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uncommon in infinite dimension are provided. However, under suitable additional conditions it is
possible to establish some relations of this kind. Herein, under a compactness type assumption
it is shown that bounded mixed convergence of subdifferentials of the sequence of functions is
equivalent to the convergence of subdifferentials in the sense of Painlevé-Kuratowski, which turns
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1. Introduction

Attouch’s theorem relates the graphical convergence of subdifferentials of a sequence
of convex functions with the epigraphical convergence of the functions in reflexive
Banach spaces, see [2]. Since the slope of a convex function turns out to be a
good parameter describing the function, it is natural to link the graphical conver-
gence of a sequence of subdifferentials of convex functions with the epigraphical
convergence of their slopes; this is essentially the objective of our paper. In finite
dimensions the coincidence between the two latter convergences has been carried
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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out and shown in [11] under a minorization condition; as one of our aims we furnish
herein a short proof of that coincidence in Theorem 3.2 in such a finite-dimensional
setting. Unlike, in spaces of infinite dimension this type of results fails in general;
investigating the infinite dimensional situation is then our principal aim. First, we
provide a list of simple examples, see Section 6, of sequences of convex functions
defined on commonly known Banach spaces for which it is not possible to obtain
equivalences between the graphical convergence of subdifferentials and the epigraph-
ical convergence of slopes. It seems that the main difficulty in obtaining this type
of relationship is the lack of good conditions ensuring the maximal monotonicity of
the limit set of a convergent sequence of subdifferentials. There are two ways to
circumvent this inconvenience: first, assume that the limit set is maximally mono-
tone, see for example [2, Proposition 3.59] and second, impose conditions ensuring
this feature, see for example [1, Theorem 3.1]. A third way could be to repeat At-
touch’s reasoning by imposing normalization conditions, see [2, Theorem 3.66]. In
this work, we decided to show the relationship between the convergences discussed
above by imposing conditions such that the limit sets are maximally monotone. Our
study is guided in two ways, first by ensuring the maximal monotonicity through
compactness type assumption, see condition (CTA) from Section 7. In finite di-
mensional spaces they are always satisfied. In infinite-dimensional Banach spaces,
the condition (CTA) can be verified in some important cases, see for example [1,
Remark 3.1 (b) or (c)]. Comparing the condition (CTA) with that from [1, Theorem
3.1], we see that it is valid/amenable for subdifferentials in any Banach space, while
the condition from [1, Theorem 3.1] was employed in Hilbert spaces but for any
operator. One of the consequences of the (CTA) assumption is the maximal mono-
tonicity of the limiting set of a sequence of subdifferentials in any Banach space,
see Proposition 7.5. Moreover, the maximal monotonicity of the graphical limit of
a sequence of subdifferentials of convex functions is a necessary condition to have
the epigraphical convergence of their slopes, whenever the condition (CTA) is valid;
this can be deduced by combining the results from Corollary 5.5 and Proposition
7.5. In the case of a reflexive Banach space with its norm having the Kadec-Klee
property, it follows from Lemma 4.12 and Lemma 4.13 that the (CTA) condition
is a necessary condition for the graphical convergence of subdifferentials of lower
semicontiuous convex functions to the graph of the subdifferential of a lower semi-
continuous proper convex function, see Proposition 7.3. Taking into account results
from Sections 4, 5, 6 and 7, our paper answers a number of questions concerning
convergences of subdifferentials and slopes, see also [11, Open problems].
At this point it is also worth recalling that there are several important definitions
of convergence of sets, see [5]. Some aspects resulting from different approaches to
the convergence of subdifferentials are discussed in Section 4. These convergences
should be examined relative to natural topologies for these purposes, for example
strong, or weak. This results in the need to consider several distance concepts of
convergence of sets. The work managed to show that under the assumptions made,
the limit sets are the same regardless of the topology utilized to test convergence, see
for example Lemma 7.4. Let us also mention that renorming the space we change
the values of slopes of the convex functions. This results in additional difficulties in
the investigation on the epigraphical convergence of slopes. However, it turns out
that in Asplund spaces, if the condition (CTA) holds for some equivalent norm and
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the epigraphical convergence of slopes is ensured for this norm, then the epigraphical
convergence of slopes is ensured in every other equivalent norm, see [20, Theorems
3.1, 3.2, 4.5, 4.6 and 4.7 ].
The paper is organized as follows. Section 2 recalls diverse needed results on
Painlevé-Kuratowski convergence of sets, epiconvergence of functions, monotone
operators, and sudifferentials of convex functions. A slope determination theorem
for convex functions in Banach spaces is also recalled in the same Section 2. Section
3 is devoted to the very short proof, in finite dimensions, of the theorem on the
coincidence between the Painlevé-Kuratowski convergence of sudifferentials of lower
semicontinuous convex functions and the epiconvergence of their slopes. For a Ba-
nach space E we introduce and study in Section 4 two specific mixed and bounded
mixed convergences for subsets of E × E∗ taking into account strong convergence
on E and weak-star convergence on the topological dual E∗. Those convergences
are utilized in the next sections for the investigation of extension in infinite di-
mension of the aforementioned theorem. Section 5 establishes various useful results
for lower and upper epi-limits for slopes of convex functions. Section 6 provides
a list of counter-examples, in certain classical infinite-dimensional Banach spaces,
for the coincidence between the Painlevé-Kuratowski (resp. the bounded mixed)
convergence of subdifferentials of lower semicontinuous convex functions with the
epiconvergence of their slopes when no additional conditions are present. The condi-
tion (CTA) (see the first paragraph of this introduction) is introduced and analyzed
in the final Section 7, and under that condition we prove in that section our main
theorem, say Theorem 7.7, establishing on separable Banach spaces the coincidence
between the three convergences: the Painlevé-Kuratowski convergence of subdiffer-
entials of lower semicontinuous convex functions, their bounded mixed convergence,
the epiconvergence of the slopes of the functions.
We emphasize that certain essential results of the present paper have been utilized
in our study of similar features in Asplund spaces, see [20].

2. Notions and Preliminary results

Throughout the paper R denotes the set of real numbers, Q ⊂ R the subset of all
rational numbers of R and N the set of positive integers (starting with 1), and E
stands for a (real) Banach space with norm ∥ · ∥ and its (topological) dual E∗ with
the dual canonical norm ∥·∥∗, see e.g. [13, Definition 1.28]. For every real r > 0 and
every x ∈ E we denote by BE(x, r) (resp. BE[x, r]) the open (resp. closed) ball cen-
tered at x and of radius r, the sphere is denoted by SE[x, r] := {y∈E|∥y− x∥ = r}.
As usual, “int” stands for the interior of a subset of E and “cl” for the strong closure,
“ clw ” for the weak closure in E, and “ clw

∗
” for the weak∗ closure in E∗, see [25]

for more. For any function g : E → R ∪ {+∞} and any operator A : E ⇒ E∗ and
for any set D in E, we denote as usual by g|D the restriction of g to D and by A|D
the restriction of A to D.

2.1. P.K. convergence of sets

Let {Sk}k∈N be a sequence of sets in a Hausdorff topological space (X, τ). One
defines in (X, τ) the sequential lower limit Liτ Sk as the set of x ∈ X for which
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there is a sequence {xk}k∈N in X τ -converging to x such that xk ∈ Sk for all large
k. When the set Sk ̸= ∅ for every k ∈ N, it is obviously equivalent above to require
the existence of a sequence {xk}k∈N in X τ -converging to x such that xk ∈ Sk for
every k ∈ N. Regarding the sequential upper limit Lsτ Sk in (X, τ), it is the set of
x ∈ X for which there is an increasing function j : N → N and a sequence {xk}k∈N
in X converging to x such that xk ∈ Sj(k) for all k ∈ N. One says that a subset S of
X is the Painlevé-Kuratowski (or P.K., for short) sequential limit or set limit of the
sequence {Sk}k∈N if the lower and upper sequential limits of the sequence coincide
with S, which is equivalent to

Lsτ Sk ⊂ S ⊂ Liτ Sk. (1)

When this holds, the limit S of the sequence is called the Painlevé-Kuratowski (or
P.K.) sequential limit in (X, τ) of {Sk}k∈N, and one writes Sk

P.K.−−→ S.
If the sequence {Sk}k∈N P.K. converges to a set S in (X, τ), for any subsequence
{Sj(k)}k∈N (i.e., j : N → N is increasing) we see that

Lsτ Sj(k) ⊂ Lsτ Sk ⊂ S ⊂ Liτ Sk ⊂ Liτ Sj(k), (2)

then the subsequence {Sj(k)}k∈N also P.K. converges to the set S in (X, τ).
If the topology τ is metrizable by some distance d, one generally omits the index τ
in just writing LiSk and LsSk and one knows that

LiSk = {x ∈ X | lim sup
k→∞

d(x, Sk) = 0}, LsSk = {x ∈ X | lim inf
k→∞

d(x, Sk) = 0}. (3)

In such a metric case, one just says that the limit S of the sequence (if it exists) is the
Painlevé-Kuratowski (or P.K.) limit (omitting “sequential ”). Let us also emphasize
that the definitions preceding (1) ensure that the sets LiSk and LsSk in a metrizable
topological space do not depend on equivalent distance, i.e. for any equivalent metric
to d the equalities in (3) hold true. Thus, in a metric space (X, d) the P.K. limit is
the same for every equivalent metric to d. Moreover, if Sk

P.K.−−→ S then for all x ∈ E
we have

lim sup
k→∞

d(x, Sk) ≤ d(x, S). (4)

In addition to (2), we recall a lemma on P.K. convergence established in the context
of metric spaces in Kuratowski’s book [18, Chapter II §25, IX, 1].

Lemma 2.1. Let {Sk}k∈N be a sequence of sets in a metric space (X, d). Then
{Sk}k∈N converges to a set S in (X, d) in the P.K. sense if and only if every subse-
quence has a further subsequence which converges to S in the P.K. sense.

In 1927 K. Zarankiewicz obtained a result on limits of subsequences of sets, whenever
the topology τ is metrizable, see [34]. We recall it following [4, Theorem 1.17] and
[18, Chapter II, §25, VIII].

Theorem 2.2 (Zarankiewicz). Every sequence of subsets {Sk}k∈N of a separable
metric space X contains a subsequence which has a (possibly empty) P.K. limit.
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We recall (see, e.g. [28, Proposition 1.7]) a known lemma (also easy to see via (3)).

Lemma 2.3. If (X, d) is a metric space and {Sk}k∈N is a sequence in X, then both
sets LsSk and LiSk are closed.

2.2. Epiconvergence and semilimits

Recall that the epigraph of a function f : E → R ∪ {+∞} is defined by
epi f := {(x, r) ∈ E × R | f(x) ≤ r}.

Definition 2.4. A sequence of functions {fk}k∈N on the Banach space (E, ∥ · ∥)
epigraphically (for short, epi-) converges to f , denoted as fk

e−→ f , if epi fk
P.K.−−→ epi f .

Since the P.K. limit does not depend on equivalent norm in E or in E∗, the epi-
graphical convergence of given functions does not depend on the choice of equivalent
norms. Moreover, the epigraph of the limit function must be closed, see Lemma 2.3,
so the function must be lower semicontinuous. It is known that the epi-convergence
of functions {fk}k∈N is equivalent to requiring that the following two conditions
hold: for every x ∈ E

lim inf
k→∞

fk(xk) ≥ f(x) for every sequence {xk}k∈N in E converging to x (5)

lim sup
k→∞

fk(xk) ≤ f(x) for some sequence {xk}k∈N in E converging to x. (6)

The above is equivalent to saying that for every x ∈ E

min{lim sup
k→∞

fk(xk) | xk → x} ≤ f(x) ≤ min{lim inf
k→∞

fk(xk) | xk → x},

see e.g. [3, Proposition 12.1.1]. The function li fk (resp. ls fk) whose epigraph coin-
cides with Ls epi fk (resp. Li epi fk) is called the epi-limit inferior (resp. superior)
of {fk}k∈N. One has li fk ≤ ls fk and one knows (see, e.g. [2, Theorems 1.13 and
1.36]) that

(li fk)(x) = min{lim inf
k→∞

fk(xk) | xk → x},

and (ls fk)(x) = min{lim sup
k→∞

fk(xk) | xk → x}.
(7)

2.3. Monotone operator and subdifferential

Given a (set-valued) operator A : E ⇒ E∗, its (effective) domain and its graph are
defined by

DomA := {x ∈ E |A(x) ̸= ∅} and gphA := {(x, x∗) ∈ E × E∗ |x∗ ∈ A(x)}, (8)

respectively. We recall (see, e.g. [22]) that an operator A : E ⇒ E∗ is monotone if

⟨x∗ − y∗, x− y⟩ ≥ 0 for all (x, x∗) and (y, y∗) in gphA;

it is cyclically monotone if for xi ∈ DomA, i = 0, · · · , n, x∗i ∈ A(xi) and xn+1 = x0

n∑
i=0

⟨x∗i , xi+1 − xi⟩ ≤ 0.
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A subset S ⊂ E×E∗ is also said to be monotone (resp. cyclically monotone) if it is
the graph of an operator A : E ⇒ E∗ enjoying the same property. The operator A
(similarly, the subset S ⊂ E × E∗) is maximal monotone (resp. maximal cyclically
monotone) whenever its graph is a maximal set for the inclusion (order) in the
graphs of monotone (resp. cyclically monotone) operators from E into E∗. Below
we provide a necessary condition for the P.K. convergence of monotone subsets of
E × E∗; we refer to [26] for more on monotone subsets.
A fundamental class of monotone operators is that of subdifferentials of convex
functions. Let f : E → R ∪ {−∞,+∞} be an extended real-valued function. In
Variational Analysis, the (effective) domain of f is defined by

dom f := {x ∈ E : f(x) < +∞},

and f is said to be proper if it does not take on the value −∞ and its domain dom f
is nonempty. Assume now f : E → R∪ {+∞} is a convex function taking values in
R ∪ {+∞}. Its subdifferential at any x ∈ dom f is defined by (see for example [6,
Chapter 4] or [28, Definition 3.2])

∂f(x) := {x∗ ∈ E∗ | f(y) ≥ f(x) + ⟨x∗, y − x⟩, ∀y ∈ E}.

One also defines ∂f(x) = ∅ when x ∈ E \ dom f . When the convex function f
on the Banach space E is proper and lower semicontinuous (lsc, for short), then
gph∂f ̸= ∅ by the Brøndsted-Rockafellar theorem, see e.g. [21, Theorem 3.17].
From the above definition, it is also readily seen for a convex function f that the
operator ∂f is monotone. Further, it is also known that ∂f is a maximal monotone
operator whenever the convex function f on the Banach space E is proper and lsc.
Regarding maximal cyclically monotone operators, they are characterized by the
following Rockafellar theorem (see [23]).

Theorem 2.5. Given a Banach space (E, ∥·∥), an operator A : E ⇒ E∗ is maximal
cyclically monotone if and only if it coincides with the subdifferential ∂f of an lsc
proper convex function f : E → R ∪ {+∞}.

2.4. Slope determination

For the Banach space E and a lower semicontinuous proper convex function f , we
recall that the slope of f at x ∈ E can be defined by

sf (x) := inf {∥x∗∥∗ | x∗ ∈ ∂f(x)} , (9)

with the usual convention that the latter infimum is +∞ when ∂f(x) = ∅ (it is also
known as a specific type of metric slope for f , see e.g. [28, page 266], see also [29]
for the lower semicontinuity properties of slopes).
Given an operator A : E ⇒ E∗, following (9) we will also put

sA(x) := inf{∥x∗∥∗ | x∗ ∈ A(x)} for all x ∈ E, (10)

with the usual convention (as above) that the latter infimum is +∞ when A(x) = ∅.
Further, if A(x) is w∗-closed and nonempty, then

sA(x) = ∥x∗∥∗ for some x∗ ∈ A(x). (11)
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This is due to the w∗-lower semicontinuity of ∥ · ∥∗ and the w∗-compactness of
A(x) ∩ BE∗ [0, rx] with rx := 1 + sA(x); keep in mind that BE∗ [0, rx] is w∗-compact
according to the Banach-Alaoglu Theorem (see, e.g., [25, Section 3.15]).
The above definition of sf (x) and sA(x) may also be rewritten as sf (x) = d(0, ∂f(x)
and sA(x) = d(0, A(x)).
Below it is recalled in Theorem 2.6 that slopes of lsc convex functions on Banach
spaces can be used to establish an inequality between convex functions, see [30,
Proposition 5.1 and Theorem 5.1]. As far as we know, the determination of convex
functions by their slopes started in [7] with C2 convex functions on Hilbert spaces.
We also refer, for the slope determination Theorem 2.6, to [19] for Hilbert spaces
and to [16] for Banach spaces. Other related works can be found in [10, 8, 9, 31].

Theorem 2.6. Let (E, ∥ · ∥) be a Banach space and let f, g : E → R ∪ {+∞} be
two lsc proper convex functions.
(a) If g is bounded from below and d(0, ∂f(x)) ≤ d(0, ∂g(x)) for all x ∈ E, then f

is also bounded from below and
f(x)− inf

E
f ≤ g(x)− inf

E
g for all x ∈ E.

(b) Assume that either f or g is bounded from below. Then
d(0, ∂f(x)) = d(0, ∂g(x)) for all x ∈ E

if and only if there exists a real constant c such that
f(x) = g(x) + c for all x ∈ E.

3. The finite dimensional setting

The coincidence of the convergence of subdifferentials with the epiconvergence of
slopes in a finite-dimensional Euclidean space was first established in [11] for slopes
taken with respect to the Euclidean norm. We furnish below a short proof of that
result. In Section 7, see Theorem 7.7, the coincidence of these two convergences is
established in general separable Banach spaces under a compactness-like condition,
covering in this way the above coincidence theorem in any finite-dimensional vector
space for slopes taken with respect to any norm of the space.

Lemma 3.1. Let (E, ∥ · ∥) be a finite-dimensional normed space and A : E ⇒ E∗

be an operator. Then dom sA = DomA, where sA is defined as in (10).
In addition, let {fk}k∈N be a sequence of lsc proper convex functions on E. The
following conditions hold:
(a) If Ls gph∂fk ⊂ gphA, then for every x ∈ E and every sequence {xk}k∈N in E

converging to x the following inequality holds true
lim inf
k→∞

sfk(xk) ≥ sA(x).

(b) If gphA ⊂ Li gph∂fk, then for every x ∈ E there exists a sequence {xk}k∈N in
E converging to x such that

lim sup
k→∞

sfk(xk) ≤ sA(x).
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Proof. The equality dom sA = DomA is readily observed. For (a) fix x ∈ E and
take any sequence {xk}k∈N in E converging to x. We will prove lim infk→∞ sfk(xk) ≥
sA(x). We may suppose lim inf sfk(xk) < +∞. There exists an increasing function
j : N → N such that sfj(k)(xj(k)) is finite for every k ∈ N and

lim infk→∞ sfk(xk) = limk→∞ sfj(k)(xj(k)).
By the closedness of ∂fj(k)(xj(k)) and by (11), we can choose x∗j(k) ∈ ∂fj(k)(xj(k)) for
each k ∈ N such that ∥x∗j(k)∥∗ = sfj(k)(xj(k)). Since {x∗j(k)}k∈N is bounded, it has
some (non relabed) subsequence converging to some x∗ ∈ E∗. Clearly,

∥x∗∥∗ = limk→∞ sfj(k)(xj(k)) = lim infk→∞ sfk(xk)

and we have the inclusions (x, x∗) ∈ Ls gph∂fk ⊂ gphA. This confirms (a).
For (b) fix any x ∈ E. We may suppose sA(x) < +∞, so x ∈ DomA. Take any
sequence {x∗i }i∈N in E∗ with limi→∞ ∥x∗i ∥∗ = sA(x) and (x, x∗i ) ∈ gphA for all i ∈ N.
The inclusion assumption gives for each i ∈ N a sequence {(bi,k, b∗i,k)}k∈N such that
(bi,k, b

∗
i,k) ∈ gph∂fk for all k ∈ N and such that

lim
k→∞

∥b∗i,k − x∗i ∥∗ + ∥bi,k − x∥ = 0,

hence lim supk→∞ sfk(bi,k) ≤ ∥x∗i ∥∗. Choose an increasing function j : N −→ N such
that for each i ∈ N and all k ≥ j(i)

∥b∗i,k − x∗i ∥∗ + ∥bi,k − x∥ ≤ 1

i
and sfk(bi,k) ≤ ∥x∗i ∥∗ +

1

i
.

For each k ∈ N satisfying k ≥ j(1) denote ik ∈ N the unique integer such that
j(ik) ≤ k < j(1 + ik), and put xk := bik,k. Put also xk := b1,k for each integer
k < j(1) (if any). Notice that, as k → ∞, both j(ik) → ∞ and ik → ∞. The
inequality ∥xk − x∥ ≤ 1/ik gives limk→∞ xk = x. Since (xk, b

∗
ik,k

) ∈ gph(∂fk) for all
k ≥ j(1), we obtain lim sup

k→∞
sfk(xk) ≤ lim

k→∞
∥x∗ik∥∗ = sA(x). This finishes the proof of

the lemma.

It is known that in finite-dimensional Euclidean spaces the P.K. nonempty limit
of a sequence of graphs of maximal monotone operators is the graph of a maximal
monotone operator (see, e.g. [24, Theorem 12.32]1). This being recalled, our short
proof of the aforementioned coincidence theorem in [11] is the following.

Theorem 3.2. Let (E, ∥ · ∥) be a (finite-dimensional) Euclidean space, let {fk}k∈N
be a sequence of lsc proper convex functions on E. Let f be a lsc proper convex
function on E bounded from below. Then, one has the following equivalence:

gph∂fk
P.K.−−→ gph∂f if and only if sfk

e→ sf .

Proof. The implication ⇒ is a consequence of Lemma 3.1.
Let us now show the converse implication ⇐ by proving that any subsequence of
{gph∂fk}k∈N contains a subsequence P.K.-converging to gph∂f (see Lemma 2.1). By
Zarankiewicz Theorem (see Theorem 2.2), given any subsequence of {gph∂fk}k∈N,
1 Theorem 12.32 in [24] with DomA ̸= ∅
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say {gph∂fj(k)}k∈N where j : N −→ N is increasing, there exist an operator
A : E ⇒ E and an increasing function ℓ : N → N such that for γ := j ◦ ℓ one has
gph∂fγ(k)

P.K.−−→ gphA. The assumption sfk
e→ sf also ensures by (2) that sfγ(k)

e→ sf .
Since f is lsc, proper and convex, we have Dom ∂f ̸= ∅, and hence sf (·) is proper.
According to the above convergence sfγ(k)

e→ sf and the inclusion Ls gph∂fγ(k) ⊂
gphA, Lemma 3.1(a) tells us that sf (·) ≥ sA(·), which ensures by properness of
sf (·) that sA(·) is proper, and hence DomA ̸= ∅. The property DomA ̸= ∅ and
the convergence gph∂fγ(k)

P.K.−−→ gphA entail that A is maximal monotone since E
is finite dimensional and Euclidean (see, e.g. [24, Theorem 12.32] recalled above).
Since A is also cyclically monotone (as directy seen from the definition and the latter
P.K. convergence), the Rockafellar Theorem (see Theorem 2.5) says that there exists
an lsc proper convex function ϕ on E such that gphA = gph∂ϕ, which combined
with the above implication entails sfγ(k)

e−→ sϕ. From the convergences sfγ(k)
e→ sf

and sfγ(k)
e→ sϕ we obtain sf (x) = sϕ(x) for all x ∈ E. We deduce from Theorem

2.6 that f and ϕ coincide up to an additive constant, so gph∂f = gph∂ϕ = gphA.
Therefore, any subsequence {gph∂fj(k)}k∈N contains a further subsequence P.K.-
converging to gph∂f , which by Lemma 2.1 confirms the implication ⇐.

After the above theorem in finite dimensions, we turn in the sequel to the situation
of infinite-dimensional spaces. The study in that context is much more involved. In
addition to the P.K. convergence we will need certain other concepts of convergence
for subsets of E × E∗.

4. More on convergence of sets

Working in the product space E×E∗, it will be convenient below to denote d and d∗
the distances on the normed space (E, ∥ · ∥) and on the topological dual (E∗, ∥ · ∥∗)
respectively, that is,

d(x, y) = ∥x− y∥ for x, y ∈ E, and d∗(x∗, y∗) = ∥x∗ − y∗∥∗ for x∗, y∗ ∈ E∗.

The distance d× d∗ is the distance on E × E∗ defined by

(d× d∗)
(
(x, x∗), (y, y∗)

)
:=

[
(d(x, y))2 + (d∗(x∗, y∗))2

]1/2 (12)

and related to the product of strong topologies on E and E∗. The topology associ-
ated with the distance d× d∗ is then the strong topology of E × E∗.
Before introducing the other convergences that we have to use for subsets in E×E∗,
we will establish Lemma 4.1. Under a certain condition involving the Fitzpatrick
function the lemma will provide a necessary condition for the P.K. convergence of
monotone subsets of E×E∗. Recall that, for a given nonempty subset S of E×E∗,
the associated Fitzpatrick function (see [14, Definition 3.1]) is given by

FS(v, v
∗) := sup

(s,s∗)∈S
⟨s∗, v⟩+ ⟨v∗, s⟩ − ⟨s∗, s⟩ for all (v, v∗) ∈ E × E∗.

In the lemma and in all the sequel, we use the notation clw×w∗ for the topological
closure with respect to the product topology on E ×E∗ of the weak topology on E
and the weak∗ topology on E∗.
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Lemma 4.1. Let (E, ∥ · ∥) be a Banach space, S and {Sk}k∈N be monotone sets in
E × E∗. Let W ⊂ E × E∗ be such that⋂

k∈N

clw×w∗ ( ⋃
j≥k

Sj

)
⊂ W

and such that for all (v, v∗) ∈ W the following inequality

FS(v, v
∗) ≥ ⟨v∗, v⟩ (13)

is fulfilled. A necessary condition for the inclusion

S ⊂ Lid×d∗ Sk

to hold is that for any increasing function j : N −→ N, for any sequences {bk}k∈N
and {b∗k}k∈N with (bk, b

∗
k) ∈ Sj(k) for large k ∈ N, and for any pair

(b, b∗) ∈
⋂
k∈N

clw×w∗{(bk, b∗k), (bk+1, b
∗
k+1), . . .}

one has lim sup
k→∞

⟨b∗k, bk⟩ ≥ ⟨b∗, b⟩. (14)

Proof. Assume that S ⊂ Lid×d∗ Sk and j : N −→ N is an increasing function. Let
us consider two sequences {bk}k∈N and {b∗k}k∈N such that (bk, b

∗
k) ∈ Sj(k) for large

k ∈ N, and fix (b, b∗) ∈
⋂

k∈N cl
w×w∗{(bk, b∗k), (bk+1, b

∗
k+1), . . .}. For every (s, s∗) ∈ S

there exists a sequene {(sk, s∗k)}k∈N such that (sk, s
∗
k) ∈ Sj(k) for large k ∈ N and

limk→∞(sk, s
∗
k) = (s, s∗). By the monotonicity of Sj(k) for all k ∈ N we get for large

k ∈ N

⟨b∗k, bk⟩ = ⟨b∗k − s∗k, bk − sk⟩+ ⟨s∗k, bk − sk⟩+ ⟨b∗k, sk⟩ ≥ ⟨s∗k, bk − sk⟩+ ⟨b∗k, sk⟩.

Since (b, b∗) ∈
⋂

k∈N cl
w×w∗{(bk, b∗k), (bk+1, b

∗
k+1), . . .}, there is an increasing function

l : N −→ N such that

lim
k→∞

⟨s∗l(k), bl(k) − sl(k)⟩ = ⟨s∗, b− s⟩ and lim
k→∞

⟨b∗l(k), sl(k)⟩ = ⟨b∗, s⟩.

It follows that lim supk→∞⟨b∗k, bk⟩ ≥ ⟨s∗, b − s⟩ + ⟨b∗, s⟩. Since the above inequality
is valid for every (s, s∗) ∈ S we obtain the inequality

lim sup
k→∞

⟨b∗k, bk⟩ ≥ FS(b, b
∗),

which by (13) furnishes the inequality in (14).

Remark 4.2. It is easy to observe that if S is maximal monotone, then (13) is
satisfied for all (v, v∗) ∈ E × E∗. Indeed, first note that either we have (v, v∗) ∈ S
and 0 = inf(s,s∗)∈S⟨v∗ − s∗, v− s⟩, or (v, v∗) ̸∈ S and 0 > inf(s,s∗)∈S⟨v∗ − s∗, v− s⟩. If
FS(v, v

∗) < ⟨v∗, v⟩ for some (v, v∗) ∈ E × E∗, then

0 < inf
(s,s∗)∈S

⟨v∗ − s∗, v − s⟩, (15)

which is impossible, whenever S is maximally monotone.
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Also it is easy to verify that each one of the equalities either the equality
E =

⋃
n∈N cl{s ∈ E | ({s} × BE∗ [0, n]) ∩ S ̸= ∅}

or the other one E∗ =
⋃

n∈N cl{s∗ ∈ E∗ | (BE[0, n] × {s∗}) ∩ S ̸= ∅} yield the
inequality in (13) for all (v, v∗) ∈ E ×E∗, since the inequality in (15) does not hold
either in the case E =

⋃
n∈N cl{s ∈ E | ({s} × BE∗ [0, n]) ∩ S ̸= ∅} or in the case

E∗ =
⋃

n∈N cl{s∗ ∈ E∗ | (BE[0, n]× {s∗}) ∩ S ̸= ∅}.

In most (reasonable) infinite dimensional cases the product topology on E × E∗

of the strong topology on E and the weak∗ topology (for short, w∗-topology) on
E∗ is not metrizable. However, in view of (3) and Theorem 2.2 the metrizability
appears to be a desired property when one has to deal with convergences of sets
in such spaces. It is of interest that the separability of the strong topology on E
allows us to introduce on E×E∗ a topology which makes the space separable metric
(Hausdorff) in such a way that this new topology is somehow consistent with the
product topology on E × E∗ of the strong topology on E and the weak∗ topology
on E∗. This is clarified in the example below.

Example 4.3. Let (E, ∥ · ∥) be a separable Banach space and {xi | i ∈ N} be a
dense subset of the unit sphere in E, that is

SE[0, 1] = {x ∈ E | ∥x∥ = 1} = cl{x1, x2, x3, . . .}.

For all x∗ ∈ E∗ and y∗ ∈ E∗ put ρ∗(x∗, y∗) :=
∑
i∈N

|⟨x∗ − y∗, xi⟩|
2i

. (16)

It is known and readily seen that ρ∗ is a distance on E∗ and the ρ∗-topology (as-
sociated to ρ∗) is included in the w∗-topology. For each n ∈ N, since BE∗ [0, n] is
w∗-compact, the topologies induced on BE∗ [0, n] by the w∗-topology and the metric
ρ∗ coincide. Then, BE∗ [0, n] endowed with the metric induced by ρ∗ is a compact
metric space, so it is separable. It ensues that (E∗, ρ∗) is a separable metric space.
The space E × E∗ is also a separable metric space for the distance d × ρ∗, where
d(x, y) := ∥x− y∥ and

(d× ρ∗)
(
(x, x∗), (y, y∗)

)
:=

[
(d(x, y))2 + (ρ∗(x∗, y∗))2

]1/2
.

In a finite dimensional Banach space the distance defined in (16) is equivalent to d∗,
thus in such a space we have the following equalities

Lsd×ρ∗ Sk = Lsd×d∗ Sk and Lid×ρ∗ Sk = Lid×d∗ Sk.

We proceed now to the introduction of the new convergences that will be required
for subsets of E × E∗. Given two Hausdorff topological spaces (X, τX) and (Y, τY )
(with τX ⊗ τY the product topology on X × Y ) and given any Hausdorff topologies
θX and θY coarser than τX and τY (i.e., θY ⊂ τY ), we will say that a sequence
{Sk}k∈N in X × Y sequentially G(τX ⊗ τY , τX ⊗ θY )-converges to a set S in X × Y ,
and we will write Sk

G(τX⊗τY ,τX⊗θY )−−−−−−−−−−→ S provided, for the sequential semilimits, if one
has the equalities

LiτX⊗τY Sk = S = LsτX⊗θY Sk, equivalently LsτX⊗θY Sk ⊂ S ⊂ LiτX⊗τY . (17)
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Similar other convergences can also be defined. Under (17), it is clear that the
inclusions below

LsτX⊗τY Sk ⊂ LsτX⊗θY Sk ⊂ S ⊂ LiτX⊗τY ⊂ LiτX⊗θY ,

yield the following convergences

Sk
G(τX⊗τY ,τX⊗τY )−−−−−−−−−−→ S and Sk

G(τX⊗θY ,τX⊗θY )−−−−−−−−−−→ S. (18)

When X is a Banach space (E, ∥·∥) and Y is its topological dual(E∗, ∥·∥∗), denoting
as usual w∗ the weak∗ topology on E∗, we will write Sk

G(s,w∗)−−−−→ S to mean that
{Sk}k∈N sequentially G(τE ⊗ τE∗ , τE ⊗w∗) converges to S, where τE and τE∗ denote
here the strong topologies of E and E∗ associated with the norms ∥ · ∥ and ∥ · ∥∗
respectively. Then (18) gives

Sk
G(s,w∗)−−−−→ S =⇒ Sk

P.K.−−→ S. (19)

When Sk ⊂ E×E∗ for a separable Banach space E, we say that the sequence {Sk}k
converges to a subset S of E × E∗ in a mixed way and write Sk

µ−→ S provided that
Sk

G(d×ρ∗,d×ρ∗)−−−−−−−−→ converges to S, otherwise stated

Lsd×ρ∗ Sk = S = Lid×ρ∗ Sk, (20)

where ρ∗ is the distance on E∗ defined in (16) above. Keeping E as a separable
Banach space, the convergence defined in (20) obviously does not depend on the
choice of the sequence {xi}i∈N, which defines the distance ρ∗, see (16), whenever
all the sets {x∗ ∈ E∗ | (E × {x∗}) ∩ Sk ̸= ∅} are included in a same ball of E∗.
This is a direct consequence of the coincidence of ρ∗-topology (associated to ρ∗) and
the w∗-topology on any w∗-compact subset of E∗. This is stated explicitly in the
following form.

Remark 4.4. If Sk ⊂ E × E∗ for a separable Banach space E and if all the sets
{x∗ ∈ E∗ | (E×{x∗})∩Sk ̸= ∅} are included in a same ball of E∗, then one has the
equivalence

Sk
µ−→ S ⇐⇒ Sk

G(d⊗w∗,d⊗w∗)−−−−−−−−−→ S,

where (by abuse of notation) d ⊗ w∗ stands for the product topology of the strong
topology on E and the w∗-topology on E∗.

In general cases, the convergence defined in (20) obviously depends on the choice
of the sequence {xi}i∈N, which defines the distance ρ∗, see (16). Below we propose
a definition of a convergence referring to the ”mixed way” convergence, which does
not have this disadvantage. Let us first observe the following lemma.

Lemma 4.5. Let (E, ∥ · ∥) be a Banach space, let {a∗k}k∈N be a sequence in its dual
space E∗ and let a∗ ∈ E∗ be such that for every increasing function j : N → N

a∗ ∈
⋂
k∈N

clw
∗ {a∗j(k), a∗j(k+1), . . .}.

Then the sequence {a∗k}k∈N w∗-converges to a∗.
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Proof. Suppose that {a∗k}k∈N does not w∗-converge to a∗. There exist some real
ε > 0, some h ∈ E and some increasing function j : N → N such that

|⟨a∗j(k) − a∗, h⟩| ≥ ε for all k ∈ N. (21)

By w∗-continuity of ⟨·, h⟩ and by the assumption of the lemma

⟨a∗, h⟩ ∈
⋂
k∈N

cl{⟨a∗j(k), h⟩, ⟨a∗j(k+1), h⟩, · · · },

so ⟨a∗, h⟩ is the limit of a subsequence of {⟨a∗j(k), h⟩}k∈N, contradicting (21).

Repeating the above reasoning for the w-topology in E yields the following

Lemma 4.6. Let (E, ∥ · ∥) be a Banach space, let {ak}k∈N be a sequence in E and
let a ∈ E be such that for every increasing function j : N → N

a ∈
⋂
k∈N

clw {aj(k), aj(k+1), . . .}.

Then the sequence {ak}k∈N w-converges to a.

Taking Lemma 4.5 into account, we propose another definition of mixed convergence
as follows. Given any Banach space (E, ∥ · ∥) and Sk ⊂ E × E∗, our proposal to
adjust the above definition of convergence to more general setting is:

Definition 4.7. We say that the sequence {Sk}k∈N converges to a subset S of E×E∗

in a bounded mixed way and write Sk
bµ−→ S provided that

Ai({Sk}k∈N) = S = As({Sk}k∈N), (22)

where

As({Sk}k∈N) :=



(a, a∗) ∈ E × E∗ | there is an increasing function
j : N → N and a sequence {(ak, a∗k)}k∈N in E × E∗ such
that {a∗k}k∈N is bounded, lim

k→∞
ak = a and (ak, a

∗
k)∈Sj(k)

for all k ∈ N, and a∗ ∈
⋂
k∈N

clw
∗ {a∗k, a∗k+1, . . .}


, (23)

Ai({Sk}k∈N) :=



(a, a∗) ∈ E × E∗ | there is a sequence {(ak, a∗k)}k∈N
such that ak → a and (ak, a

∗
k) ∈ Sk for large k ∈ N

and {a∗} =
⋂
k∈N

clw
∗ {a∗j(k), a∗j(k+1), . . .} for any

increasing function j : N → N


. (24)

When Sk ̸= ∅ for every k ∈ N it is clearly equivalent in the definition of Ai({Sk}k∈N)
to require (ak, a

∗
k) ∈ Sk ”for all k ∈ N“ instead of ”for large k ∈ N“.

Let us also point out that the sets defined in (23) and (24) are not depending on the
choice of equivalent norm in E or in E∗. Thus the bounded mixed way limit does
not depend on the choice of equivalent norms. It is also easy to note that in finite
dimensions the P.K. convergence and the bounded mixed way convergence coincide.
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Remark 4.8. When the Banach space E is separable and the sets
{s∗ ∈ E∗ | E × {s∗} ∩ Sk ̸= ∅}

lie in a same ball of E∗, it is important to notice as a consequence of Lemma 4.5 that
Ai({Sk}k∈N) and As({Sk}k∈N) coincide with the sequential lower limit Lid⊗w∗ Skand
upper limit Lsd⊗w∗ Sk, where as in Remark 4.4 d⊗w∗ is the product topology of the
norm topology on E and the w∗-topology on E∗.

A natural question is whether under separability we can ensure the bounded mixed
way convergence of a subsequence of a family of sets. Based on Zarankiewicz’s
result, see Theorem 2.2, such a property of the set family is ensured in the following
proposition.

Proposition 4.9. Let (E, ∥ · ∥) be a separable Banach space. Every sequence
{Sk}k∈N of subsets of E × E∗ contains a subsequence which has a (possibly empty)
bounded mixed way limit, that is, there is an increasing function γ : N −→ N and a
subset S of E × E∗ such that

Ai({Sγ(k)}k∈N) = S = As({Sγ(k)}k∈N). (25)

Proof. We use the notation f ◦ g for the composition of functions. Therefore we
have f ◦ g(x) = f(g(x)). For all k,m ∈ N put Sk,m := Sk ∩ (E × BE∗ [0,m]).
It follows from the Zarankiewicz Theorem that there is an increasing function γ1 :
N −→ N and a set C1 in E×E∗ such that Sγ1(k),1

µ−→ C1. Again, there is an increasing
function γ2 : N −→ N and a set C2 in E×E∗ such that Sγ1◦γ2(k),2

µ−→ C2. Inductively,
we are able to choose a sequence of increasing functions {γm}m∈N from N to N and
a sequence of sets {Cm}m∈N in E × E∗ such that

Sγ1◦...◦γm(k),m
µ−→ Cm, (26)

for all m ∈ N. Let us define γ : N −→ N by γ(k) := γ1 ◦ ... ◦ γk(k) for all k ∈ N, and
let us note that the function γ is easily seen to be increasing.
Let any (c, c∗) ∈ As({Sγ(k)}k∈N). It follows from the definition of As({Sγ(k)}k∈N)
that (c, c∗) ∈ As({Sγ(k) ∩ (E × BE∗ [0,m])}k∈N) for some m ∈ N, so by Remark 4.8
we have (c, c∗) ∈ Lsd⊗w∗

(
Sγ(k) ∩ (E×BE∗ [0,m])

)
. Thus, there is some m ∈ N, some

increasing function j : N → N and some sequence {(ck, c∗k)}k∈N such that ck → c,
c∗k

w∗
−→ c∗ with (ck, c

∗
k) ∈ Sγ◦j(k) ∩ (E × BE∗ [0,m]) for all k ∈ N. For any integer

k > m we observe that

Sγ◦j(k) = Sγ1◦···◦γm◦···◦γj(k)(j(k)) = Sγ1◦···◦γm◦νm(k), (27)

where νm(k) := γm+1 ◦· · ·◦γj(k)(j(k)) for all k > m. It is not difficult to see that the
function νm is increasing on N\{1, . . . ,m}, hence (c, c∗) ∈ Lsd⊗w∗Sγ1◦...◦γm(k),m. Since

Sγ1◦...◦γm(k),m
G(d⊗w∗,d⊗w∗)−−−−−−−−−→ Cm by (26), see Remark 4.4, it follows that (c, c∗) ∈ Cm.

This yields As({Sγ(k)}k∈N) ⊂
⋃

m∈NCm.
On the other hand, we claim that

⋃
m∈NCm ⊂ Ai({Sγ(k)}k∈N). Indeed, fix m ∈ N.

If Cm = ∅, then Cm ⊂ Ai({Sγ(k)}k∈N). Suppose Cm ̸= ∅ and take any (s, s∗) ∈ Cm.
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By (26) there is a sequence {(sk, s∗k)}k∈N in E × E∗ such that
limk→∞ ∥s− sk∥+ ρ∗(s∗, s∗k) = 0

and (sk, s
∗
k) ∈ Sγ1◦...◦γm(k),m for large k, see (20) and Remark 4.4. With k > m and

the increasing function ℓm defined by ℓm(k) := γm+1 ◦ · · · ◦ γk(k), like in (27) we
have Sγ(k) = Sγ1◦···◦γm(ℓm(k)), so putting uk := sℓm(k) and u∗k := s∗ℓm(k) we see that
(uk, u

∗
k) ∈ Sγ(k) for large k > m. Further, since the sequence {s∗k}k∈N is bounded (say,

∥s∗k∥∗ ≤ m for large k), we infer that {s∗k}k∈N and also {u∗k}k>m must w∗-converge to
s∗. This implies that (s, s∗) ∈ Ai({Sγ(k)}k∈N). This establishes the claim. Putting
all together furnishes that (25) holds true.

Given a (set-valued) operator A : E ⇒ E∗, its (effective) domain DomA and its
graph gphA are recalled in (8). When there is no risk of ambiguity, it is convenient
to identify the graph gphA with A itself; so for a sequence of operators {Ak}k∈N
with Ak : E ⇒ E∗, we are led to write As({Ak}k∈N) and Ai({Ak}k∈N) instead of
As({gphAk}k∈N) and Ai(gph {Ak}k∈N) respectively. Similarly, by convenience we
will say sometimes that {Ak}k∈N bµ-converges (resp. P.K. converges) to A instead
of {gphAk}k∈N bµ-converges (resp. P.K. converges) to gphA, and we will write
Ak

bµ−→ A (resp. Ak
P.K.−−→ A) instead of stating the graphs gphAk and gphA.

Similarly, given a sequence of convex functions {fk}k∈N from E into R ∪ {+∞}, for
their subdifferential operators ∂fk : E ⇒ E∗ it will be natural by our above conven-
tion to write As({∂fk}k∈N) in place of As({gph∂fk}k∈N) and also Ai({∂fk}k∈N) in
place of Ai({gph∂fk}k∈N).
The analysis of the above convergences for subdifferentials will utilize the next two
propositions. The first states a direct consequence of [26, Theorem 10.3] (or Theorem
29.2 in the 2nd edition [27]) in regards of the maximal monotonicity of subdifferen-
tials of convex functions.

Proposition 4.10. Let (E, ∥ · ∥) be a reflexive Banach space and assume that
f : E → R∪{+∞} is an lsc proper convex function. Then for every (z, z∗) ∈ E×E∗

there is (b, b∗) ∈ gph(∂f) such that

∥z∗ − b∗∥2∗ + ∥z − b∥2 + 2⟨z∗ − b∗, z − b⟩ = 0.

The second proposition is related to nonreflexive Banach spaces. In such spaces an
evaluation of the type in Proposition 4.10 has been also presented in [33, Corollary
3.4]. It is stated explicitly below, as a direct consequence of Property 2.3 and
Corollary 3.4 from [33], see also [6, Proposition 9.7.2].

Proposition 4.11. Let (E, ∥ · ∥) be a Banach space and let f : E → R∪ {+∞} an
lsc proper convex function. Then for every (z, z∗) ∈ E × E∗ and every ϵ > 0 there
is (b, b∗) ∈ gph(∂f) such that

∥z∗ − b∗∥2∗ + ∥z − b∥2 + 2⟨z∗ − b∗, z − b⟩ ≤ ϵ. (28)

Moreover, there are ϵ0 > 0 and R > 0 such that if ϵ ∈]0, ϵ0[ and (sϵ, s
∗
ϵ) ∈ gph∂f

fulfill the inequality in (28) then ∥s∗ϵ∥∗ + ∥sϵ∥ ≤ R.
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Condition (28) can be used to distinguish some sequences {(bk, b∗k)}k∈N with the
property that its w×w∗ convergence implies the strong convergence of the sequence
{bk}k∈N, whenever the norm has the Kadec-Klee property, see e.g. [2, R prop-
erty (3.52)] or [13, Exercise 8.45], and also the strong convergence of the sequence
{b∗k}k∈N, whenever the norm has the w∗-Kadec-Klee property, see e.g. [13, Exercise
8.45]. Let us also recall that from a renorming theorem of S. Trojanski, see e.g. [12,
Corollary 3, p. 167], any reflexive Banach space can be renormed so as to have the
Kadec-Klee property for both primal and dual norms. It is also well known that
both norm and dual norm of any Hilbert space possess the Kadec-Klee property.

Lemma 4.12. Let (E, ∥ · ∥) be a Banach space and {fk}k∈N be a sequence of lsc
convex functions from E into R ∪ {+∞}. Let {bk}k∈N and {b∗k}k∈N be sequences
w-converging to b in E and w∗-converging to some b∗ in E∗, respectively, and such
that (bk, b∗k) ∈ gph∂fk for all k ∈ N and the inequality

lim inf
k→∞

⟨b∗k, bk⟩ ≥ ⟨b∗, b⟩ (29)

holds true. Let {ϵk}k∈N be a sequence of positive reals converging to 0 and let
{(xk, x∗k)}k∈N be a sequence converging strongly to (x, x∗), i.e. in the topology given
by the distance d × d∗ on E × E∗ defined in (12), and such that the following
inequalities

∥x∗k − b∗k∥2∗ + ∥xk − bk∥2 + 2⟨x∗k − b∗k, xk − bk⟩ ≤ ϵk

hold true for all k ∈ N. Then the equalities

lim
k→∞

∥xk − bk∥ = ∥x− b∥ and lim
k→∞

∥x∗k − b∗k∥∗ = ∥x∗ − b∗∥∗,

hold true along with ∥x − b∥ = ∥x∗ − b∗∥∗. Moreover, if the norm ∥ · ∥ (resp. the
dual norm ∥ · ∥∗) has the Kadec-Klee property (resp. the w∗-Kadec-Klee property),
then limk→∞ ∥bk − b∥ = 0 (resp. limk→∞ ∥b∗k − b∗∥∗ = 0).

Proof. Let {bk}k∈N and {b∗k}k∈N be sequences w-converging to b in E and w∗-
converging to some b∗ in E∗, respectively, with (bk, b

∗
k) ∈ gph∂fk for all k ∈ N and

such that the inequality in (29) is valid. Additionally, let {ϵk}k∈N be a sequence of
positive reals converging to 0 and let {(xk, x∗k)}k∈N be a sequence converging strongly
to (x, x∗) (i.e. in the topology given by the distance defined in (12)) and such that
the inequality assumption is satisfied, so for each k ∈ N

0 ≤ (∥x∗k − b∗k∥∗ − ∥xk − bk∥)2 ≤ ∥x∗k − b∗k∥2∗ + ∥xk − bk∥2 + 2⟨x∗k − b∗k, xk − bk⟩ ≤ ϵk,

hence, by the boundedness of {bk}k∈N and {b∗k}k∈N, we have

lim
k→∞

(∥x∗k − b∗k∥∗ − ∥xk − bk∥) = 0 and lim
k→∞

(∥x∗k − b∗k∥2∗ − ∥xk − bk∥2) = 0, (30)

and lim
k→∞

(∥x∗k − b∗k∥2∗ + ∥xk − bk∥2 + 2⟨x∗k − b∗k, xk − bk⟩) = 0. (31)

We also have

0 = lim
k→∞

(
∥x∗k − b∗k∥2∗ + ∥xk − bk∥2 + 2⟨x∗k − b∗k, xk − bk⟩

)
≥ lim sup

k→∞

(
∥x∗k − b∗k∥2∗ + ∥xk − bk∥2

)
+ 2 lim inf

k→∞
⟨x∗k − b∗k, xk − bk⟩
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≥ ∥x∗ − b∗∥2∗ + ∥x− b∥2 + 2 lim inf
k→∞

⟨x∗k − b∗k, xk − bk⟩

≥ ∥x∗ − b∗∥2∗ + ∥x− b∥2 + 2⟨x∗ − b∗, x− b⟩ ≥ (∥x∗ − b∗∥∗ − ∥x− b∥)2 ≥ 0,

where (29) is applied in the last line. The three latter inequalities entail

lim inf
k→∞

⟨x∗k − b∗k, xk − bk⟩ = ⟨x∗ − b∗, x− b⟩ = −∥x∗ − b∗∥∗ · ∥x− b∥

and ∥x∗ − b∗∥∗ = ∥x− b∥.

Taking the latter equalities, (30) and the equality

0 = lim sup
k→∞

(
∥x∗k − b∗k∥2∗ + ∥xk − bk∥2

)
+ 2 lim inf

k→∞
⟨x∗k − b∗k, xk − bk⟩

into account, we can write

2 lim sup
k→∞

∥x∗k − b∗k∥2∗ = lim sup
k→∞

(
∥x∗k − b∗k∥2∗ + ∥xk − bk∥2 + ∥x∗k − b∗k∥2∗ − ∥xk − bk∥2

)
= lim sup

k→∞
(∥x∗k − b∗k∥2∗ + ∥xk − bk∥2)

= −2 lim inf
k→∞

⟨x∗k − b∗k, xk − bk⟩

= 2∥x∗ − b∗∥∗ · ∥x− b∥ = 2∥x∗ − b∗∥2∗.

Thus lim supk→∞ ∥x∗k − b∗k∥∗ ≤ ∥x∗ − b∗∥∗, hence by w∗-lsc of ∥ · ∥∗

∥x∗ − b∗∥∗ ≥ lim sup
k→∞

∥x∗k − b∗k∥∗ ≥ lim inf
k→∞

∥x∗k − b∗k∥∗ ≥ ∥x∗ − b∗∥∗,

so limk→∞ ∥x∗k − b∗k∥∗ = ∥x∗ − b∗∥∗. Putting together this, the left equality in (30)
and the equality ∥x∗− b∗∥∗ = ∥x− b∥, we conclude limk→∞ ∥xk − bk∥ = ∥x− b∥. Let
us observe that the sequence {xk − bk}k∈N is w-converging to x− b and

limk→∞ ∥xk − bk∥ = ∥x− b∥.
Thus if the norm has the Kadec-Klee property, then

limk→∞ ∥bk − b∥ = limk→∞ ∥(xk − bk)− (x− b)∥ = 0,
since {(xk, x∗k)}k∈N is a sequence converging to (x, x∗). Similarly we get the strong
convergence of the sequence {b∗k}k∈N to b, whenever the norm of dual space has the
w∗-Kadec-Klee property.

The next lemma furnishes certain sufficient conditions for (29) to be valid.

Lemma 4.13. Let (E, ∥ · ∥) be a Banach space and {fk}k∈N be a sequence of lsc
convex functions from E into R ∪ {+∞}. Let {bk}k∈N and {b∗k}k∈N be sequences
w-converging to b in E and w∗-converging to some b∗ in E∗, respectively, and such
that (bk, b

∗
k) ∈ gph∂fk for all k ∈ N. Assume that at least one of the following

conditions is satisfied:
(a) for some real M > 0

b ∈ cl
(
DomLid×d∗ (gph∂fk ∩ (E × BE∗ [0,M ]))

)
; (32)
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(b) for some real M > 0

b∗ ∈ cl
(
Rge Lid×d∗ (gph∂fk ∩ (BE[0,M ]× E∗))

)
; (33)

(c) for all (v, v∗) ∈ E × E∗ the inequality FS(v, v
∗) ≥ ⟨v∗, v⟩ holds true, where

S := Lid×d∗ gph∂fk, see (13) and the comments following Lemma 4.1.
Then the following inequality holds true

lim inf
k→∞

⟨b∗k, bk⟩ ≥ ⟨b∗, b⟩. (34)

Proof. Let bk
w−→ b in E and b∗k

w∗
−→ b∗ in E∗, with (bk, b

∗
k) ∈ gph∂fk for all k ∈ N

and such that limk→∞⟨b∗k, bk⟩ exists.
(a) Fix any ϵ > 0. The inclusion in (32) ensures the existence of c ∈ BE[0, ϵ]
and a∗ ∈ BE∗ [0,M ] such that (b + c, a∗) ∈ Lid×d∗ (gph∂fk ∩ (E × BE∗ [0,M ])). By
the definition of Lid×d∗ (gph∂fk ∩ (E × BE∗ [0,M ])) there is a sequence {(ak, a∗k)}k∈N
with (ak, a

∗
k) ∈ gph∂fk for large k ∈ N andsuch that limk→∞ ∥ak − (b+ c)∥ = 0 and

limk→∞ ∥a∗k − a∗∥∗ = 0. The monotonicity of subdifferentials ensures that for large
k ∈ N

⟨b∗k − b∗, bk − b− c⟩ = ⟨b∗k − a∗k, bk − b− c⟩+ ⟨a∗k − b∗, bk − b− c⟩
= ⟨b∗k − a∗k, bk − ak⟩+ ⟨b∗k − a∗k, ak − b− c⟩+ ⟨a∗k − b∗, bk − b− c⟩
≥ ⟨b∗k − a∗k, ak − b− c⟩+ ⟨a∗k − b∗, bk − b− c⟩

and passing to the limit inferior gives

lim inf
k→∞

⟨b∗k − b∗, bk − b− c⟩ ≥ ⟨a∗ − b∗,−c⟩ ≥ −(M + ∥b∗∥∗)ϵ.

Since ϵ > 0 is arbitrary, we deduce lim infk→∞⟨b∗k − b∗, bk − b⟩ ≥ 0, which by the
w-convergence of {bk}k∈N and w∗-convergence of {b∗k}k∈N yields the inequality in
(34).
(b) Fix any ϵ > 0. The inclusion in (33) ensures the existence of c∗ ∈ BE∗ [0, ϵ]
and a ∈ BE[0,M ] such that (a, b∗+ c∗) ∈ Lid×d∗ (gph∂fk ∩ (BE[0,M ]× E∗)). Then,
there is a sequence {(ak, a∗k)}k∈N with (ak, a

∗
k) ∈ gph∂fk for large k ∈ N and such

that limk→∞ ∥ak − a∥ = 0 and limk→∞ ∥a∗k − (b∗ + c∗)∥∗ = 0. Therefore, for large
k ∈ N

⟨b∗k − b∗ − c∗, bk − b⟩ = ⟨b∗k − b∗ − c∗, bk − ak⟩+ ⟨b∗k − b∗ − c∗, ak − b⟩
= ⟨b∗k − a∗k, bk − ak⟩+ ⟨a∗k − b∗ − c∗, bk − ak⟩+ ⟨b∗k − b∗ − c∗, ak − b⟩
≥ ⟨a∗k − b∗ − c∗, bk − ak⟩+ ⟨b∗k − b∗ − c∗, ak − b⟩.

Analogously to the previous case, we get that (34) holds.
(c) Let γ : N → N be increasing with lim infk→∞⟨b∗k, bk⟩ = limk→∞⟨b∗γ(k), bγ(k)⟩.
Putting S ′ := Lid×d∗ gph∂fγ(k) we have S ⊂ S ′, hence FS′ ≥ FS according to
the definition of FS. This and the assumption in (c) give FS′(v, v∗) ≥ ⟨v∗, v⟩ for
all (v, v∗) ∈ E × E∗. Therefore, the inequality limk→∞⟨b∗γ(k), bγ(k)⟩ ≥ ⟨b∗, b⟩ is a
consequence of Lemma 4.1, thus the inequality in (34) is justified.
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The next lemma is related to operators A with gphA ⊂ Ai({∂fk}k∈N).

Lemma 4.14. Let (E, ∥ · ∥) be a Banach space, {fk}k∈N be a sequence of lsc convex
functions from E into R ∪ {+∞}, and A : E ⇒ E∗ be an operator such that

gphA ⊂ Ai({∂fk}k∈N). (35)

Then the operator A is cyclically monotone.

Proof. Let (ai, a
∗
i ) ∈ gphA where i ∈ {0, . . . n}, n ∈ N ∪ {0}. Due to relation (35)

and Lemma 4.5, there are sequences {ai,k}k∈N and {a∗i,k}k∈N, i = 0, 1, · · · , n, with
ai,k → ai and a∗i,k

w∗
−→ a∗i and such that (ai,k, a

∗
i,k) ∈ gph∂fk for large k ∈ N. Note

that for every i = 0, 1, · · · , n with an+1,k = a0,k and an+1 = a0 we get the equality
⟨a∗i , ai+1 − ai⟩ = limk→∞⟨a∗i,k, ai+1,k − ai,k⟩. By cyclic monotonicity of ∂fk we have
for large k ∈ N the inequality 0 ≥ ⟨a∗0,k, a1,k−a0,k)⟩+ . . .+ ⟨a∗n,k, an+1,k−an,k⟩, hence
making k → ∞ gives 0 ≥ ⟨a∗0, a1− a0⟩+ . . .+ ⟨a∗n, an+1− an⟩, which yields the cyclic
monotonicity of the operator A.

Before passing to the next section, we need a result linking sequential limits with
bounded mixed convergence for maximal monotone operators.

Lemma 4.15. Let {Ak}k∈N be a sequence of monotone operators from a Banach
space (E, ∥ · ∥) into its topological dual E∗ and let A : E ⇒ E∗ be an operator such
that gphA ⊂ Lid×d∗ gphAk. If A is maximal monotone, then As({Ak}k∈N) ⊂ gphA.

Proof. Consider any point (a, a∗) ∈ As({Ak}k∈N). We are going to prove that

⟨x∗ − a∗, x− a⟩ ≥ 0, for all (x, x∗) ∈ gphA. (36)

Indeed, fix (x, x∗) ∈ gphA. Since (a, a∗) ∈ As({Ak}k∈N) we have that there exists
an increasing function j : N → N and a bounded sequence {(ak, a∗k)}k∈N in E × E∗

such that limk→∞ ak = a and (ak, a
∗
k) ∈ gphAj(k) for all k ∈ N, and such that

a∗ ∈
⋂
k∈N

clw
∗ {a∗k, a∗k+1, . . .}. (37)

Now, for the point (x, x∗) there exists, by the inclusion gphA ⊂ Lid×d∗ gphAk, a
sequence {(xk, x∗k)}k∈N converging strongly to (x, x∗) with (xk, x

∗
k) ∈ gphAk for large

k ∈ N. Putting uk := xj(k) and u∗k := x∗j(k) the monotonicity of Aj(k) ensures that

⟨u∗k − a∗k, uk − ak⟩ ≥ 0, for large k ∈ N. (38)

On the other hand, according to (37) the real ⟨a∗, x − a⟩ is a cluster point in R of
the sequence {⟨a∗k, x− a⟩}k∈N, so there is a subsequence {⟨a∗ν(k), x− a⟩}k∈N tending
to ⟨a∗, x − a⟩. Using this along with the boundedness of {a∗ν(k)}k∈N and the strong
convergence of {(aν(k), uν(k), u∗ν(k))}k∈N to (a, x, x∗), it results from (38) that

⟨x∗ − a∗, x− a⟩ = lim
k→∞

⟨u∗ν(k) − a∗ν(k), uν(k) − aν(k)⟩ ≥ 0.

From the arbitrariness of (x, x∗) in gphA we deduce that (36) holds, and by the
maximal monotonicity of A we obtain that (a, a∗) ∈ gphA. This ends the proof.
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5. Lower and upper epi-limits of slopes

First, it is worth noticing that imposing restrictions on the slope of a function f ,
we are able in the following proposition to ensure that f is bounded below. The
proposition will be obtained as a consequence of [30, Lemma 4.2].

Proposition 5.1. Let (E, ∥ · ∥) be a Banach space and f : E → R ∪ {+∞} be an
lsc proper convex function. For any sequence {xk}k∈N in E one has the implication(

lim
k→∞

sf (xk) = 0 and +∞ >

∞∑
k=1

(sf (xk) + sf (xk+1))∥xk − xk+1∥
)

=⇒ lim inf
k→∞

f(xk) = inf
E
f > −∞. (39)

Moreover, if infE f > −∞, then there is a sequence {xk}k∈N such that the sequence
{sf (xk)}k∈N is nonincreasing and

lim
k→∞

sf (xk) = 0 and +∞ >
∞∑
k=1

sf (xk)∥xk − xk+1∥. (40)

Proof. The implication(
lim
k→∞

sf (xk) = 0 and,+∞ >
∞∑
k=1

sf (xk+1)∥xk − xk+1∥
)
=⇒ lim inf

k→∞
f(xk) = inf

E
f

was obtained for every sequence {xk}k∈N in [30, Lemma 4.2], see also [30, Lemma
3.2]. Let us consider any sequence {xk}k∈N of E such that

+∞ >
∞∑
k=1

sf (xk)∥xk − xk+1∥.

By definition of slope we have f(xk+1) +
∑k

i=1 sf (xi)∥xi − xi+1∥ ≥ f(x1) for every
k ∈ N, which by the convergence of the series implies lim infk→∞ f(xk) > −∞, thus
the implication in (39) is translated.
Now consider the case when infE f > −∞. If sf (x̄) = 0 for some x̄ ∈ E, then it
suffices to put xk := x̄ for all k ∈ N. Suppose that sf (x) > 0 for every x ∈ E. Fix
any x1 ∈ E such that f(x1) < 1 + infE f and sf (x1) < +∞, see e.g. the Brøndsted-
Rockafellar Theorem [21, Theorem 3.17]. By the Ekeland Variational Principle, we
use the version presented in [28, Corollary 4.40], there is x2 ∈ E such that

(a1) f(x2) +
sf (x1)

2
∥x1 − x2∥ ≤ f(x1);

(b1) the point x2 is a strong minimizer over E of f(·) + sf (x1)

2
∥ · −x2∥.

By induction we define the sequence {xk}k∈N, satisfying

(ak) f(xk+1) +
sf (xk)

2
∥xk − xk+1∥ ≤ f(xk);

(bk) the point xk+1 is a strong minimizer over E of f(·) + sf (xk)

2
∥ · −xk+1∥.

For each k ∈ N we have by (bk) that 0 ∈ ∂f(xk+1) +
sf (xk)

2
BE[0, 1], so

sf (xk+1) ≤
sf (xk)

2
for every k ≥ 1.
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By (ak) and by the above inequality f(x1) < 1 + infE f we also easily see that
2 ≥

∑∞
k=1 sf (xk)∥xk − xk+1∥. Therefore, the defined sequence {xk}k∈N satisfies

requirements from (40) and it is clear that the sequence{sf (xk)}k∈N is nonincreasing,
which terminates the proof.

In the next lemma we point out inequality connections between epi-limits superior
of slopes related to equivalent norms.

Lemma 5.2. Let E be a Banach space with two equivalent norms ∥ · ∥ and ||| · |||, so
there are reals η1 > 0 and η2 > 0 such that for all x∗ ∈ E∗

∥x∥∗ ≤ η1|||x|||∗ ≤ η2∥x∥∗,

where ∥ · ∥∗ and ||| · |||∗ stand for the canonical dual norms, respectively. Let {fk}k∈N
be a sequence of lsc proper convex functions on E with slopes denoted by

sfk(x) := inf {∥x∗∥∗ | x∗ ∈ ∂fk(x)} and tfk(x) := inf {|||x∗|||∗ | x∗ ∈ ∂fk(x)} .

Then for every x ∈ E one has

η2(ls sfk)(x) ≥ η1(ls tfk)(x) ≥ (ls sfk)(x).

Moreover, for every sequence {ck}k∈N we have the following equivalence:

lim
k→∞

sfk(ck) = 0 and +∞ >
∞∑
k=1

(sfk(ck) + sfk(ck+1))∥ck − ck+1∥

if and only if limk→∞ tfk(ck)=0 and +∞>
∑∞

k=1(tfk(ck) + tfk(ck+1))∥ck − ck+1∥.

Proof. Let us put ψ(x) := ls sfk(x). It is easy to notice that if ψ(x) = +∞, then
ls tfk(x) = +∞. If +∞ > ψ(x) ≥ 0, then it is easily seen that

η2
η1
ψ(x) ≥ min{lim sup

k→∞
tfk(xk) | xk → x} ≥ 1

η1
ψ(x),

which justifies the first statement. The second part of the statement (the equiva-
lence) is also easy to observe.

The next lemma in infinite dimensions can be seen as a brother of Lemma 3.1.

Lemma 5.3. Let (E, ∥ · ∥) be a Banach space and A : E ⇒ E∗ be an operator.
Then dom sA = DomA, where sA is defined as in (10).
In addition, let {fk}k∈N be a sequence of lsc proper convex functions on E. The
following hold:
(a) If As({∂fk}k∈N) ⊂ gphA, then for every x ∈ E and every sequence {xk}k∈N

in E converging to x the following inequality holds true

lim inf
k→∞

sfk(xk) ≥ sA(x).

(b) If gphA ⊂ Lid×d∗ gph∂fk, then for every x ∈ E there exists a sequence {xk}k∈N
in E converging to x such that

lim sup
k→∞

sfk(xk) ≤ sA(x).
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Proof. The equality dom sA = DomA is easy to observe. For (a) let us fix an
arbitrary x ∈ E and any sequence {xk}k∈N in E converging to x. We claim
that lim infk→∞ sfk(xk) ≥ sA(x). We may assume that lim inf sfk(xk) < +∞,
otherwise the statement trivially holds. Then there exists an increasing function
j : N → N such that sfj(k)(xj(k)) is finite for every k ∈ N and lim infk→∞ sfk(xk) =
limk→∞ sfj(k)(xj(k)). For each k ∈ N by w∗-closedness of ∂fj(k)(xj(k)) and by (11) we
can choose x∗j(k) ∈ ∂fj(k)(xj(k)) such that ∥x∗j(k)∥∗ = sfj(k)(xj(k)). Since {x∗j(k)}k∈N is
bounded, by the Banach-Alaoglu Theorem [25, Section 3.15] there is some x∗ ∈ E∗

such that

∀ϵ > 0, x∗ ∈
⋂
k∈N

clw
∗ {x∗j(k), x∗j(k+1), . . .} ⊂ BE∗ [0, ϵ+ lim inf

k→∞
sfk(xk)].

It is easy to observe that this implies ∥x∗∥∗ ≤ lim sfj(k)(xj(k)) = lim infk→∞ sfk(xk)
and (x, x∗) ∈ As({∂fk}k∈N) ⊂ gphA, which terminates the proof of (a).
Regarding (b) let any x ∈ E. We may suppose sA(x) < +∞, so x ∈ DomA. Take
any sequence {x∗i }i∈N in E∗ with limi→∞ ∥x∗i ∥∗ = sA(x) and (x, x∗i ) ∈ gphA for all
i ∈ N. By the inclusion assumption for each i ∈ N there is a sequence {(bi,k, b∗i,k)}k∈N
such that (bi,k, b

∗
i,k) ∈ gph(∂fk) for all k ∈ N and such that

lim
k→∞

∥b∗i,k − x∗i ∥∗ + ∥bi,k − x∥ = 0.

Then lim supk→∞ sfk(bi,k) ≤ ∥x∗i ∥∗. As in the proof of Lemma 3.1 choose an increas-
ing function j : N −→ N such that for each i ∈ N and all k ≥ j(i)

∥b∗i,k − x∗i ∥∗ + ∥bi,k − x∥ ≤ 1

i
and sfk(bi,k) ≤ ∥x∗i ∥∗ +

1

i
.

For each k ∈ N satisfying k ≥ j(1) denote ik ∈ N the unique integer such that
j(ik) ≤ k < j(1 + ik), and set xk := bik,k. Set also xk := b1,k for every integer
k < j(1) (if any). We note that both j(ik) → ∞ and ik → ∞ as k → ∞. The
inequality ∥xk − x∥ ≤ 1/ik yields limk→∞ xk = x. Since (xk, b

∗
ik,k

) ∈ gph(∂fk) for all
k ≥ j(1) it follows that lim sup

k→∞
sfk(xk) ≤ lim

k→∞
∥x∗ik∥∗ = sA(x). This translates the

desired assertion (b).

Let (E, ∥ · ∥) be an Asplund space, see [21, Definition 1.22], that is, a Banach space
for which every continuous convex function f defined on a nonempty open convex
set U ⊂ E is Fréchet-differentiable at each point of some dense Gδ subset of U . We
use this fact to provide a sufficient condition for the inclusion in (32).

Lemma 5.4. Let (E, ∥ · ∥) be an Asplund space such that its canonical dual norm
has the w∗-Kadec-Klee property, U ⊂ E be a given nonempty open convex subset of
E and A : E ⇒ E∗ be an operator. Let {fk}k∈N be a sequence of lsc convex functions
from E into R ∪ {+∞} such that As({∂fk |U}k∈N) = Ai({∂fk |U}k∈N) = gphA|U and
such that for some dense Gδ subset U ′ of U and all x ∈ U ′

(ls sfk)(x) ≤ sA(x) < +∞.

Then for every b ∈ U there is M ≥ 0 such that
b ∈ cl (Dom (Lid×d∗ (gph∂fk ∩ (E × BE∗ [0,M ])))) .
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Proof. It follows from Lemma 4.14 that gphA|U is cyclically monotone, so there
is a maximal cyclically monotone subset B of E × E∗ such that gphA|U ⊂ B.
By Theorem 2.5 there is an lsc convex function f : E −→ R ∪ {+∞} such that
gph∂f = B. The inclusion gphA|U ⊂ B yields the following inequality

sf (x) ≤ sA|U (x) for all x ∈ U. (41)

For every k ∈ N let us define the following closed set Ek := {x ∈ E | f(x) ≤ k}.
Since A|U(x) = A(x) and sA(x) < +∞ for all x ∈ U ′, by (41) we have U ′ ⊂

⋃
k∈NEk.

Suppose that intEk = ∅ for every k ∈ N. By the Baire Category Theorem, see for
example [15], it follows that the set

⋂
k∈N(E \ Ek) is a dense Gδ subset of E, thus

U ′ ∩
⋂

k∈N(E \Ek) ̸= ∅, which is impossible. Thus intEk ̸= ∅ for some k ∈ N, which
implies int dom f ̸= ∅. The inclusions U ′ ⊂ dom f and U ⊂ clU ′ ⊂ cl dom f imply
U ⊂ int dom f (see, e.g. [13, Exercise 1.57]), so in particular the lsc convex function
f is locally Lipschitz on U (see, e.g. [28, Theorem 3.19]). Since E is an Asplund
space, there is a dense Gδ subset D′ of U such that f is Fréchet-differentiable at each
point of D′. Again, applying the inclusion gphA|U ⊂ B we get the equality sf (d) =
sA|U (d) at each element d ∈ D′ ∩ U ′. Let us fix any b ∈ U . By the local Lipschitz
property of f on U we easily derive (or see, e.g. [28, Proposition 3.1(b)]) that there
are reals ϵ > 0 and M > 0 such that BE[b, ϵ] ⊂ U and ∂f(x) ⊂ B(0,M), and as a
consequence sf (x) < M for all x ∈ BE[b, ϵ]. Hence, for all d ∈ BE[b, ϵ] ∩D′ ∩ U ′ we
get sA|U (d) < M . Let us fix any d ∈ BE[b, ϵ]∩D′ ∩U ′. Using (11) and the fact that

(ls sfk)(d) := min{lim sup
k→∞

sfk(xk) | xk → d} ≤ sA|U (d) < M,

there are sequences {xk}k∈N and {x∗k}k∈N such that lim supk→∞ ∥x∗k∥∗ ≤ sA|U (d) with
∥x∗∥∗ < M and (xk, x

∗
k) ∈ gph∂fk for large k ∈ N and limk→∞ ∥xk − d∥ = 0. Any

w∗-cluster point of the sequence {x∗k}k∈N must be in A|U(d). Since d ∈ D′ ∩ U ′,
As({∂fk |U}k∈N) = Ai({∂fk |U}k∈N) = gphA|U and gphA|U ⊂ B, the set A|U(d) must
be a singleton, hence the sequence {x∗k}k∈N w∗-converges to the element x∗ ∈ E∗

such that {x∗} = A|U(d). Taking into account the equality ∥x∗∥∗ = sA|U (d) and the
lower w∗-semicontinuity of the dual norm, the inequality lim supk→∞ ∥x∗k∥∗ ≤ sA|U (d)
ensures the following equality limk→∞ ∥x∗k∥∗ = ∥x∗∥∗, thus by the w∗-Kadec-Klee
property of the norm ∥·∥∗ we obtain the strong convergence of the sequence {x∗k}k∈N,
which implies that

d ∈ ∆ := Dom (Lid×d∗ (gph∂fk ∩ (E × BE∗ [0,M ]))) .

Since d ∈ BE[b, ϵ]∩D′∩U ′ is arbitrary, the proof is finished with BE[b, ϵ] ⊂ cl∆.

It is known that any reflexive Banach space is Asplund, see for example [13, Corollary
11.10]. Thus we have the following corollary.

Corollary 5.5. Let (E, ∥ · ∥) be a reflexive Banach space such that both norms,
the primal one and the dual canonical one, have the Kadec-Klee property and let
A : E ⇒ E∗ be an operator. Let f : E −→ R ∪ {∞} be an lsc convex function such
that U := int dom f ̸= ∅, and such that if {ck}k∈N is a sequence weakly convergent
to some element of cl dom f \ int dom f , then it converges in the norm topology.



1036 P. Pérez-Aros et al. / Convergence of Subdifferentials ...

Let {fk}k∈N be a sequence of lsc convex functions from E into R ∪ {+∞} such that⋂
i∈N

clw
(⋃

k≥i

dom fk

)
⊂ cl dom f,

As({∂fk |U}k∈N) = Ai({∂fk |U}k∈N) = gphA|U and for some dense Gδ subset U ′ of
U = int dom f and all x ∈ U ′

(ls sfk)(x) ≤ sA(x) < +∞.

Let {(bk, b∗k)}k∈N be a sequence with (bk, b
∗
k) ∈ gph∂fk for all k ∈ N and such that

{bk}k∈N and {b∗k}k∈N w-converges to b ∈ E and w∗-converges to b∗ ∈ E∗, respectively.
Assume that there are a sequence of positive reals {ϵk}k∈N converging to 0 and a
sequence {(xk, x∗k)}k∈N converging strongly to (x, x∗) such that

∥x∗k − b∗k∥2∗ + ∥xk − bk∥2 + 2⟨x∗k − b∗k, xk − bk⟩ ≤ ϵk for all k ∈ N. (42)

Then one has: ∥bk − b∥ → 0 and ∥b∗k − b∗∥∗ → 0.

Proof. First, we have b ∈ cl dom f according to the inclusion⋂
i∈N

clw
(⋃

k≥i

dom fk

)
⊂ cl dom f.

If b ∈ int dom f , then the strong convergence of both sequences {bk}k∈N and {b∗k}k∈N
is a simple consequence of Lemma 5.4, Lemma 4.13(a) and Lemma 4.12. Consider
the case b ∈ cl dom f \ int dom f . Since the sequence {bk}k∈N w-converges to b ∈ E,
so by the assumption the sequence converges in the norm topology. Thus in both
cases the sequence {bk}k∈N is strongly convergent to b. On the other hand, since
the left-hand side of (42) is not less than (∥x∗k − b∗k∥∗ − ∥xk − bk∥)2 ≥ 0, the same
inequality (42) and the lower w∗-semicontinuity of the dual norm furnish

0 = lim
k→∞

(
∥x∗k − b∗k∥2∗ + ∥xk − bk∥2 + 2⟨x∗k − b∗k, xk − bk⟩

)
≥ ∥x∗ − b∗∥2∗ + ∥x− b∥2 + 2⟨x∗ − b∗, x− b⟩ ≥ 0.

This entails, like in the proof of Lemma 4.12, limk→∞ ∥x∗k− b∗k∥∗ = ∥x∗− b∗∥∗, hence
{b∗k}k∈N converges strongly to b∗ by Kadec-Klee property of the dual norm.

6. Graph convergence of subdifferentials in Banach spaces,
counterexamples

The first example shows the convergence of slopes of convex differentiable functions
on R does not entail the P.K. convergence of graphs of their derivatives.

Example 6.1. Take the convex differentiable functions f, fk on R, k ∈ N with

fk(t) := (−1)kt and f(t) := t for all t ∈ R.

We have sf ≡ sfk ≡ 1 for all k ∈ N, so we have the epi-convergence of slopes.
However, we observe that Df(t) = 1 and Dfk(t) = (−1)k, so (0,−1) ̸∈ gphDf
while (0,−1) ∈ Ls gphDfk since (0,−1) ∈ gphDf2k+1 for all k ∈ N.
Thus the convergence of graphs of derivatives does not hold.
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The function f above is not bounded below. The next example is related to bounded
below functions. For classical spaces c0, ℓp we use the usual notation. We thank
D. Salas for a useful remark on a previous version of the example.

Example 6.2. We consider in E = ℓ2 the sets Ck := co {0, e1 + ek} and C := {0},
where {ek}k∈N is the canonical basis of E. Clearly, the sequence {Ck}k∈N P.K.
converges to C, so for fk := ψCk

and f := ψC the sequence of functions {fk}k∈N
epi-converges to f , where ψC is the indicator function of C, i.e. ψC(u) = 0 if u ∈ C
and ψC(u) = +∞ if u ̸∈ C. On the other hand, sfk = ψCk

and sf = ψC , hence the
sequence of slopes {sfk}k∈N epi-converges to the slope sf . Moreover, the sequence
{fk}k does not converge in the Mosco sense. Indeed, consider xk := e1 + ek, which
converges weakly to x = e1. However, we have

lim
k→∞

fk(xk) = 0 < f(x) = +∞.

In addition, the normalization condition (namely, the existence of (ak, a∗k) ∈ gph∂fk
and (a, a∗) ∈ gph∂f such that (ak, a

∗
k, fk(ak)) → (a, a∗, f(a))) is trivially satisfied,

since all the functions attain their global minimum at zero.
Therefore, by the classical Attouch’s theorem, the subdifferentials ∂fk do not con-
verge to ∂f in the Painlevé-Kuratowski sense.

Below we recall an example, see [32, Example 1.1], where f is the norm in ℓ1 (hence
bounded below) and the fk are Lipschitz with constant 1. The example illustrates
that, under those assumptions, the bounded mixed convergence of gph∂fk to gph∂f
and the epi-convergence of fk to f (even the Mosco convergence) can hold while
one has neither the epi-convergence of {sfk}k to sf nor the P.K. convergence of
{gph∂fk}k to gph∂f .

Example 6.3. Let ℓ1 be endowed with its usual norm ∥·∥ given by ∥x∥ =
∑∞

i=1 |xi|
for all x ∈ ℓ1. Let f, fk : ℓ1 → R with

f(x) :=
∞∑
i=1

|xi| for x ∈ ℓ1 and fk(x) :=
k∑

i=1

|xi|+
∞∑

i=k+1

xi for x ∈ ℓ1.

It is obvious that 0 ∈ ∂f(0) and for every (x, x∗) ∈ gph∂fk we have ∥x∗∥∗ = 1.
Further, fk(x) ≤ fk+1(x)... −→ f(x) (hence {fk}k epigraphically converges to f)
but there is no sequence {(xk, x∗k)}n∈N in ℓ1 × ℓ∞ such that (xk, x

∗
k) ∈ gph∂fk and

(xk, x
∗
k) −→ 0, where the convergence is in the norm topology. Then, {gph∂fk}k

does not P.K. converge to gph∂f .
It is easy to notice that sf (0) = 0, however, if zk −→ 0 in ℓ1 with zk ̸= 0, then we
see that sfk(zk) −→ 1, so it is impossible that sfk

e−→ sf .
On the other hand, it ensues from Proposition 4.9 that for every subsequence of
{gph∂fk}k, say {gph∂fj(k)}k, there is an increasing function ℓ : N → N such that
for γ := j ◦ ℓ one has gph∂fγ(k)

bµ−→ gphA for some operator A : ℓ1 ⇒ ℓ∞.
Let us put yk := (0, 0, ...) and y∗k = (0, . . . , 0, 1, 1, . . .) (where 0 is taken k-times).
Then (yk, y

∗
k) ∈ gph∂fk, yk → 0 and limk→∞ ⟨y∗k, h⟩ = 0 for every h ∈ ℓ1, so {y∗k}k∈N

is weak∗ convergent to 0.
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It is obvious that (0, 0) ∈ gphA. In fact, it follows from [32, Theorem 3.1] that ∂f ⊂
gphA. Since A is cyclically monotone, see Lemma 4.14 above, and ∂f is maximal
monotone, so ∂f = A. Thus every subsequence of {gph∂fk}k has a subsequence
converging in a bounded mixed way to gph∂f . Now it is not difficult to verify that
gph∂fk

bµ−→ Ai({∂fk}k∈N), keep in mind that [32, Theorem 3.1] ensures the inclusion
gph∂f ⊂ Ai({∂fk}k∈N).

We pass now to an example where f, fk are (uniformly) bounded below, Lipschitz
and C1 functions with ∂fk

bµ−→ ∂f while one has neither sfk
e−→ sf nor ∂fk

P.K.−−→ ∂f .

Example 6.4. Let E = ℓ2 (with canonical basis {ek}k) and denote xk := ⟨x, ek⟩ for
any x ∈ E. Define C1 functions f, fk : ℓ2 → R, k ∈ N, by

fk(x) :=
√
x2k + 1 + xk and f(x) := 0 for all x ∈ E, k ∈ N.

Then, fk, f are bounded below (f, fk ≥ 0) and uniformly Lipschitz and

∇fk(x) =
(

xk√
x2
k + 1

+ 1
)
ek and ∇f(x) = 0.

In this case we have that gph∂fk
bµ−→ gph∂f . Nevertheless, for any z ∈ ℓ2 and any

sequence zk → z in ℓ2 (recall ⟨ek, zk⟩ → ⟨0ℓ2 , z⟩ = 0)

lim
k→∞

sfk(z
k) = lim

k→∞

∣∣∣ ⟨ek, zk⟩√
⟨ek, zk⟩2 + 1

+ 1
∣∣∣ = 1 and sf (z) = 0,

which shows that the sequence of slopes {sfk}k∈N cannot epi-converge to sf . Observe
also that {gph∂fk}k∈N does not converge in the P.K sense.

7. Convergence of subdifferentials and slopes

In this section it is shown that under a compactness type assumption, see (CTA)
below, the bounded mixed convergence of subdifferentials is equivalent to the P.K.-
convergence. We formulate the condition (CTA) as follows.

Compactness Type Assumption. Let (E, ∥ · ∥) be a Banach space and {fk}k∈N
be a sequence of lsc proper convex functions on E.

(CTA): For any a ∈ E, any a∗ ∈ E∗, any increasing function j : N → N, and any
bounded sequence {(bk, b∗k)}k∈N, such that (bk, b∗k) ∈ gph∂fj(k) for all k ∈ N
and

lim
k→∞

(
∥b∗k − a∗∥2∗ + ∥bk − a∥2 + 2⟨b∗k − a∗, bk − a⟩

)
= 0, (43)

the sequence {bk}k∈N admits a subsequence converging strongly to some
b ∈ E.

Below an equivalent form of (CTA) is pointed out.
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Lemma 7.1. Let {fk}k∈N be a sequence of lsc proper convex functions on a Banach
space (E, ∥ · ∥). Then (CTA) holds if and only if (CTA’) holds, where
(CTA’): For any a∗ ∈ E∗, any convergent sequence {ak}k∈N in E, any increasing

function j : N → N, and any bounded sequence {(bk, b∗k)}k∈N, such that
(bk, b

∗
k) ∈ gph∂fj(k) for all k ∈ N and

lim
k→∞

(
∥b∗k − a∗∥2∗ + ∥bk − ak∥2 + 2⟨b∗k − a∗, bk − ak⟩

)
= 0, (44)

the sequence {bk}k∈N admits a subsequence converging strongly to some
b ∈ E.

Proof. It is easy to see that (CTA’) implies (CTA), just considering ak = a.
Now, let us assume that (CTA) holds. Let us consider a∗ ∈ E∗, a convergent
sequence {ak}k∈N in E, an increasing function j : N → N, and a bounded sequence
{(bk, b∗k)}k∈N, such that (bk, b

∗
k) ∈ gph∂fj(k) for all k ∈ N and

lim
k→∞

(
∥b∗k − a∗∥2∗ + ∥bk − ak∥2+2⟨b∗k − a∗, bk − ak⟩

)
= 0. (45)

Then, let us denote a the limit of {ak}k∈N. On the one hand, we have that

0 ≤ (∥b∗k − a∗∥∗ − ∥bk − a∥)2 ≤ ∥b∗k − a∗∥2∗ + ∥bk − a∥2+2⟨b∗k − a∗, bk − a⟩. (46)

Notice that ⟨b∗k − a∗, bk − a⟩ = ⟨b∗k − a∗, bk − ak⟩+ ⟨b∗k − a∗, ak − a⟩ and

∥bk − a∥2 ≤ (∥bk − ak∥+ ∥ak − a∥)2

= ∥bk − ak∥2 + 2∥bk − ak∥∥ak − a∥+ ∥ak − a∥2.

Since {b∗k}k∈N is bounded, we see that there exist positive reals ϵk ↓ 0 such that
⟨b∗k−a∗, bk−a⟩ ≤ ⟨b∗k−a∗, bk−ak⟩+ϵk and ∥bk−a∥2 ≤ ∥bk−ak∥2+ϵk. Consequently,
we can write

∥bk − a∥2+2⟨b∗k − a∗, bk − a⟩ ≤ ∥bk − ak∥2 + 2⟨b∗k − a∗, bk − ak⟩+ 3ϵk.

This inequality, (45) and (46) entail that

lim
k→∞

(
∥b∗k − a∗∥2∗ + ∥bk − a∥2+2⟨b∗k − a∗, bk − a⟩

)
= 0,

so (CTA) implies that a subsequence of {bk}k∈N converges strongly to some b∈E.

Remark 7.2. Let (E, ∥ · ∥) be a Banach space and let {fk}k∈N be a sequence of lsc
proper convex functions on E.
Observe that, if the inequality lim supk→∞ (∥bk∥+ sfk(bk)) < +∞ ensures that the
sequence {bk}k∈N is contained in a compact subset of E, then (CTA) holds true;
compare to the compactness assumption Ac from [1, Theorem 1]. In order to verify
that, let us assume that (bk, b

∗
k) ∈ gph∂fk for all k ∈ N are such that the sequence

{(bk, b∗k)}k∈N is bounded.
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Then lim sup
k→∞

(∥bk∥+ sfk(bk)) ≤ lim sup
k→∞

(∥bk∥+ ∥b∗k∥∗) < +∞

and hence the sequence {bk}k∈N is contained in a compact subset, so it contains a
convergent subsequence.
As examples of when condition (CTA) is satisfied in infinite dimension, we can refer
to [1, Remark 3.2(c)] for a concrete instance. Additionally, the ideas in [1, Remark
3.2(b)] can be applied to obtain sufficient conditions in Banach spaces. Another
case where sufficient conditions can be provided is in the space E = ℓ1. Precisely,
if instead of (CTA) we assume that for any increasing function j : N → N and
any bounded sequence {bk}k∈N such that (bk, b

∗
k) ∈ gph ∂fj(k) for all k ∈ N, the

sequence {bk}k∈N admits a w-convergent subsequence, then Schur’s Lemma (see e.g.
[15, p. 149]) implies that this subsequence is actually strongly convergent. A similar
reasoning applies whenever the norm of the space has the Kadec-Klee property.
Specifically, knowing that a bounded sequence {bk}k∈N with (bk, b

∗
k) ∈ gph ∂fj(k) for

all k ∈ N has a subsequence {bℓ(k)}k∈N w-converging to b along with
limk→∞ ∥bℓ(k) − x∥ = ∥b− x∥, for some x ∈ E,

we can conclude that this subsequence must be strongly convergent.
Assume that E is a reflexive Banach space with its norm having the Kadec-Klee
property. The Eberlein-S̆mulian Theorem, see [13, Theorem 3.109], gives by reflex-
ivity that any bounded sequence {(bk, b∗k)}k∈N satisfying (43) and (bk, b

∗
k) ∈ gph∂fj(k)

for all k ∈ N has a w-convergent subsequence. It follows from Lemmas 4.1, 4.12 and
4.13, see also Remark 4.2, that any of the two equalities

E=clDom(Lid×d∗ gph∂fk) , E
∗=clRge(Lid×d∗ gph∂fk)

makes this subsequence strongly convergent. Thus, in any reflexive Banach space
with its norm having the Kadec-Klee property, the condition (CTA) holds true
whenever anyone of the two above equalities is satisfied.
Of course, in finite dimensions the condition (CTA) is satisfied.

Below it is pointed out that the (CTA) condition is a necessary condition for the
graphical convergence of subdifferentials of lower semicontiuous convex functions
to the graph of the subdifferential of a lower semicontinuous proper convex func-
tion, whenever E is a reflexive Banach space with its norm having the Kadec-Klee
property.

Proposition 7.3. Assume that (E, ∥ · ∥) is a reflexive Banach space with the norm
having the Kadec-Klee property and {fk}k∈N is a sequence of lsc proper convex
functions on E. If f is an lsc proper convex function on E such that

gphf = Lid×d∗ gph∂fk,

then (CTA) is valid.

Proof. Let us fix any a ∈ E, any a∗ ∈ E∗, any increasing function j : N → N, and
any bounded sequence {(bk, b∗k)}k∈N, such that (bk, b∗k) ∈ gph∂fj(k) for all k ∈ N and

lim
k→∞

(
∥b∗k − a∗∥2∗ + ∥bk − a∥2 + 2⟨b∗k − a∗, bk − a⟩

)
= 0. (47)
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There is an increasing function l : N → Nsuch that the sequences {bl(k)}k∈N and
{b∗l(k)}k∈N are weakly convergent (w-convergent) to b and weakly∗ convergent (w∗-
convergent) to b∗, respectively. It follows from Lemma 4.1 and Remark 4.2 that

lim
k→∞

⟨b∗l(k), bl(k)⟩ ≥ ⟨b∗, b⟩,

thus by Lemma 4.12 we get the strong convergence of the sequence {bl(k)}k∈N to b,
which translates the condition (CTA).

Lemma 7.4. Let (E, ∥·∥) be a Banach space, let {fk}k∈N be a sequence of lsc proper
convex functions on E. Assuming that (CTA) is valid, then the following equality

Ai({∂fk}k∈N) = Lid×d∗ gph∂fk

holds true.

Proof. The inclusion Lid×d∗ gph∂fk ⊂ Ai({∂fk}k∈N) is easy to notice.
In particular, the equality is trivial if Ai({∂fk}k∈N) = ∅.
Take any (a, a∗) ∈ Ai({∂fk}k∈N). The latter inclusion and Lemma 4.5 furnish se-
quences {ak}k∈N in E and {a∗k}k∈N in E∗ such that (ak, a

∗
k) ∈ gph∂fk for all k ∈ N

and such that

lim
k→∞

ak = a and a∗k
w∗
−→ a∗, (48)

so we observe in particular that the sequence {(ak, a∗k)}k∈N is bounded. By Propo-
sition 4.11 for each k ∈ N there is (bk, b

∗
k) ∈ gph∂fk such that

∥b∗k − a∗∥2∗ + ∥bk − ak∥2 + 2⟨b∗k − a∗, bk − ak⟩ ≤
1

k
. (49)

By the monotonicity of the subdifferential ∂fk we have for every k ∈ N

⟨b∗k − a∗, bk − ak⟩ ≥ ⟨b∗k − a∗k, bk − ak⟩+ ⟨a∗k − a∗, bk − ak⟩ ≥ ⟨a∗k − a∗, bk − ak⟩.

This and (49) ensure that for every k ∈ N

∥b∗k − a∗∥2∗ + ∥bk − ak∥2 + 2⟨a∗k − a∗, bk − ak⟩ ≤
1

k
,

which for α := supk∈N ∥a∗k − a∗∥∗ gives

∥bk − ak∥ (∥bk − ak∥ − 2∥a∗k − a∗∥∗) ≤ 1 and ∥b∗k − a∗∥2∗ ≤ 1 + 2α∥bk − ak∥.

We then see that the sequences {bk}k∈N and {b∗k}k∈N are bounded.
Assume that (CTA) is valid, so (CTA’) is also valid by Lemma 7.1. There is an
increasing function j : N → N such that {bj(k)}k∈N converges strongly to some
b ∈ E. Using the convergence a∗k

w∗
−→ a∗ and the monotonicity of the subdifferential

∂fj(k) we can write via (49):
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0 ≥ lim inf
k→∞

(
∥b∗j(k) − a∗∥2∗ + ∥bj(k) − aj(k)∥2 + 2⟨b∗j(k) − a∗, bj(k) − aj(k)⟩

)
= lim inf

k→∞

(
∥b∗j(k) − a∗∥2∗ + ∥bj(k) − aj(k)∥2

+ 2⟨b∗j(k) − a∗j(k), bj(k) − aj(k)⟩+ 2⟨a∗j(k) − a∗, bj(k) − aj(k)⟩
)

≥ lim inf
k→∞

(
∥b∗j(k) − a∗∥2∗ +∥bj(k) − aj(k)∥2

)
= lim inf

k→∞

(
∥b∗j(k) − a∗∥2∗ +∥b− a∥2

)
≥ 0.

The above development can be proceeded with every subsequence of {(bk, b∗k)}k∈N
according to the definition of (CTA’). Therefore, (a, a∗) ∈ Lid×d∗ gph∂fk, hence we
conclude the proof with the inclusion

Ai({∂fk}k∈N) ⊂ Lid×d∗ gph∂fk. (50)

The next proposition complements Lemma 7.4 above.

Proposition 7.5. Let (E, ∥ · ∥) be a Banach space, let {fk}k∈N be a sequence of lsc
proper convex functions on E and let A : E ⇒ E∗ be an operator.
(a) If (CTA) is valid, then the following equivalence

gphA = Ai({∂fk}k∈N) ⇐⇒ gphA = Lid×d∗ gph∂fk (51)

holds true. Further, one has

(gph∂fk
bµ−→ gphA) =⇒ (gph∂fk

P.K.−−→ gphA).

The latter implication is an equivalence whenever A is maximal monotone.
(b) If (CTA) is valid and {gph∂fk}k∈N converges to gphA in a bounded mixed

way (i.e. (22) holds true for Sk := gph∂fk and S := gphA), then there exists
an lsc convex function f : E → R ∪ {+∞} such that A = gph∂f .

Proof. It follows from Lemma 4.14 that the operator A is cyclically monotone,
whenever either gphA = Ai({∂fk}k∈N) or gphA = Lid×d∗ gph∂fk.
(a) The equivalence in (51) is justified by Lemma 7.4.

Assume that gph∂fk
bµ−→ gphA. Then by (51) we can write

Lsd×d∗ gph∂fk ⊂ As({∂fk}k∈N) = Ai({∂fk}k∈N) = gphA = Lid×d∗ gph∂fk,

which justifies the implication in (a).

Conversely, assume A is maximal monotone and gph∂fk
P.K.−−→ gphA. It follows from

Lemma 4.15 that As({∂fk}k∈N) ⊂ gphA, and this finishes the proof of (a).
(b) Assume now that (CTA) is valid and {gph∂fk}k∈N converges to gphA in a
bounded mixed way.
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First, if DomA = ∅, we have that f ≡ +∞ satisfies the requirement. Then, in the
rest of the proof we assume that DomA ̸= ∅.
As noticed at the beginning of the proof, the operator A must be monotone.
Consider any (x, x∗) ∈ E × E∗ such that

⟨x∗ − y∗, x− y⟩ ≥ 0, for all (y, y∗) ∈ gphA. (52)

By Proposition 4.11, for each k ∈ N, there is (bk, b
∗
k) ∈ gph∂fk such that

∀k ∈ N, ∥b∗k − x∗∥2∗ + ∥bk − x∥2 + 2⟨b∗k − x∗, bk − x⟩ ≤ 1

k
, (53)

which gives in particular

0 ≤ (∥b∗k − x∗∥∗ − ∥bk − x∥)2 = ∥b∗k − x∗∥2∗ + ∥bk − x∥2 − 2∥b∗k − x∗∥∗ · ∥bk − x∥ ≤ 1,

hence ∥b∗k − x∗∥∗ ≤ ∥bk − x∥+ 1. (54)

Now, let us consider a pair (a, a∗) ∈ gphA, and a sequence (ak, a
∗
k) → (a, a∗) with

a∗k ∈ ∂fk(ak) according to the equivalence (51). Observe that by the monotonicity
of subdifferentials of convex functions we have for every k ∈ N

⟨b∗k − x∗, bk − x⟩ ≥ ⟨b∗k − a∗k, ak − x⟩+ ⟨a∗k − x∗, bk − x⟩,

which allows us to obtain from (53) that

∥b∗k − x∗∥2∗ + ∥bk − x∥2 + 2⟨b∗k − a∗k, ak − x⟩+ 2⟨a∗k − x∗, bk − x⟩ ≤ 1.

We derive from this and (54) that for every k ∈ N

∥bk−x∥2 ≤ 2∥bk−x∥ ∥ak−x∥+2∥ak−x∥+2∥a∗k−x∗∥∗ ∥ak−x∥+2∥bk−x∥·∥a∗k−x∗∥∗+1,

and hence

∥bk −x∥(∥bk − x∥−2∥a∗k − x∗∥∗−2∥ak − x∥)≤2∥ak −x∥+2∥a∗k −x∗∥∗ ∥ak −x∥+1.

The latter inequality entails that {bk}k∈N is bounded, so {b∗k}k∈N is also bounded by
(54). By (CTA) the sequence {bk}k∈N contains a strongly convergent subsequence,
i.e. there is some increasing function j : N → N such that {bj(k)}k∈N converges
strongly to some b ∈ E. Further, by boundedness of the sequence {b∗k}k∈N in E∗ we
can choose some

b∗ ∈
⋂
k∈N

clw
∗ {b∗j(k), b∗j(k+1), . . .}, (55)

so (b, b∗) ∈ As({∂fk}k∈N). By (22) we deduce that

(b, b∗) ∈ Ai({∂fk}k∈N) = gphA.

Thus, using (52) we get that ⟨b∗ − x∗, b− x⟩ ≥ 0.
Further, the inclusion (55) entails that ⟨b∗, b − x⟩ is a cluster point in R of the
sequence {⟨b∗j(k), b − x⟩}k∈N, hence there is an increasing function ℓ : N → N such
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that for γ := j ◦ ℓ one has {⟨b∗γ(k), b− x⟩}k∈N tends to ⟨b∗, b− x⟩. Because {bj(k)}k∈N
converges strongly to b ∈ E, this and the boundedness of {b∗γ(k)}k∈N ensure that

lim
k→∞

⟨b∗γ(k) − x∗, bγ(k) − x⟩ = ⟨b∗ − x∗, b− x⟩ ≥ 0.

Passing to the lim sup in (53) we get

0 ≥ lim sup
k→∞

(
∥b∗γ(k) − x∗∥2∗ + ∥bγ(k) − x∥2

)
+ 2 lim

k→∞
⟨b∗γ(k) − x∗, bγ(k) − x⟩

= lim sup
k→∞

(
∥b∗γ(k) − x∗∥2∗ + ∥bγ(k) − x∥2

)
+ 2⟨b∗ − x∗, b− x⟩

≥ lim sup
k→∞

(
∥b∗γ(k) − x∗∥2∗ + ∥bγ(k) − x∥2

)
≥ 0,

which entails x = limk→∞ bγ(k) and x∗ = limk→∞ b∗γ(k). We conclude that (x, x∗)

belongs to As({∂fk}k∈N). Since by assumption As({∂fk}k∈N) ⊂ gphA we deduce
(x, x∗) ∈ gphA, hence the operator A is maximal cyclically monotone and Theorem
2.5 ensures the existence of the function f fulfilling the statement (b).

If E is a finite dimensional Banach space, the condition (CTA) is satisfied, and the
bounded way convergence and the Painlevé-Kuratowski convergence of subdiffere-
tials coincide. Thus it follows from Proposition 7.5(b) that the corresponding limits
must be the same maximal monotone operator, whenever DomA ̸= ∅.
Under (CTA) and through Proposition 7.5(a) we can show that the epigraphical
convergence of slopes is implied by the bounded mixed convergence of subdifferen-
tials.

Theorem 7.6. Let (E, ∥ · ∥) be a Banach space and let {fk}k∈N be a sequence of lsc
proper convex functions on E and f be an lsc convex function on E.
(a) If f is proper, one has the implication

∂fk
P.K.−−→ ∂f =⇒ sfk

e→ sf .

(b) If (CTA) is valid, then the other implication

∂fk
bµ−→ ∂f =⇒ sfk

e→ sf

also holds true (without imposing the properness of f).

Proof. Note that, under the assumption of either (a) or (b), we have the inclusion

As({∂fk}k∈N) ⊂ gph∂f

(in case (a) by Lemma 4.15 since in (a) the operator ∂f is maximal monotone) and
we have also

gph∂f ⊂ Lid×d∗ gph∂fk

(in case (b) by Lemma 7.4). Then, Lemma 5.3 implies that sfk
e→ sf , which con-

cludes the proof.

The above development in this section culminates in the following theorem.
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Theorem 7.7. Let (E, ∥ · ∥) be a separable Banach space, let {fk}k∈N be a sequence
of lsc proper convex functions on E such that (CTA) is valid. Let f be an lsc proper
convex function on E bounded below. Then, the following statements are equivalent:

(a) ∂fk
bµ−→ ∂f ; (b) ∂fk

P.K.−−→ ∂f ; (c) sfk
e→ sf .

Proof. The equivalence (a)⇔(b) follows from Proposition 7.5(a) while the impli-
cation (a)⇒(c) is a consequence of Theorem 7.6(b).
In order to get the other implication (c)⇒(b) it suffices to prove that any subse-
quence of {gph∂fk}k∈N contains a subsequence converging in P.K. sense to gph∂f
(see Lemma 2.1). It follows from Proposition 4.9 that for every subsequence of
{gph∂fk}k∈N, say {gph∂fj(k)}k∈N, where j : N −→ N is an increasing function, there
are an operator A : E ⇒ E∗ and an increasing function ℓ : N → N such that for
γ := j ◦ ℓ one has gph∂fγ(k)

bµ−→ gphA.
Hence, by Proposition 7.5, gph∂fγ(k)

P.K.−−→ gphA. Further, from the convergence
sfk

e→ sf we infer by (2) (see also Definition 2.4) that

sfγ(k)
e→ sf . (56)

It is assumed that f is proper convex and lsc, so Dom ∂f ̸= ∅ and then as a result
the function sf (·) is proper. According to (56) and the inclusion

As({∂fγ(k)}k∈N) ⊂ gphA

(see equalities in (22), Definition 4.7) Lemma 5.3(a) guarantees that sf (·) ≥ sA(·),
which ensures DomA ̸= ∅ since the function sA(·) is also proper. The property
DomA ̸= ∅ and the convergence gph∂fγ(k)

bµ−→ gphA entail by Proposition 7.5(b)
that there exists an lsc proper convex function ϕ on E such that gphA = gph∂ϕ,
which combined with the above equivalence (a)⇔(b) entails gph∂fγ(k)

P.K.−−→ gph∂ϕ.
This and Theorem 7.6(a) give sfγ(k)

e−→ sϕ, so (56) yields

∀x ∈ E, sf (x) = sϕ(x).

It follows from Theorem 2.6 that f and ϕ coincide up to an additive constant,
hence gph∂f = gph∂ϕ = gphA. We conclude by what precedes that any subse-
quence {gph∂fj(k)}k∈N contains a further subsequence converging in the P.K. sense
to gph∂f , which by Lemma 2.1 translates (b) and finishes the proof.

Remark 7.8. Let us notice that in Theorem 7.7 the equivalence (a)⇔(c) holds
even when f is not proper, i.e. f ≡ +∞, which is equivalent to gph∂f = ∅,
see for example [6, Theorem 4.3.2 (Brøndsted-Rockafellar)] or [28, Theorem 3.142].
Indeed, the implication (a)⇒(c) follows from Theorem 7.6(b) even when f ≡ +∞.
Regarding the converse implication (c)⇒(a), assume that sfk

e→ sf ≡ +∞. It
follows from Proposition 7.5(b) (see also Proposition 4.9) that every subsequence of
{gph∂fk}k∈N has the empty set as bounded mixed way limit.
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Indeed, in order to justify this statement let us observe that if

gph∂fj(k)
bµ−→ gphA

for some increasing function j : N → N, then there exists an lsc convex function
g : E → R ∪ {+∞} such that gphA = gph∂g, see Proposition 7.5(b). If gphA ̸= ∅,
then we get a contradiction with the convergences

sfk
e→ sf ≡ +∞ and sfj(k)

e→ sg ̸≡ +∞,

for the latter one see Theorem 7.7. Hence As({∂fk}k∈N) = ∅, see Proposition 4.9,
which translates the implication (c)⇒(a) in this case.
Finally, we mention that Theorem 3.2 is also a consequence of Theorem 7.7.
If (CTA) is valid and {gph∂fk}k∈N converges to gphA in a bounded mixed way (i.e.
(22) holds true for Sk := gph∂fk and S := gphA), then there exists an lsc convex
function f : E → R ∪ {+∞} such that A = gph∂f .

The following theorem also deserves to be pointed out. It is a direct consequence of
Theorem 7.7 and Proposition 7.3.

Theorem 7.9. Let (E, ∥ · ∥) be a separable reflexive Banach space with its norm
having the Kadec-Klee property, let {fk}k∈N be a sequence of lsc proper convex
functions on E, and let f be an lsc proper convex function on E bounded below.
Then, the following statements are equivalent:

(a) ∂fk
P.K.−−→ ∂f ;

(b) sfk
e→ sf and (CTA) is satisfied.
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