turns to be also the best constant in (3.4).

Indeed, if one follows along the lines of the proof of Theorem 1.1 to characterize the
best constant 7, in (3.4), one defines successively the functions 7,(&,7), 7,(m, 1),
and finally 7,(m). This latest function turns to be identical to a,(m), which implies
that the best constant -, in (3.4) is nothing else but the best constant o, in (1.5). O

Remark 3.6. (No variant of the strong convexity of the function |£[? in terms of
|¢ — n? when p€]l,2[) Remark 3.5 was concerned with the case p €]2,+00[. In
this remark we claim that in the case where

pell, 2],
it does not exists any A€ |0, +oo[ such that
(€ = nl” + plnP~*n(€ —n) + Al =P, V&, n € RY. (3.5)

To prove this claim, assume that (3.5) holds true for some A € R. Take n € RY
with [n| =1 and £ = (1 +¢)n with e€]0, 1] in (3.5). Then one has

(14+¢e)P >14pe+ AP, Vee]0,1]. (3.6)
On the other side,

1+e
(1+e)P =1+ / psPlds < 1+ep(l+¢e)P!, Veel0,1]. (3.7)
1

Combining (3.6) and (3.7) implies that
pe+ AP <ep(l+e)Pt, Vee]0,1],

-1 _
namely, N Ll et SRS T (3.8)

€
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Passing to the limit in (3.8) as ¢ tends to zero and recalling that

(1+e)P~t—-1

. —p—1, ase — 0,

and that pe€|1,2[ implies that A < 0. This proves the claim. [

Remark 3.7. (Variant of the strong monotonicity of the function [£[P~2¢ in terms
of € — n|P when p €]2,+00[) In this remark, which is similar to Remark 3.5, we
only consider the case where

pE|2, 400l
Using (3.3) we deduce from Theorem 1.2 that
(1672 = Inl"=*n) (€ —n) > Bl —nl’, V&, n € RY, (3.9)

where (3, is the best constant in (1.15), namely 3, = 21}% (see (1.16)).
If we denote by 4, the best constant in (3.9), 5, = 2%2 turns to be also the best
constant J, in (3.9).

Indeed, following along the lines of the proof of Theorem 1.2 in order to characterize
dp, we define A, by

A = i EPTEE ) (E-m) g EPTPE I n) (E-n) (3.10)

€ mERN: £t € —nlr £mERN: £ (1€ —nl2)*

Asin (5.2), (5.4), and (5.5) below, we obtain

1 . N
— f ) 3.11
2p—2’ m5}0,+oo[l\r{l1},re[—1,1] p(m, T)} ’ ( )

where the function Sp is defined by

< mP —mP~lr —mr 4+ 1

6y (m,7) € (0, +0o[\{1}) x [=1,1] = d,(m,T) = E R —T:

An easy computation shows that

DB (1, 7) = m hy(m, ), ¥(m, 7)€ ([0, 400 \{1}) x [=1,1], (3.12)

or (m2 —2mr +1)5+1 7

where the function h,, is defined by

hy : (m,7) € [0, +o0[x[—1,1]

— hy(m,7) = (2= p) (M’ +m)T + (mP + 1)(p— 1) — m* — mP 2.

Since p€ ]2, +00[, one has

Do, m) = 2= p)(m? +m) <0, ¥(m,7) € [0, +o0[x[-1,1].  (3.13)
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On the other hand, one has

hp(m, 1) = (p— 1)m? — (p = 2)m*~H —mP™> —m® — (p — 2)m +p — 1 (3.14)
=m—-1DmP2—=((p—1)m+1)—(m+p—1)], Vme|0,+ool. .
Since p€ ]2, oo and m € [0, +o00[, one has
m>1 <= mP2>1, (3.15)
which implies that
mP2(p—1)m+1)—(m+p—1)>((p—1)m+1)—(m+p—1)
=(p—-2)(m—1)>0, Vme]ll, +oo], (3.16)
mP2((p—1m+1) = (m+p—1) < ((p—)m+1) = (m+p—1) '
=(p-2)(m—-1)<0, Vmel01].
From (3.13), (3.14), (3.15), and (3.16), one deduces that
hy(m,7) >0, V(m,7) € [0,+o00[x[—-1,1]. (3.17)
Combining (3.12) and (3.17) implies that gp(m) = 1[n£ ’ d,(m,7) is reached at
TE|—1,
T=-—1,1e.,
So(m) = inf §,(m,7)=8,(m—1) = 2L w0, 4oo[\{1}.  (3.18)
PR ey PV TR T (m4 1)1 ’ : :

In view of the definition (5.7) below of Ep(m), the latest expression is nothing else
but gp(m) and therefore

0y(m) = By(m),  ¥me 0, +ool\{1}. (3.19)
Moreover, in view of (5.11), one has
. = 1
o1y pm) = g2 (3:20)

Combining (3.10), (3.11), (3.18), (3.19), and (3.20) implies that

Ap:min{l 1 ! } L

7 9p—27 9p—2 - op—27

which proves that the best constant d, in (3.9) is given by

by = —5 = [ (3.21)

Observe also that a proof similar to the one used in Remark 3.6 shows that in the
case p€|1,2], it does not exists any p € |0, +o00[ such that

(JEPP~2¢ = InfP>n) (£ —n) > plé — P, V& neRY. O
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Remark 3.8. (Results already known on the best constants) In this remark we
quote the partial results (for the best constants for variants of the strong monoto-
nicity inequality (1.2)) which appear in the papers [1] and [2].

In Lemma 3.2 of [2], the authors proved that if p€ ]2, +o0[, the best constant in
(IPP~26 = [n["~2n) (€ = n) > v|€ —nl’, V€& neRY, (3.22)

is given by v = We prove this result in Remark 3.7 above (see the third

=2’
paragraph of Remark 3.7 and (3.21)).

On the other hand, in Lemma A.2 of [1] and in Lemma 3.1 of [2], the authors proved
that if p€ |1, 2], the best constant in the variant of the strong monotonicity of |£[P~2¢
inequality (1.15) given by

12
(6P = InPn) (€ —m) 2 vis M WEmERY,  (3:23)

is v = min{1,2(p — 1)} if p€]1,2[, and v = 2 if p = 2. We prove a similar result
in Theorem 1.2 (see (1.15) and the last two lines of (1.16)). Note indeed that the
right-hand sides of (1.15) (which is nothing else but (1.2)) and (3.23) are different,
even if the coefficients

4 r—2_ 1 | —
N TR

which appear in these two strong monotonicity inequalities are equivalent for each
fixed p€|1,2 [, which implies that the results are similar but different. ]
4. Proof of Theorem 1.1 (Strong convexity of |£|P)

In this section we prove Theorem 1.1. We begin with a sketch of the proof to present
its main steps.

4.1. Sketch of the proof of Theorem 1.1

When pe€ |1, +oo[, we define the real number A, by

-2
A — it P =1l =l n(€ —n), 41
enckN:ery € —nP(E + P2 (4.1)

then A, is non negative, since the function [£|P is convex. It is easily proved in
subsection 4.2 that this function is strongly convex if and only if A, > 0, and that
in this case one has A, = «a,, where «,, is the best constant in the strong convexity
inequality (1.1). We therefore study the minimization problem (4.1) in order to
prove that A, > 0.

In subsection 4.3, the minimization problem (4.1) is transformed into a simpler min-
imization problem. One considers in (4.1) first the case where n = 0, and then the
case 7 # 0. When n = 0, the infimum in ¢ is equal to 1, while when 1 # 0, the
infimum reduces by homogeneity to the case where |n| = 1. Setting |£| = m with
m€ |0, +o0[ and &n = m7, where 7 is the cosine of the angle between the vectors £
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and 7, the infimum in (£,7) when 7 # 0 is transformed into the infimum in (m, 7)
for me ]0, +oo and 7 € [—1, 1] of a certain function &,(m, 7). It is easy to minimize
this function @,(m,7) in 7, and to prove that the infimum is given by @,(m, —1)
when p€ ]2, +00[ and by @,(m, 1) when pe]1,2].

The next step consists in minimizing these two values with respect to m. This
is not difficult when p €]2, 400 and this is done in subsection 4.4. The proof is
more tedious when p € ]1,2[ and this is done in subsection 4.5. In both cases, the
minimum is reached at a unique point m, which is the solution of an algebraic
equation o,(m) = 0. The number A, defined by (4.1) then appears as an algebraic
expression of m,,, and this expression is proved to be strictly positive. Therefore the
function |£[? is strongly convex and A, = a,, so Theorem 1.1 is proved.

4.2. A minimization problem for computing the best constant o,

Define the real number A, by (see (4.1))

A — it =Dl = plnl" € — ) (4.2)

EneRN: gy €= P (g + [nl)P—2
Since the function [£|P is convex, one has A, > 0.

Note that when £ = 7, the strong convexity inequality (1.5) becomes an equality
satisfied by any A\ €]0,+oc[; this holds true even if £ = n = 0 in view of the
convention made in Remark 3.1. Therefore, the function ||P is strongly convex if
and only if A, > 0. In this case, one has

»=Ap. (4.3)
In the proof below, we will study A,, prove that A, is given by formula (1.6), and
prove that A, > 0.

When p = 2, the proof is straightforward. Indeed, in this case

«

2 2 2
A, —  ipf  KE—WP—2E—m) _ [E-al
? E,ne]g}v:&én 1€ —nl? I€ —nl? ’

(4.4)

which is strictly positive, so that the function [£|? is strongly convex and (1.6) is
proved. We shall therefore assume in the rest of this section that

p#2. (4.5)
4.3. Rewriting formula (4.2) which defines the number A,
Define the function &, by
—2
&, (En) e & eRY LA, (E )= [E[” = |nl” — pln["""n(€ —n) 46
Oép (5 7]) {§ n § 7é T]} Oép(g 77) |£ _"7‘2(|€| T |77|)p_2 ( )
Then (4.2) is nothing else but

A, = inf @, n). 4.7
b=, 0l & En) (4.7

We first observe that?
A, =infa,(&,n) = min{ inf @,(§,n), inf ap(f,n)} )
EF#n EFnn=

0 EFn,n#0

3 From now on, for making notation lighter, we do not recall that ¢ and n belong to RV .
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: BPEIPN _ (S
Since {7&1171’15:0 ap(f» 77) = gig IRl 7
h A, = mi {1, inf @, (¢, } 48
one has p = min #lnr}nﬂ ap(§,m) (4.8)

As far as the second term #inf?go a,(&,n) of the right-hand side of (4.8) is concerned,
7,1

since 1 # 0, we divide by |n|? the numerator and denominator of

&P — pln|P~2ng + pln|? — [n|?
€12 = 260+ [n]2) (I€] + Inl)P—2

ap<£7 77) = (

Denoting ﬁf again by ¢ and in again by 7, and observing that ‘|717|77’ =1, we

Il
obtain that

inf & _ inf |§|p_p77€+p_1
A, &n) = i e e e

that we rewrite as

inf  a,(&, :min{ n I€|P —pn§ +p—1 ’
€#£n, n#£0 o(&m) le|=1=|n|,&n (€[> —2&n +1) (|| +1)P—2

‘n |EP —pné+p—1 }
€11, Inj=1 (|€]% — 2&n + 1) (|§] + 1)P—2

(4.9)

Denoting by 7 the cosine of the angle between the two vectors € # 0 and 1 # 0, one
has N

vE&,neRY dre[-1,1]:ns = [nll¢]T,
and the first term of the right-hand side of (4.9) is nothing else but

§P —pn€+p—1 — inf l—pr+p—-1  _ p
et e (G — 26 + D (D72~ el A —ar s n e w1 (410)

while for the second term of the right-hand side of (4.9), setting |{| = m € ]0, +oo[\{1}
and

2 (m.7) € (0, +oo[\{1}) x [1,1] = @, (m, 7) = Pt (411)

one has
(. I€IP —pné+p—1

f
el =1 (EP — 260 + 1) (€] + )72

_ inf mP —pmt+p—1
me0,+00[\{1}, 7€[~1,1] (M? —2m7 + 1) (m + 1)P—2

a,(m, 7).

inf Q
\  me]0,4+oo[\{1},7€[-1,1]

(4.12)

Combining (4.8), (4.9), (4.10), (4.11), and (4.12), we have proved that, for p # 2,

A, = min {1, P inf ap(m,T)} . (4.13)

2P=17 e 10,400 [\{1}, 7€[~1,1]
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In the two next subsections 4.4 and 4.5, we shall compute the last term of the
right-hand side of (4.13).

We notice that, for any fixed m €0, +00[\{1}, the function 7€ [—-1,1] = @,(m, 1)
belongs to C*°([—1, 1]) and satisfies
oa,

W(m,r) =

m
(m 4 1)P=2 (m2 — 2mr + 1)°

(2mP —pm? +p—2), Vre[-1,1], (4.14)

and that, denoting by f, the function

fp i me0, +oo[— fo(m) = 2mP —pm? +p — 2, (4.15)

the sign of %(m, 7) is the sign of f,(m).

We will prove (see (4.17) and (4.29) below) that the sign of f,(m) depends only on p,
and that for every m € ]0, +oo[ one has f,(m) > 0 when pe ]2, +oo[ and f,(m) <0
when pé€ |1, 2 [, which implies that

inf @,(m,7) =

ap(m,—1) when pe]2, +o0],
Te[-1,1]

a@y(m,1)  whenpe|l,2].
For this reason, we define the function a by

a: (p,m) € (L, +0o[\{2}) x ([0, +oo[\{1}) = a(p,m) = a,(m),
mP +pm—+p—1
(m+1p 7
mP —pm—+p—1
(m — 1)2(m + 1)r=2’

a,(m,—1) =

if pe ]2, +ocf, (4.16)
ap(m) =

a,(m, 1) = if pe]l,2].

We will now study the case where p €2, +o0o[ in subsection 4.4, and then the case
where p€ |1, 2] in subsection 4.5.

4.4. Minimizing &,(m) in m when pe€ ]2, +o0]
In the whole of this subsection, we assume that p€ ]2, +00].

In this case, since the function f, defined by (4.15) satisfies

fo(1) =0, f(m) =2pm(m"™? —1) > 0 <= m € [1,+o0],

one has 2mP —pm® +p—2= f,(m) >0, Vme]0,+oo|. (4.17)

Combining (4.14), (4.17), and the definition (4.16) of &,(m) implies that for any
me€ |0, +oo[\{1} one has

Tei[r_{l] ap(m, 1) = ap(m, —1) = a,(m).

We have proved that

. _ - Ly~ - mP+pm+p-—1
Tel[Ijg,l] Oép(m,'r) = Oép(m, 1) - ap(m) - (m+ 1)P g vme]07 +OO[\{]'}
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Therefore inf a,(m, )= inf a,(m). 4.18
me 10,4+00[\{1}, 7€[~1,1] p(m7) me 10,400\ {1} p(m) (4.18)

Let us now compute the right-hand side of (4.18). For any fixed p €]2,400], the
function q, is smooth and an easy computation shows that

%ﬁ“"f—@anMJWMn% Vm €0, +o0], (4.19)

where the function o,(m) is defined by
op(m) = M1~ (p = Dym — (p—2),  Yme]0, oo,
and is nothing else but the function defined by (1.8). This function satisfies
0,(0)=—(p—2) <0, o0,(1)=-2(p—2)<0, o,(m)— ~+o00, as m — 400,

on(m)=(p—1)(m"*—=1) >0 < me]l, +ool. (4.20)
This implies that dlm, € [0, +00] : g,(m,) =0; (4.21)
moreover, the number m,, defined by (4.21) is such that

my, > 1
op(m) >0 <= m>m,.

In view of these results and of (4.19), the minimum of the function «,, is reached at
m = m,, a number greater than 1, which is the unique solution to (1.7), i.e.,

mp +pm, +p—1

inf a = = 4.22
%]0,1_’{100[\{1} ap(m) Oép(mp) (mp + 1)p ( )

Combining (4.18) and (4.22) yields

. _ ~ P+pmy+p—1
f — — " 4 4.2

mE]O,Jroo[l\r{ll},Te[fl,l} ap(m, 7) = ap(my) (mp +1)P (4.23)

Then (4.13) and (4.23) imply that

. D mg—i—pmp—&—p—l}
A, = min {1, T G 4 1) (4.24)
. 1 mp +pmy, +p—1 P
We claim that % < G+ 1) <5 < 1, (4.25)
p _

which implies that A, ="t tpml Ly (4.26)

(mp +1)P 2pr
and therefore that one has o, = A,, i.e., formula (1.6) if p €]2,400[, with the
estimates (1.11).
Let us now prove the claim (4.25).
As far as the proof of the first inequality of (4.25) is concerned, the facts that
mp +pmy +p—1>mp,

that the function s€| — 1, +oo[—

5 . is increasing, and that m,, is greater than 1

s+
imply that p
My 1 >p _ 1
<mp+1) ” (1+1 Coor’ (4.27)

mp +pmy, +p—1
(myp + 1)P
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As far as the proof of the second inequality of (4.25) is concerned, the fact that the
minimum of the function ,, is reached at m = m,, implies that

— _ : ~ ~ _ b
(my + 1)P = ap(m,) = me]o,glog[\{l} ap(my) < ap(l) = o1

As far as the proof of the last inequality of the claim (4.25) is concerned, one has to

prove that
(p—1)In(2) —In(p) >0, if pe]2, +ool.

Defining v:p € [2,+o0[— v(p) = (p—1)In(2) — In(p), (4.28)
the latest inequality is equivalent to v(p) > 0, if p€ |2, +00].
This inequality holds true since

v(2) =0, v(p)=In(2)— ]13 >0 < pln(2) > 1,

and since the latest inequality is satisfied for any p € ]2, 4+00|, since 2In(2) > 1, or
equivalently 22 > e.
This completes the proof of the claim (4.25). O

Theorem 1.1 is proved when p € |2, +o00].

4.5. Minimizing &,(m) in m when pe]l,2]
In the whole of this subsection, we assume that pe]1,2].

This case is different from the previous case where p €2, 4+00[. Even if the proof
follows along the same lines, there are more technical difficulties.

In this case, since the function f, defined by (4.15) satisfies
L) =0, fi(m)=2pm(m"?-1) >0 < me[0,1],

one has 2mP —pm? +p—2= f,(m) <0, Vme]0,+oo|. (4.29)

Combining (4.14), (4.29), and the definition (4.16) of &,(m) implies that for any
me |0, +oo[\{1} one has

inf @,(m,7) =a,(m,1) = a,(m).
T€[-1,1]

We have proved that

inf @,(m,7) =a@,(m,1) = a,(m) = 22 PPEP -1 g0, +oo[\{1}.

T€[-1,1] (m — 1)2(m ¥ 1)1;,27
Therefore, inf &, (m, 7) = - _ ' 130
o e 10-+0o[\{L}, el 1,1 % (m.7) me]o,foo[\{l}a”(m) (4.30)

Let us now compute the right-hand side of (4.30). For any fixed p €]1,2], the
function @, is smooth in [0, +oo[\{1} and an easy (but tedious) computation shows

that )

DB (m) = ), Vmel0 oM}, (431)
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where the function o, is defined by
ap(m) = p(p — 1)m* — (4 — p)m? + p(5 — 2p)m — pm?~' + (p — 2)*

and is nothing else but the function defined by (1.10). Note that o,(1) = 0. It can
be proved (see Lemma 4.1 below) that

Ilm, € [0, +oo[\{1} : o,(m,) =0;

moreover, the number m,, is such that

3—p
0<mp<4—

<1,

gp(m) <0 <= me|my, 1, o,(m)>0 <= me]0,my[U|l,+o0[.
Note that, in contrast to the case where p€ ]2, +00[, the sign of %(m) is no more
the sign of o,(m), but the sign of (m — 1)o,(m). Therefore

om

(m) <0 <= mel0,m,l, o

(m) >0 <= me|m,, +oo[\{1}. (4.32)

Note also that, using Taylor expansion of the numerator around the point m = 1,
which is licit since the function s? is C* at the point s = 1, one has

mP —pm+p—1 p(p—1)
(m — 1)2(m + 1)p—2 91

a,(m) = ,asm — 1, (4.33)
which proves that the function ¢, is continuous at m = 1. In view of (4.32) and
(4.33), the minimum of the function «, is reached at m = m,, a positive number
smaller than 1, which is the unique solution to (1.9), i.e.,

mp —pmy, +p—1

%}O,Ti[\{l} Ap(m) = ay(my) = (my — 1)2(m, + 1)p=2" (4.34)
Combining (4.30) and (4.34) yields
i a ~ I +p—1
f = _ My TPy . n
e e, ey U T = Ge) = G, S e (4.35)
Then (4.13) and (4.35) imply that
. P mp —pmp +p —1 }
p = Min {1, 21 Ty —1)2(my 172 (4.36)
We claim that
p(p—1) mb —pmy, +p—1 B »
2 (my — 1)2(my + 12 P 1<1< g, (4.37)
which implies that
__ mp—pmpytp—1 p(p—1)
Ay = (my — 1)2(my, + 1)p—2 5— >0, (4.38)

and therefore that one has o, = A,, i.e., formula (1.6) if p€ |1, 2 [, with the estimates
(1.12).

Let us now prove the claim (4.37).
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As far as the proof of the first inequality of (4.37) is concerned, writing the second
order Taylor expansion of the function s” around the point s = 1, which is licit since
the function s? is C*° at the point s = 1, one has

Vsel0, 1 e(s)€s,1[: s =1+ p(s — 1) + KRV c(s)P2(s — 1)2.

Taking s = m,, yields

—2
Comb—pmytp—1  p(p-1) [ e(my) \"
Femy) € Jmy, 1] - (mp — D2(my + Lp—2 2 (mp+1> :

which implies the first inequality of (4.37) since

O<M<1andp—2<0.
mp + 1
As far as the proof of the second and third inequalites of (4.37) is concerned, (4.34)
implies that

mp —pmy, +p—1 _ . _ _
= a,(m,) = inf a,(m,) < a,(0)=p—1<1.
(my, — 1)2(m, + 1)p—2 (M) me]0 oo\ {1} p(myp) < ap(0) =p

As far as the proof of the last inequality of (4.37) is concerned, one has to prove

that (p—1)In(2) —In(p) <0, if pe]l,2].

Defining v as in (4.28) by
v:p€[L,2] = v(p) =(p—1)In(2) — In(p),
the latest inequality is equivalent to v(p) < 0, if p€]1,2].

This inequality holds true since v(1) = v(2) = 0 and since v is convex in |1,2]
(indeed v"(p) = Z%)

This completes the proof of the claim (4.37). ]
Theorem 1.1 is proved when pe]1,2].

In this subsection, we have used the following lemma.
Lemma 4.1. Let pe]1,2] and o, be the function defined by (1.10), i.e.,
o,:me€ |0, +00[— a,(m) = p(p—1)m?*—(4—p)mP+p(5—2p)m—pmP =14 (p—2)2.
Then op(1) =0, (4.39)
3Im, € [0, +oo[\{1} : o,(m,)=0. (4.40)

Moreover, the number m,, defined by (4.40) is such that

0<m, <2 L<l, (4.41)

op(m) <0 <= mem,, 1], o,(m) >0 <= me]0,m,[U]L, +oo[. (4.42)
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Proof. Equality (4.39) is straightforward.

An easy computation shows that, for every m €0, +o0],
oy (m) = 2p(p — 1)ym — (4 = p)pm?~" +p(5 — 2p) — p(p — 1)m" 2,
oy (m) =2p(p — 1) = (4 = p)p(p — m" ™ +p(p — 1)(2 = p)m"~>,
o, (m) =p(p — 1)(2—p)m"* (4 —p)m — (3—p)).

Note that o, (m) >0 <= m > %. (4.43)

Since o, (m) — 400 as m — 0%, o/(1) = 0, and i%i €10, 1[, property (4.43)

implies that there exists a unique m, € }0, Z;p[ such that
-p

o,(my) =0, o,(m) <0 <= melm,,1],
" (4.44)
o,(m) >0 <= me]0,m,[U]1,+o0|.
Since o, (m) = —oo, as m — 07, and o,(1) =0, (4.45)

property (4.44) implies that there exists a unique m, € }0, ﬁp[ such that

0, (M) =0, 0,(m)<0 <= mel0,m,[, o,(m)>0 <= me]m,, +oo[\{1}. (4.46)
Finally, since 0,(0) = (p—2)* > 0 and 0,(1) = 0, (4.47)
property (4.46) implies that there exists a unique m, € ]0,7,[ such that

op(my) =0, g,(m) <0 <= me|m,, 1], o,(m) >0 <= me]0,m,[U]1,+o0].

Moreover, 0<m,<m,<m,< i;p < 1. (4.48)

The proof of the Lemma 4.1 is complete. O

5. Proof of Theorem 1.2 (Strong monotonicity of the function [£[P~2¢)

The proof of Theorem 1.2 is very similar to the proof of Theorem 1.1 and is even
easier. For this reason here we give only a sketch of it.

When pe]l, +o00[, we define the real number B, by

—2¢ p—2 _
B — i (1€]P=2¢ — [n|P=2n) (€ —n)
emcBN:en € —nP(E + P2

(5.1)

and we study B, as we did in Section 4 for A,.

Of course, when p = 2, the strong monotonicity inequality (1.15) holds true with
the best constant B, = 1. We shall therefore assume in what follows that

P72
and we shall later distinguish between the cases p€]2,4+o00[ and p€|1,2].
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Define the function Bp by

Boiem e femeRY s6 £ 0} 5 Bylem= LS mECi) (59

Then (5.1) is nothing else but

By = a,neﬁ&rflvf: £ Bp(&,m) = min { 576177{15:0 Bl ). #177{17%0 Brls: 77)} (5.3)

—mind1l, inf 3 .
mm{ 7#1771,1#0@;(5,77)}

Arguing as in the proof of Theorem 1.1 implies that (compare with (4.13))

B, = min {1, ;! inf B,(m. )}, (5.4)

T 2P=27 e 0,400\ {1}, re[-1,1] P

where the function Bp is defined by

= . ol oomP—mPlr —mr + 1
By (m,) € (0, +00[\{1}) % [1,1] 5 By, 7) = 205l (s.5)
As in the proof of Theorem 1.1, we shall compute in the two next subsections 5.1
and 5.2 the last term of the right-hand side of (5.4), and firstly
inf B,(m,7), Vme]0,+oo[\{1}.

T€[-1,1]

To this aim, an easy computation shows that

oB, m

—L(m,T) = m), 5.6
or ( ) (m+1)P=2(m? — 2m7 + 1)29p( ) (5.6)

for all (m,7) € (]0,4+o00[\{1}) x [—1, 1], where the function g, is defined by
gy : 1 €10, +o0[—> gy(m) = (mP= — 1)(m? — 1).
Therefore, the sign of %(m, 7) is the sign of g,(m).
We will prove (see (5.8) and (5.12) below) that the sign of g,(m) depends only on
p, and that for every m €]0, +00[ one has
gp(m) > 0 when pe|2,4+00[, g,(m) <0 when pe]l,2],

which implies that
—= {Bp(m7_1) Whean]Q,—l—OO[,

inf 5 (m,7)=1< _
Te[-1,1] p(m:7) B,(m,1)  when p€]l,2].

For this reason, we define the function 5 by

(B (p.m) € (1, +00[\{2}) x (10, +00[\{1}) = B(p.m) = B,(m),
N Bp(m, —1) = (::11;;_11, if pe]2, 400, (5.7)
5p(m) - - mP~t —1 .
B,(m,1) = CEnCES= if pell,2].

\

We will now study the case where p € |2, +o0o[ in subsection 5.1, and then the case
where p€]1,2[ in subsection 5.2.
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5.1. Minimizing 3,(m) in m when pe]2, +o0]
In the whole of this subsection we assume that pé€ |2, +o00.
In this case, since
gp(m) = (mP2 —1)(m* —1) >0, V¥me]0,+oo], (5.8)
formula (5.6) and definition (5.7) imply that

el el mP~1 41

761[1;1:51] /Bp(m7 T) = /Bp(m’ _1) = /Bp(m) = W’ vme ]0, +OO[\{1}
Therefore, inf B (m,7)= inf  B,(m). 5.9
eretore e lostoelny ey Pp ) = i Be(m) (5.9)

Let us now compute the right-hand side of (5.9). For any fixed p €]2,400| the

function Bp is smooth and an easy computation shows that

Do (1m) = ﬁ(mzﬂ—z —1), V¥me]0,+oo, (5.10)

. ~ 1
hich implies that f =5(1) = 5=
which implies tha mE}O,1+noo[\{l} Bp(m) = B,(1) T

(5.11)

Finally, combining (5.4), (5.9), and (5.11) gives

Bp:min{l 1 1}:21 > 0,

7 9p—27 9p—2 p—2

so that 8, = B, = 2% i.e., (1.16) in the case p€ |2, +o0].

o

5.2.  Minimizing gp(m) in m when pe|l,2]
In the whole of this subsection we of course assume that pe]1,2].
In this case, since
gp(m) = (mP? = 1)(m*> — 1) <0, VYme]0,+o0], (5.12)
formula (5.6) and definition (5.7) imply that

nf Bym,m) =Bym,1) = Blm) = s, Yme 0, fool\{1)
Therefore inf Bp(m,T) = inf 3 (m). (5.13)

me]0,+oo[\{1}, 7€[~1,1] me 0400\ {1} |

Let us now compute the right-hand side of (5.14). For any fixed p€ |1, 2| the function

B, is smooth in [0, 400 \{1} and an easy computation shows that

%(m) - (m — 1)2(]7-71 + 1)p+1 kp(m)7 Vme ]07 —|—OO[\{1}, (514)

where the function k, is defined by
kp(m) = (p—1)m— @B —=p)m ' +3—p—(p—1)m"™?,  ¥me]0,+ool.
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Studying k;, and k) it is easily seen that
ky(m) >0 <= m € [1,+o0],

which implies, thanks to (5.14), that Ep is an increasing function on |1, +oo[ and a
decreasing function on |0, 1[. Moreover, L’Hopital’s rule implies that

gp(m) — 2;217 as m — 1.
= -1
Theref h inf = 5.15
erefore one has %]O,Tm[\{l} Bp(m) TR (5.15)
and combining (5.4), (5.13), and (5.15) gives
. 1 p—1
Since when p€|1,2 [ one has 0 < ;;;21 <l< %, formula (5.16) gives B, = I;p%zl,
so that 5, = B, = Z;p;_zl, i.e., (1.16) in the case pe|1,2].
The proof of Theorem 1.2 is complete. 0

6. Proof of Proposition 2.1 (Properties of m,)
The proof will be split in five steps.

Step 1: Proof of (2.2) (u(p) =m, — 1, as p — +00)

If p €]2,400], m, is the unique solution to equation (1.7), with the function o,
defined by (1.8), i.e.,

mg_l —(p—1)m,—(p—2)=0, mye|l,+oo|, if pe]2,+oo],

mb=?  p—1 1 :
T e T m, €1, +oof, if p€]2,+oo. (6.1)

that we rewrite as

We claim that (2.2) holds true. Indeed, if (2.2) does not hold, for any M € ]1, +o0],
there exists a sequence {p;, }neny With p, €]2,400] such that

pn — +00, m, >M, VneN. (6.2)
Then one has mﬁ:_Q > MPr=2 V¥n €N, (6.3)

while, thanks to p;; <2 <= pe€[3,400] and to (6.2), one has

ozl 19y %, for n large enough. (6.4)

Dn—2  my, T
Finally, combining (6.3), (6.1), and (6.4) gives

(Pn—2) In(M) MPn—2 mpPn—2 ~1 1 1
e - Pn__ _ Pn < 2+ —. for n large enough
pn_2 pn_2_pn_2 pn_2+mpn_ +M’ g g’

which can not hold true since p,, — +oo. This proves (2.2).
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Step 2: Proof of (2.3) (u(p) =m, - m%, as p — 27)

Before proving (2.3), let us observe that equation (2.4) has a unique solution mg,.
This follows from p®(1) = =2, p®(m) — 400, as m — +o0, and from

p¥(m)=Inm >0 < mell,+ool. (6.5)
Let us now prove (2.3).

For this purpose, let us set p = 2+ ¢, where € €0, 1], and recall (see (1.7) and (1.8))
that mo,. is the unique solution to

Oa4e(m) =0, me]l, +ool, (6.6)
where the function og,. is defined by

Oare : mE)0, +00[= goyc(m) = m' e —(1+e)m—e = mes ™™ — (1+&)m—e,

so that eehnlmase) _ 1 = g L8 Mave o0 ], (6.7)

Mote
Since Mo, € |1, +00[, equation (6.7) implies that

efnlmz+e) 5 1 a5 e — 0,
namely, eln(moy.) — 0, ase — 0. (6.8)
Combining (6.7) with (6.8) implies that

1 1 eln(maic) _ q
T Mate =£ — 1, as e = 0, (6.9)

Mate In(mage) eln(mage)

which implies that ms,. tends to a limit m® €1, +o0, as € tends to zero, where

@ .
m® satisfies Lem® 1 ,

1 @
m®  In(m®9) ;o mUEe ]17 +OO[7
or in other terms that m® is the unique solution of (2.4). This proves (2.3).

Step 3: Proof of (2.6) (u(p) =m, —0,as p—27)
Before proving (2.6), let us observe that the equation

pP(m) =0, melo,+oo], (6.10)
with the function p© defined by*
p° :me)0, 400l p°(m) = 4m — 4m?* + (2m?* + 2m) In(m) (6.11)
has exactly two solutions, namely m = 0 and m = 1. This follows from the fact that
pP0) =0, p°1) =0, and p°(m) <0 < me]0,1],

which in turn follows from a detailed study of p©”, p”, p©', and p® similar to the
study we have made for o, in the proof of Lemma 4.1.

4 By convention we set m In(m) = 0 when m = 0.
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Let us now prove (2.6).

For this purpose, let us set p = 2 — ¢, where € €]0, 1, and recall (see (1.9) and
(1.10)) that mq_. is the unique solution to

oa—c(m) =0, me]o,1], (6.12)
with o9_. defined by

O9_¢ : mG]O, +OO[—> UQ_E(m),
o2-c(m) = (2—e)(1—e)m?—(24+e)m* =+ (2 — ) (1 + 2e)m — (2 — e)m' ™= + £2
=2—-e)1—e)m?+ (2 —e)(1+2)m+e2 — ((2+e)m? + (2 — e)m) e~slnlm)

and that (see (4.41))
1+e
2+e¢

0<my. < <: veelol (6.13)

The Maclaurin expansion of e! around ¢ = 0 asserts that
vteR, 30(t)e]min{0, thmax{0,£}[: ¢ =1+1t+ O (6.14)
Therefore one has
oy o(m) = (2—¢)(1 —e)m® + (2 —&)(1 + 2&)m + &?
—(2+e)m®+ (2—¢2)m) (1 —eln(m) + %ee(_gln(m))sg lnz(m)> (6.15)
=ep®(m) +*r®(m,e), ¥Ymel0,1], Vee€]o,1],

where the function p® is defined by (6.11) and where the function r©(m;, ¢) is defined
by

ro(m,e) = (m — 1) +m(m — 1) In(m)

- 6.16

+ (—m 14 m)es) mIn®(m) f(—emm) - ym o, 1], Ve€]0,1], (6.16)
where 6(—¢In(m)) satisfies

0 < fO(—eln(m)) < —eln(m), VYme]0,1[, Vee]lo,1]. (6.17)

We claim that (2.6) holds true. Indeed, if (2.6) does not hold true, for any M €]0, 2]
(see (6.13)) there exists a sequence {&, }nen with €, €]0, 1] such that

en—0, mo_. >M, VnéeN. (6.18)
Since 09—, (ma_., ) = 0 for all n € N, we rewrite (6.15) as
p°(ma_e,) = —e,r°(ma_c,,en), VneN. (6.19)

In view of (6.13) and (6.18), we can assume that there exist a subsequence ¢, still
indexed by n, and a constant m* such that

Mo, —m*, m'e [M, %} , ase, — 0. (6.20)
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In view of (6.17) we have
0 <8(—e,In(me_c,)) < —e,In(mo_,),
which implies that —e,, In(ma_.,) — 0ln(m*) = 0 as €, — 0, and therefore
O(—enIn(mo_,)) — 0, as g, — 0. (6.21)

Passing to the limit in (6.19) and taking into account (6.16), (6.20), and (6.21), one

obtains -
p=(m*) =0,

a contradiction since m* € [M, 2] and since equation (6.10) has only two solutions

m = 0 and m = 1, as noticed at the beginning of this proof.

This proves (2.6).

Step 4: Proof of (2.7) (u(p) = m, — m#, as p — 17)
Before proving (2.7), we observe that equation (2.8) has a unique solution m = m#.

More precisely, equation p#(m) = 0, m €]0, +-00[, has exactly two solutions, namely
m =1 and m = m#€]0, 3[. This follows from the facts that

p?(m) — +oo, asm — 0, p?(1) =0, and p#,(m) <0 <= me|o,,
for some ¢ €0, %[, a fact which in turn follows from a detailed study of p#”, ,0#/7
and p# similar to the study we have made for o, in the proof of Lemma 4.1.

Let us now prove (2.7).

For this purpose, let us set p = 1+¢, where € €0, 1], and recall (see (1.9) and (1.10))
that my. is the unique solution to o14.(m) =0, me€]0, 1], with o1, defined by

0146 : ME |0, +00[— 014c(m),
oe(m)=ec(l+e)m? — B —e)m!™ + (1 +e)(3—2e)m — (1 +&)m° + (¢ — 1)?
=1-m)Bm+1)+e((l+e)m*+ (1 —2e)m—+e—2+ (m—1)m).

Defining the function r# by
r#(m,e) = (1+e)m* + (1 —=2e)m+e—2+(m—1)m*, Vmel0,+o0], Vee]0,1],

the definition of mi. reads as

eln(mite € r#(m 875)
e ! ( +)_1:m1+8_1:€W1:__'_1, VEG]O,l[ (622)
Since (see (4.41)), 0 < myye < % < %, Vee]0,1], (6.23)

r# (m1+€7 6)

one has dce 0,400 : T
1+e

<ec, Veel0,1]. (6.24)
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Then (6.22) implies efnlmite) _ 1 50, as € — 0, (6.25)
i.e., eln(miy.) = 0 as € — 0, which in turn implies that
e In(mite) _ 1 et — 1
T — 1, as eln(myiie) =t — 0. (6.26)

Let now {&, }nen be a sequence in ]0, 1| converging to 0. By virtue of (6.23), we can
assume that, for a subsequence still indexed by n,

Mite, — m*, with m* € [0, g] )
Rewriting (6.22) for such a subsequence, we obtain that

efnn(miye,) _ - 1 T (Me, +1,6n)

enn(miye,) N In(mite,) (Bmite, +1) ’

Vn € N. (6.27)

Let us prove by contradiction that m* > 0. Indeed if we assume that m* = 0,
passing to the limit in (6.27) and taking into account (6.25) and (6.23), one obtains
that 1 = 0. Therefore one has m* > 0.

Passing to the limit in (6.27) we obtain that

1 m*?+2m*—3
In(m*)  3m*+1 '’

1=
namely that m* is a solution to equation (2.8). Since this equation has a unique

solution m# €10, 1[ and since m* € ]0, 1[, we have proved that m* = m#.

This proves (2.7).

Step 5: Proof of (2.10) and (2.11) (regularity of u and formula for p)

Statements (2.10) and (2.11) follow from the definition of m,, and from the implicit
function theorem applied respectively to the function (see (1.8))

(p,m) €12, +00[x]1, +00[—= o (p,m) = g, (m) = M’ — (p—1)m — (p—2), (6.28)
when p€ ]2, +00], and to the function (see (1.10))

{(p, m)€]1,2[x]0,1[— o(p,m) = o,(m) (6.29)
= p(p—1)m*—(4—p)mP +p(5—2p) —pm? ' +(p—2)?,
when pe|1,2].

Indeed the two functions o(p,m) defined by (6.28) and (6.29) are C* on their
domains of definition; on the other side, their partial derivatives g—;(p, m) = o,(m)

do not vanish at the point (p,m,) when p €|1,4+00[\{2}: when p €]2, +o00|, this
0o

results from 8—m(p, m) = o, (m) = (p—1)(m"* — 1) and the fact that m, € ]1, 4o00]

(see (1.7)); when p€ 1, 2], this results from (4.46), which implies that if m € |1, +o0]
is a solution to o, (m) = 0, then either m = M, or m = 1, and from the inequality
0 <my, <my <1 (see (4.48)). Therefore the implicit function theorem applies,
which proves (2.10) and (2.11).

The proof of Proposition 2.1 is complete. Il
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7. Proof of Proposition 2.2 (Properties of «,)
The proof will be split into four steps.

Step 1: Proof of (2.13) and (2.15)
(a(p) =, — 0, as p — 400, and a(p) = a, — 0, as p — 1)

Convergence (2.13) follows from inequalities (1.11), while convergence (2.15) follows
from inequalities (1.12).

Step 2: Proof of (2.14) (a(p) = a, = az =1, as p — 2)
Inequalities (1.12) imply that
a, — 1, asp—27. (7.1)
It remains to prove that a, =1, as p — 2", (7.2)
To this aim, let {p,}nen be a sequence such that
€2, +o0[, VYneN, p,— 2 (7.3)

and let m,,, €]1,4+o00[ be the unique solution to equation (1.7) with p = p,,. Then
there exist m* € [1,+o0] and a subsequence, still indexed by n, such that

my, — m”.
In view of formula (1.6), if m* € [1,4o00], one has

mﬁ:ﬁ + PnMyp,, + Pn — 1_ ePninmp, + DMy, +pn — 1 m*? 4+ 2m* +1 —
(g # 0P e D ISV

&p7z =

as n — +o00, while, if m* = 400, one has

o myr + ppMyp, +pn — 1 B In (mT;:ZI) 1 Dn pn—1 1
o (mpn + 1)Pn e(Pn—1)In(myp,,) epn In(myp,,) ’

as n — +o00, which prove (7.2) and (2.14).
Step 3: Proof of (2.16) and (2.17) (regularity of a and formula for o)
Proposition 2.1 states that the function p defined by (2.1), namely

s pEL, +oo[ \{2} = a(p) = my €0, o],

where m,, is the unique solution to equation (1.7), with the function o, defined
by (1.8), if p €]2,400], and to equation (1.9), with the function o, defined by
(1.10), if pe |1, 2[, belongs to C*(]1, +oo[\{2}) (see (2.10)). Observe moreover that
wu(p) =mye|l, o0l if p€]2, +00| (see (1.7)), and p(p) = m, €10, 1[ if p€ 1, 2] (see
(1.9)), so that one has p(p) = m, €10, +oo[ \{1} for every p €]1,+o0[\{2}.

On the other hand, the function « defined in Proposition 2.2 by (2.12), namely
a:p €]l +oo[—= a(p) = o,
where «,, is defined by formula (1.6), can be written as

a(p) = o, = alp,my) = ay(my),
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where the function o
a: (p,m) € (J1,+oof \ {2}) x (]0,00[\{1}) = a(p,m) = a,(m),

is given by (4.16) and clearly belongs to C*°((]1, +o0| \ {2}) x (]0,00[\{1})).

These two results immediately imply that the function a(p) = a(p, u(p)) belongs to
C>(]1, +oo] \ {2}).

In order to prove that the function « satisfies the regularity C°(]1, +-00[) it remains
therefore to prove that a(p) = «, is continuous at p = 2. Recall that the function
wu(p) = my, is not defined at p = 2, and is discontinuous at p = 2 since (see (2.3)
and (2.6)) pu(p) = m, - m® as p — 2%, while u(p) = m, — 0 as p — 27. But the
function a(p) = a(p,m,) = a(p, u(p)) is nevertheless continuous at p = 2, since

mb 4+ pmy +p—1 (m®)? 4+2m® +1

- _ +
P =0 =T T mer1p DS PTE
_ o mp—pmy+p—1 02-2x0+1 _
a(p) =a, = (my — 12(m,, + 172 Cor 1, as p— 27.

This completes the proof of (2.16).

Let us finally compute at every point p €|1, +oo[\{2} the derivative o/(p) of the
function

a(p) = ap = ay(my) = alp,my) = a(p, u(p))- (74)
One has
o/(p) = S 8 () + 25 (p, wlp) 22 (p), i pe]L,+o0[\(2). (75)

In view of (4.19), (4.31), and of the definition of u(p) = m,, one has

oa (mpfﬁ%(mp) =0, if pel2,+ocf,
(0%

om (P 7) = (7.6)
o ! (m, — 1)3(1mp T+ 1)t U:D(mp) =0, if pell,2[.

Combining (7.5) and (7.6) yields

o/(p) = S (pmy), if pe]l+oo[\{2}, (7.7)

Let us now compute the right-hand side of (7.7).
If p€]2,400| one has

;

o'(p) = 52 (p.m)

_ (mPIn(my,) +my, 4+ 1) (my + 1) — (m? +2];mp +p—1) (my + 1) In(m;, + 1) (78)
(mp +1)
ot (In(my) — In(m, + 1)) £ my (1~ pln(m, + 1)) 1~ (p— 1) In(m, + 1)
- (myp + 1)

Y
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whereas if p€|1,2], one has

( oa
«a =—(p,m
(p) = 3, (. my)

] - (mBIn(my) —my + 1) (my + 1)P7% - (mb — pmy, +p—1) (my, + 1P In(m,, + 1)
(myp — 1)2 (myp + 1)2p_4
mjp (n(my) — In(my, + 1)) —my, (1 —pln(m, +1)) +1— (p — Yln(m, +1)

\ (mp - 1)2 (mp + 1)p_2

This proves (2.17).

Step 4: Proof of (2.18) (d/(p) <0 if pe]2,+o0[)

To prove that o/ (p) < 0 if p€ ]2, +0o0], let us estimate the three terms which appear
in the numberator of the last line of (7.8), namely:

mb (In(m,,) —In(m,+1)), m, (1—-pIn(m,+1)), 1 — (p—1) In(m,+1). (7.9)
As far as the first term of (7.9) is concerned, of course one has
mp (In(m,,) — In(m, + 1)) < 0. (7.10)

As far as the second term of (7.9) is concerned, since p€ ]2, +oo[ and m, € |1, +o0],

one has .
l1-pln(m,+1)<1—-2In2= In 2 <0, if pe|2,4o0.

Therefore, since m,, € |1, 4-00[, one has
my (1 —pln(m, +1)) <1—-2In2<0, if pe|2,+ool. (7.11)

As far as the third term of (7.9) is concerned, since p € ]2, +o0[ and m, € |1, 400,

one has
1-(p—1)In(m,+1)<1—-1n2, if pe]2,+ool. (7.12)

Unfortunately, 1 —In2 = lng is a positive number, but adding (7.11) and (7.12)
yields, if p€ ]2, +o0],

2
my (1 —pln(m, + 1)) +1— (p—1)In(m, + 1) <2 —3In2 zln% <0. (7.13)

Then (2.18) follows from (7.8), (7.10), and (7.13).
The proof of Proposition 2.2 is complete. O
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