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1. Introduction

Since the seminal result of Banach [2] the fixed point theory of nonexpansive map-
pings has been a rapidly growing field of research. See [3, 8, 10, 11, 12, 13, 17, 18,
19, 22, 23, 24, 27, 28] and the reference mentioned therein. A significant progress
has been done, in particular, in studies of common fixed point problems, which have
important applications in engineering and medical sciences [6, 7, 25, 27, 28|. The
study of coincidence points of nonlinear mappings is an important topic of the fixed
point theory [1, 4, 5, 14, 15, 16]. In the present paper, we study a space of nonlinear
self-mappings of a complete metric space which is not necessarily bounded and show
that a point of coincidence exists for a generic (typical) map. More precisely, for this
space of mappings equipped with the topology of uniform convergence on bounded
sets, we show the existence of a set which is a countable intersection of open every-
where dense sets and such that every its element has a point of coincidence. Such an
approach, when a certain property is investigated for the whole space and not just
for its single point, has already been successfully applied in many areas of Analysis
and Optimization [8, 9, 20, 22, 26].

Assume that (X, p) is a complete metric space. For each x € X and each r > 0 set
B(x,r)={y € X : p(z,y) <r}.

For each z € X and each set A C X put

p(z, A) =inf{p(z,y) : y € A}.

For each mapping S : X — X set S°(z) = x for each z € X and for each integer
i >0 define St = S o0 S,

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



1106 A. J. Zaslavski / Generic Existence and Approzimation ...

Assume that S : X — X and T : X — X. If z € X and S(z) = T'(x), then the
point z is called a coincidence point, while the point y = T'(x) is called a point of
coincidence.

2. The spaces of mappings and the main result

Assume that S : X — X, S(X) is a closed subset of X and that the following
assumption holds.

(A1) The mapping S is bounded on bounded sets and S~*(V) is bounded for each
bounded set V' C X.

Fix § € X. Assume that for each € X and each v € [0, 1], there exists a point
denoted as v & (1 — v)x € X such that for each 2,y € X and each v € [0, 1],

p(0® (1 =7)z,70 & (1 —7)y) < (1 —7)p(z,y), (1)

p(v0 & (1 =)z, z) < yp(z,0). (2)
It should be mentioned the Hilbert ball with the hyperbolic metric [12] and the
hyperbolic spaces of [21] are examples of our space X. Denote by Mg the set of all
T : X — X such that for each z,y € X,

p(T(x), T(y)) < p(S(z),S(y)). (3)
The set Mg is equipped with the uniformity determined by the base
UM, e) ={(T1,Tz) € Mg x Mg :
p(Ti(x), Ta(x)) < € for each x € B(0, M)}, (4)

where M,e > 0. Clearly, this uniform space is metrizable (by a metric d) and
complete. For each A € Mg and each v € (0, 1) define

A(x) =70 @ (1 —v)A(z), z € X. (5)
By (Al), (2) and (3), for each A € Mg, each v € (0,1) and each M > 0,
p(A(x), Ay(x)) = p(A(x),70 @ (1 — 7)A(x))

=70, A(z)) < 7p(0, A(6)) + 7p(A(0), A(2))
< yp(0, A(0)) + 7p(S(0), S(x)) = 0 as v — 07 (6)

uniformly on bounded subsets of X. Together with (4) this implies that
A, = Aasy— 0"
in (Mg, d). By (1), (3) and (5), for each A € Mg, each z,y € X and each v € (0, 1),
P(Ay (), Ay(y)) < (1 =7)p(Az), Aly)) < (1= 7)p(S(x), S(y)). (7)
Proposition 2.1. Assume that A € Mg, v € (0,1], A, (X) C S(X) and that
{20} 0, {yn}oy C X satisfy for each integer n > 0,

Yn = A’y(%z)a S<xn+1) = Yn- (8)
Then there ezist y, = lim,_,oc Y, and x, € X such that A, (x.) = S(z.) = ys.
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Proof. By (7) and (8), for each integer n > 1,
P(Yn: Ynt1) = p(Ay(2n), Ay (ni1)) < (1= 7)p(S(2n), S(2nt1))

S (1 - 7)p(yn7 yn—l)- (9)
In view of (9), for each integer n > 1 we have p(ypn, Ynr1) < (1 — )" p(yo, y1).
This implies that there exists

yo = lim y, = lim S(ani1). (10)
n—oo

n—oo

Since the set S(X) is closed there exists x, € X such that

S(z.) =y = lim y, = lim S(zp41). (11)
By (8) and (11), Y. = lim A, (x,). (12)

It follows from (7) and (11) that for each integer n > 0,
p(Ay(xn), Ay(2.)) < (1 =7)p(S(2n, S(24)) = 0 as n — oo,

Together with (12) this implies that vy, = lim,, . A, (z,) = A, (x.).
Proposition 2.1 is proved. O

3. The main result
In this paper we prove the following generic result.

Theorem 3.1. Assume that A is a nonempty closet set in a metric space (Mg, d)
which is also equipped with the metric d such that for each T € A and each~y € (0, 1),

p(T(z), T(y)) < p(S(x),S(y)) for each z,y € X,
T(X) C S(X), T, € A.

Then there exists a set F C A which is a countable intersection of open everywhere
dense sets in A such that for each T € F there exists yr € X such that the following
assertions hold.

(1) For each pair of sequences {xn}o o, {yntosy C X satisfying for each integer
n >0, the conditions y, = T(,), S(Tni1) = Yn, the relation lim, oo Y = yr
holds.

(2) Ifz e X satisfies T(x) = S(x), then T(z) = yr.
(3)  There exist xr € X such that T(x7) = S(zr) = yr.

(4)  For each e € (0,1) and each M > 1 there exist a neighborhood U of T in Mg,
0 € (0,¢) and a natural number ng such that for each A € U and each pair
of sequences {x,}5 o, {yn}i2o C X which satisfy p(xo,0) < M and for each
integer n > 0,

P(Yns A()) <6, p(S(Tnt1,yn)) <6

the inequality p(yn,yr) < € holds for each integer n > ny.
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4. Auxiliary results

Assume that v € (0,1) and T' € A, z,,y. € X and that (see Proposition 2.1)
T, (z.) = S(z.) = y.. (13)

Lemma 4.1. Assume that § € (0,1] and that {x,}5q, {yn}i2y C X satisfy each
integer n > 0,
P(Yn, Ty (2n)) <6, p(S(@n+1),yn)) < 6. (14)

Then for each integer n > 0,

P(Ye, Ynt1) < (1= 7)p(Ys, Yn) +0(2 — )

n—1
and P(Yer yn) < (1= 2)"p(Yery0) + (2 =) Y (1 -
i=1

Proof. Let n > 0 be an integer. By (7), (13) and (14),

p(?/*a yn+1) < P(T'y(x*)a Tv<$n+l)) + p(T’y<xn+1)a yn-i—l) < /0<T’Y('T*)7T’Y($n+l)) +9
<O+ (1 =7)p(S(74), S(wny1)) <5+ (1 =) (p(Ys, Yn) +0)
< (1 =)p(Yss yn) + (2 = 7). (15)

In view of (15), we have p(y., v1) < (1 — ) p(Ys, vo) + (2 — ) and

P(Ye y2) < (L —=7)p(yu; 1) +6(2 =)
< (1 =90y, y0) +0(2 =) (1 + (1 = 7).

We show by induction that for each integer n > 1,

n—1
P yn) < (1=7)"plyo,ye) +6(2—7) Y (1 - (16)
=0

By the relations above (16) holds for n = 1,2. Assume that & > 2 is an integer and
(16) holds for n = k. It follows from (15) and (16) (with n = k) that

P(Ye, Y1) < (1 =7)p(Yur Ya) +6(2 — )

k—1

< (1= p(yeryo) + 02— (L—9) T +5(2—7)
=0

k
= (1= 7"y, m0) +6(2—=7) Y _(1—
=0

Thus (16) holds for n = k + 1 too. Therefore we showed by induction that (16)
holds for each integer n > 1. Lemma 4.1 is proved. [
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Lemma 4.2. Let M > 0,
Ml > M + 2’7_27

S(B(xy, M)) C B(y., My — 1),
My > My, S™HB(y., My + 1)) C B(x., My),

a natural number ny satisfy
(1 - ’y)nOMl < s

AeMs, p(Aly), Ty(y) <27, y € B(x., M),
{xN}?:Ov {yn};ﬁo C X: p(‘r()?x*) S M7
and for each integer n > 0,
p(yn: Alwn)) <270, p(S(@ns1),yn) < 27
Then p(Tn, ) < Ms, p(Yu,yn) < My +1, n=0,1,...

for each integer n > 0,

P(Ysr yn) < (1 —79)"p(ys,yo) + 29 < (1 —)"My + 277"

and for each integer n > ny,
P(Ysr Yn) < (1 — )My + 2771 <3y~

Proof. By (7), (13), (18) and (21)-(23),

P(Yss o) < p(ys, T(20)) + p(T4(20), A(z0)) + p(A(20), Y0)

< p(Ty(x4), Ty (20)) + 1

In view of (22) and (23),
p(S(@1),9.) < p(S(x1), 90) + pyo, 1) < My + 27"
It follows from (19) and (24) that
p(S(z1),x.) < M.
Assume that n > 0 is an integer and that

By (19), (23) and (25),

P(S(Tns1), ys) < p(S(Tng1)s Yn) + PYns yi) < My + 27"

Equations (25) and (26) imply that

P(Tny1, T0) < Mo

(24)

(25)

(26)

(27)
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(13), (17), (23), (25)—(27) that

It follows from (7

),
P(Yss Yn1) <

P, Ty (n41)) + p(Ty(Tn11), A(Tnt1)) + p(A(Tn41), Yntr)
< p(Ty(.), Ty (wga)) + 271+ 271
< (I =p(S(z.), S(ps1)) +1
< (X =2)pWeyn) + (1 =7)p(Yn, S(Tnt1)) + 1
< (X =)p(Yusyn) +2 < (1 =) My +2 < M.

Thus if n > 0 is an integer and p(y., y,) < My, then
P(Ys, Yni1) < My, p(@s, Tpgr) < Mo,
Thus by induction we showed that for each integer n > 0,
P(@e; xn) < Mo, p(Ys yn) < M.
Let n > 0 be an integer. By (21), (23) and (28),

P(Yn T’y@ﬂ)) < p(Yn, Azn)) + p(A(y), Tﬂ/@ﬂ)) <1,

p(S(xn-H)ayn) < 2_1'

By the relation above and Lemma 4.1 with 6 = 1, for each integer n > 0,

P(Ysr Ynt1) < (1 =) p(Yer Yn) +2 — 7,

P yn) < (L= 7)"p(yer90) + (2= 7)77"
and in view of (20), (28), for each integer n > ny,

P(Ys, Yn) < (1 —7)"M; + 297"

Lemma 4.3. Lete >0, M > 1,
Ml > M + 27727

S<B($*7M)) - B(y*7M1 - 1)7
My > My, S YB(y., My + 1)) C B(z,, M)

and let a natural number ng satisfy
(1—7)"M; < vef4, 6 € (0,8 ey).
Assume that A € Mg, {xn}22 0, {yn}2y C X,
p(Ay), T;(y)) < 6, y € B(x., My),
p(xo,z) < M
and that for each integer n > 0,
P(Yn, Aln)) <0,

p(S(In-Ha yn) S J.
Then for each integer n > ng, we have p(yn,y.) < €.

(28)
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Proof. By our assumptions and Lemma 4.2, for each integer n > 0,
p(Ts,n) < Mo, p(ys,yn) < My (37)
and for each integer n > ny, (YY) < 3771 (38)

It follows from (33), (36) and (37) that for each integer n > 0,

P(yn, Ty(xn)) < p(yn, Alzn)) + p(Alzn), T (20)) < 26. (39)
Lemma 4.1 and (39) imply that for each integer n > 0,
P(Ys, Ynt1) < (1= 7)p(ys, yn) +26(2 — ),
P(Yeryn) < (1 =7)"p(ye, y0) +20(2 =)y~

By the relation above, (32) and (37), for each integer n > ny,
Py, Yn) < (1= 7)" My + 46771 < e O

5. Proof of Theorem 3.1

In view of (7), {T,: T € A, v € (0,1)} is an everywhere dense set in A. Let
T € A, v € (0,1) and m be a natural number. By Proposition 2.1, there exists

1, Y17~ € X such that
S(xT,'y) =Yry = T(xT,'y)' (40)

Lemmas 4.2 and 4.3 imply that there exist
Ml (T7 v m) >m+ 27_27 M2<T7 e m) > Ml(T7 v m)a 5(T7 v m) S (07 4_m_l)

and natural numbers ny (T, v, m), no(T, v, m) such that the following properties hold:
(i) for each A € Mg satisfying

p(AW), To(y) <27, y € Blar,, My(T,v,m))
and for each {x,}7° o, {y,}2, C X satisfying p(xo, z7r,) < M, and for each n > 0,
P(Yns Alan)) <271, p(S(ns1),yn) <27
we have Pz, 1) < Mo, p(yry,yn) < My +1, n=0,1,....
and for each integer n > ny(T,v,m), p(yr,yn) < 371
(ii) for each A € Mg satisfying
p(A(y), T (y)) < 6(T,v,m), y € B(0, My(T', v, m)),

and for each {z,}°2, {y,}52, C X satisfying p(xo,8) < m, and for each n > 0,

pYn; Alzn)) < O(T,v,m), p(S(#nta),yn) < (T, 7, m)

we have for each integer n > ng(T, v, m), p(Yr,Yn) < 274

There exists an open neighborhood U(T,~v,m) of T, in Mg such that for each
Yy e B<9M2(T7ryvm>)7
p(A(y), Ty (y)) < 6(T,~,m)/2. (41)
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Define
F=m, U{U(T,v,m)NA: TeMs, ve(0,1), m>p(s) is an integer}. (42)

p

Clearly, F is a countable intersection of open everywhere dense sets in A.
Assume that 7€ F, e € (0,1), M > 1.

Choose an integer p>e 4+ M1 (44)
In view of (42) and (43), there exist T}, € A, v, € (0,1) and an integer m > p such
that T e U(Ty,vp, m). (45)
Assume that A e U(T,, vp,m), (46)
{zn}nlo, {yn}iZo € X satisfy p(zo,0) < m, (47)

and that for each integer n > 0,

P(Yns A(xn)) < (T, vp,m), p(S(@ni1),Yn) < 0(Tp, vp, m). (48)
Property (ii) and (41), (46)—(48) imply that for each integer n > ny(7},v,, m),
(Y Y1,,) < 27770 (49)

This implies that the following property holds:

(iii) For each A € U(T,,~,,m) and each {z,}7°, {yn}2, C X satisfying (47) and
(48) for each integer n > 0, we have for each integer n > ny (7}, 7,, m) the inequality
p<yn7 yT;,,%) S 6/4

Assume that {x,}22 o, {y,}2, C X satisfy p(xo,0) < M and that for each integer
n>0,y, = A(x,) and S(xp11) = Yn.

Property (iii) implies that for each integer n > ny(7},v,, m),

P(Yns Y1) < €/4. (50)

In view of (50), since € is any element of (0, 1), we conclude that {y;}2, is a Cauchy
sequence and there exists lim; .o y; in (X, p). By (50),

p(lim i, yr, o,) < €/4. (51)
Assume that {7}, {7,}5°, C X satisfy p(Zo,6) < M and that for each integer
n > 0 we have g, = T(Z,) and S(Zp11) = Un.
Clearly, there exists lim; o 7; in (X, p) and p(lim;_e 3, y1,4,) < €/4.
Together with (51) this implies that p(lim; e 75, lim; oo v;) < 271

Since € is any element of (0, 1) and M is any element of (1, 00) we conclude that there
exists yr € X such that for each pair of sequences {x,,}>°,, {y,}32, C X satisfying
for each integer n > 0,

Yn =T(2n), S(@Tnt1) = yn (52)

we have lim y; = yr. (53)
71— 00
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In view of (50), (Y1, Y1, 1) < €/4. (54)

This implies that if x € X and T'(z) = S(x), then T'(z) = yr. Since g(X) is closed
there exists z7 € X such that
S(er) = yr. (55)

Then for each for each pair of sequences {z,}°, {y,}2, C X satisfying (52) for
each integer i > 0, it follows from (53) that for each integer n > 0,

p(T(.TT),T({L’n)) < p(S(xT)ﬂyn) < p(yTayn) — 0 asn — oo,

T(xy) = lim T(x,) = nh_)nolo Yn = Yr-

n—o0

Assume that A € U(T,, vy, m), {Tn}220 {un}io C X, p(z0,0) < M and that for
each integer n > 0 (48) holds. Then (see (49)) for each integer n > ny(7},,v,, m),

10<ym7 yTp7’Yp) S 6/4

and together with (54) this implies that for each integer n > ng(7},,v,, m),

Py, yr) < €/2.

Theorem 3.1 is proved.
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