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1. Introduction and main notations

Consider a linear control system

{f@:A@ﬂo+mmm%u@eu@,ﬂoewl "

A(t), B(t) € R™™, Vit € [0, +00).

Here t > 0 is time, R™*"™ is the space of real n X n matrices. A permissible control in
system (1) is a function u € Lo ([0, T],U(t)) (i.e. u € Lo([0,T]) and u(t) € U(t) for
a.a. t € [0,7]) and T > 0 is a fixed time which depends on u. Permissible controls
uy(t) and us(t), t € [0,T7], in system (1) coincide if u;(t) = us(t) for a.a. t € [0, 7.
In this paper, we assume that the matrices A(t) and B(t) are continuous in t,
and that the set U(t) C R™ is convex and compact for each ¢ > 0. In addition,
it is assumed that U(t) is continuous with respect to ¢ in the Hausdorff metric,
or that U(t) is measurable, and that U(¢) is uniformly bounded. Recall that a
set-valued mapping ¢ — U(t) is measurable if for any open set ¥V C R”™ the set
{t >0 : U({t)NV # 0} is measurable. Uniform boundedness means

sup{||z|| : x €U(t), t >0} < +o0.

Let ®(t) € R™" denote the fundamental matrix of the system 2/(t) = A(t)x(¢),
ie. ®'(t) = A(t)®(t) and ®(0) = I. Here [ is the identity matrix. Note that the

matrix (®71(¢))" is the fundamental matrix of the system #/(t) = —AT(t)z(t) with
the normalization (®2(0))" = 1.
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It is known (see, for example, Chapter 2, §2.2 of [11]) that for any time ¢ > 0 and
control u : [0,t] 5 s = u(s) € U(s) the value x(t) has the form

t

z(t) = ®(t)xg + () /CI)_I(S)B(S)U(S) ds. (2)

0
Let us introduce a set-valued integral in the sense of Aumann, i.e. let

t t

/@_1(5)]3(5)?/{(3) ds = /(I)_l(S)B(S)U(S) ds :u(s) € Loo([0,t],U(s)) Vse€]0, 1]

The conditions of measurability and uniform boundedness for a set-valued mapping
t — U(t) are sufficient for the Aumann integral to exist, see [1, Ch. §].

We will define the inner product of vectors p,x € R"™ by (p,x), the norm of the
vector x € R™ by ||z|| = v/(z, z), and the support function of a compact set @ C R
by ¢(p, Q) = max,co(p,x), where p € R". By bd Q, intQ, clQ and ri Q we
denote the boundary, interior, closure and relative interior of the set Q@ C R”,
respectively. For a convex compact set @ C R™ and a vector p € R" we put
Qp) = {x€Q : (p,x) =c(p,Q)}. Note that for p = 0 the equality Q(0) = Q
holds.

Let’s put ||Q]| = max ||z|| and co Q as the convex hull of the set Q.
re

A closed Euclidean ball of radius r > 0 centered at a € R" is denoted by B(a,r).
The distance in the Hausdorff metric between compact sets P, Q C R" is denoted
by

h(P, Q) = max { maxmin [l — ||, maxmin o ~ y]| |-

The sum of sets P and Q according to Minkowski is the set of sums
P+Q={p+q : peP, qge Q}.
For a convex closed set Q@ C R™ we define the normal cone at a point xq € Q by
N(Q,zo) ={peR™ : (p,x—x) <0}

A closed subset U C R”™ is strictly convex if it is convex and its boundary bd U
does not contain segments of nonzero length. If the set U is strictly convex but is
not a point, then it has nonempty interior. If a compact set U is strictly convex
then for any nonzero vector p € R™ the value rggg(p, u) is achieved at a single point
u(p) € U.

The above mentioned definitions can be found in standard monographs (see, for
example, [1, 9]).

Due to the linearity of the Aumann integral, for any time-independent constant
matrix C of suitable size, we have for any ¢t > 0 the equality

t t

C/(P_l(S)B(S)U(S) ds = /O(I)_I(S)B(S)U(S) ds.
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Moreover, for any vector p € R" the identity holds:

Formula (3) is a well known property of integrals of set-valued mappings, see for
example Proposition 8.6.2, item 4), [1].

The convexity of the compact set U(s) implies the convexity of the reachability set
R(t, zo) for any t > 0 and xy € R™, here

R(t,xg) = ®(t)xo + P(t) / O 1(s)B(s)U(s) ds.

Note also that by Lyapunov’s theorem on vector measures (see, for example, [9,
Theorem 2, Ch. 8, §8.2]), the set R(t, o) is a convex compact set for an arbitrary
almost everywhere continuous and uniformly bounded family of sets U(s), s > 0.
Notice also that even without the assumption of convexity of the compact set U(s),
by the Lyapunov theorem on vector measures, the set R(¢,xq) is a convex compact
set. In this case, the reachability sets of the system (1) for control sets U(t) and
colU(t) coincide, see (for a fixed set U) [11, Theorem 4, Chapter 2, §2.2].

The linear time-optimal control problem consists in the fastest possible transfer of
the controlled system (1) from the initial point z( to the origin, that is,

T — min, z(T) =0, (4)

and the equation (1) with the initial condition z(0) = z( holds. The solution to the
problem (4) will be denoted by T'(z¢). Naturally, T'(x¢) is a function of the initial
condition xg. It is usually called the optimal time function or the Bellman function.

Let us define for ¢,z € R, u € U(t) and ¢ > 0 the Hamiltonian
H = H(t, ¢, z,u) = (¢, Alt)r + B(t)u)

and the maximum function M (¢,%,x) = max H(t,1,z,u). Let us write the Hamil-

u€U(t)
tonian system for ¢ = 1,...,n for some admissible control u(-), trajectory x(-) and
functi :
unction ¢(-) dr, OH 5
dt oY’
di); 0OH
Note that system (5) coincides with system from (1). System (6) has the form
V() = —AT()(1). (7)

If 1(s) # 0 for some s € [0, 7], then 1(t) # 0 for any ¢ € [0, T].
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Definition 1.1. Let u(t) be a permissible control in (1), ¢ € [0,7], that takes a
point from position xy to point z(7') = 0, and x(t) is the trajectory corresponding
to this control. Let ¢(0) # 0, where v (t) is some solution of (7).

We will say that wu(t) satisfies Pontryagin’s maximum principle, i.e. wu(t) is an ex-
tremal control, if the next condition

H(t,(t), z(t),u(t)) = M(t,¥(t),u(t)) for a.a. t € [0,7] (8)
is satisfied. n

Note that under the assumption of continuity of the set-valued mapping t — U(t)
one can prove the inequality

M(T, &(T),2(T)) = M(T,(T),0) > 0. (9)

A permissible control u(t), t € [0,T(zo)], that provides a minimum in problem (4)
is called an optimal control. As is known, the corresponding optimal control exists,
see for example [6, Theorem 1].

The maximum principle in optimal control theory arose in the works of Pontryagin
and his colleagues [14]. The linear time-optimal control problem was considered
by Gamkrelidze [14, Chapter 3|. Later, linear time-optimal control problem were
considered in a large number of works, see for example [3, 7, 8, 11] and [4, 5, 12, 13,
15], where the uniform continuity of the Bellman function was mainly studied.

In this paper, we consider the question when condition (8) is sufficient for the control
u(-) in the problem (4) to be optimal? We also briefly discuss the question of
uniqueness of optimal control.

2. Criteria of optimality

By X(t) we denote the set of initial conditions z(0) = zo € R"™ of system (1),
from which it is possible to get to the origin in time ¢ > 0. We call this set the
controllability set of system (1) at time ¢.

It is easy to see that the sets X'(t) and R(t, x¢) are related by the equality
X(t) ={zo € R" : 0€ R(t, ) for system (1)}.

If xzg € X(t), then from Formula (2) due to the inclusion 0 € R(¢,x¢) and the
non-degeneracy of the fundamental matrix ®(¢) we obtain that

t

—xg € /CI)_I(S)B(S>U(S> ds.

Thus, X(t) = — / O (5) B(s)U(s) ds. (10)

From formulas (2) and (10) the next relationship between the sets R (¢, zo) and X (t)
follows:
R(t, x0) = @(t)(xo + (= X(1)). (11)
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Notice also that if 0 € U(t) for a.a. ¢ then the sets {X(t)};>¢ are are ordered by
inclusion: for 0 < ¢; < t5 we have X (t;) C X(t3). The sets {R(t,x)}>0 are not
ordered by inclusion.

Lemma 2.1. Consider a system (1) in which the set-valued mapping t — U(t)
has convex compact values, is uniformly bounded and measurable. Then the control
w:[0,T] = U(t) is extremal in the problem (4) if and only if

/<I> L t)dt € bd /<I> 1 U(t)dt =bd (=X (T)). (12)

Moreover, for any extremal control w : [0,T] — U(t) from formula (12) we have
0 € bd R(T, ).

Proof. Lemma 2.1 is simply rephrasing of formula (3) and equality (11). N

Lemma 2.2. Let us take an arbitrary xo for which in the time-optimal control
problem with a linear control system (1) the time T := T(xq) is finite. Let the
mapping t — U(t) be measurable, uniformly bounded, and have convex compact
values, 0 € U(t) for a.a. t > T.

Then, if for any At > 0 the inclusion holds
T+At
0 € int / O (s) B(s)U(s) ds, (13)
T
then Pontryagin’s mazimum principle is a sufficient condition for optimality in a
problem with the initial condition x(0) = xg.
Proof. For At > 0 we put

T+At

T(At) = / d(s)B(s)U(s) ds. (14)

T

Assume that for any At > 0 the condition (13) holds. According to formula (10),
due to the additivity of the integral over the integration limits, we obtain

T+At

X(T + At) = X(T) + ( - / =1 (s)B(s)U(s) ds) = X(T) + (~Z(AL)).

Since At > 0, then 0 € intZ(At), and therefore 0 € int (—Z(At)). Hence there
exists § > 0 which depends on At such that B(0,9) C (—=Z(At)). Moreover, it is
obvious that xy € X(T'), since by condition 7" = T'(x¢). Therefore

xo+ B(0,0) C X(T)+ B(0,0) C X(T) + (—Z(At)) = X(T + At).

Thus, the inclusion z¢ € int X' (T + At) holds. By Lemma 2.1 the control leading to
the point xy € int X(T'+At) is not extremal for any At > 0. Therefore, Pontryagin’s
maximum principle is a sufficient condition for optimality. [
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Lemma 2.3. Let a set-valued mapping t — U(t) be measurable, uniformly bounded,
and have conver compact values, 0 € U(t) for a.a. t > 0. The Pontryagin mazximum
principle is a sufficient optimality condition in the time-optimal control problem
with a linear control system (1) for any initial condition x(0) = xq € R™, for which
T(xo) < 00, if and only if for allt > 0 and At > 0 the inclusion

t+At
0 € int / d(s)B(s)U(s) ds (15)
1s fulfilled. t

Proof. For ¢ > 0 and At > 0 we set

t+At

Z(t,At) = / O (s)B(s)U(s) ds.

t

Sufficiency follows from Lemma 2.2. Let us prove necessity.

Suppose that there exist numbers ¢ > 0 and At > 0 such that 0 € bd Z(¢, At). So
0 € bd (=Z(t, At)). The set (—Z(t,At)) is a convex compact set and contains zero
on its boundary. By virtue of the finite-dimensional theorem on the separation of

a boundary point of a convex compact set from the same set, there exists a unit
vector p € R™ such that (p,0) = ¢(p, (—Z(t, At))).

Let us fix a point zg € bd X (t) for which (p, zo) = c(p, X(t)).

From formula (10) it follows the equality X (¢t + At) = X'(¢) + (—Z(t, At)). Hence,
since 0 € (—Z(t,At)) and zg € X(t), we obtain that the point zy = zo + 0 belongs
to the set X (t + At). From the equality of support functions at point p

c(p, X(t + At)) = ¢(p, X (1)) + ¢(p, (=Z(t, At))) = (p, z0) + (p,0) = (p, z0)

it follows that (p, z¢) = c(p, X(t—l—At)). Therefore, the point xq is a boundary point
of the set X (t + At).

By Lemma 2.1, there exists an extremal control u defined on the interval [0,¢ + At]
such that the solution (1) with this control takes the point x to the origin in time
t + At. But this extremal control u is not optimal, since zg € X'(t) and At > 0. [

Lemma 2.3 is a mathematical folklore. It can be found (sometimes partially and in
different notations) in some classic monographs, e.g. [3, Ch.2, §5, i.23].

Corollary 2.4. [t follows from Lemma 2.3 that if Pontryagin’s maximum principle
is a sufficient condition for optimality in the linear time-optimal control problem (4)
for any initial condition x(0) = xy € R™ with T(xy) < oo, then 0 € int X (t) for any
t>0.

Consider some criteria of optimality in terms of convex analysis.

Theorem 2.5. Let for the initial condition x(0) = zq in the time-optimal control
problem with a linear control system (1) the time T := T (xq) be finite. Suppose that
the mapping t — U(t) is measurable, uniformly bounded, and has convexr compact
values, 0 € U(t) for a.a. t > T.
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Then Pontryagin’s maximum principle is a sufficient condition for an extremum in
the time-optimal control problem with the initial condition xo if and only if for any
At > 0 the equality holds

N(X(T), zo) NN ((—Z(At)),0) = {0}, (16)
where Z(At) is given by formula (14).

Proof. Sufficiency. Let for any At > 0 the equality (13) be satisfied. If we have
0 € int Z(At) for all At > 0, then as follows from Lemma 2.2 Pontryagin’s maximum
principle is a sufficient condition.

Therefore, suppose that there exists a number o > 0 such that for all At € (0,0)
the inclusion 0 € bd (—Z(At)) holds.

From condition (13) it follows that for any number At € (0,0) and unit vector
p € N(X(T), xo) there exists a point z, s € (—Z(At)) such that (p, z, ) > 0. We
define the sets

M(At) = {0} U U {zpa} C (-Z(A))
Ipl=1, peN(X(T),z0)
and Z(At) = co (X (T) + M(A?)).
Notice that Z(At) C X(T) + (—Z(At)) = X(T + At).

If zy € int Z(At) for all At € (0,0), then from the inclusion Z(At) C X(T + At) it
follows that xy € int X (T'+At). By lemma 2.2 it follows that Pontryagin’s maximum
principle is a sufficient condition in the time-optimal control problem with the initial
condition z(0) = x.

Let us assume that there exists a number At € (0,0) such that zp € bd Z(At)
or, what is the same due to the convexity of the set Z(At), xy € bdcl Z(At). By
the finite-dimensional theorem on the separation of a boundary point of a convex
compact set from this set, there exists a unit vector ¢ € R™ such that

(q,z0) = c(q,cl Z(At)). (17)
Since xg € X(T') C cl Z(At), then, using (17), we have
c(g,cl Z(At)) = ¢(q, X(T)) = (g, x0) = c (g, L Z(At)).

Thus, in the previous estimate, equalities hold everywhere. Also note that we have

q € N(X(T), x0).
On the other hand we have

c(q, X(T)) = c(q, L Z(At)) = (g, w0 + Tgar) > (¢, 20) = ¢ (g, X(T)).

The obtained contradiction shows that the inclusion zy € bd Z(At) is impossible
for any At € (0,0). Sufficiency is proved.

Necessity. Let the unit vector p € R™ be contained in the intersection of normal
cones from (13) for some At > 0. Then X(T + At) = X(T') + (—Z(At)), and also
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xo € bdX(T), 0 € bd (—=Z(At)) and (p,zo) = c(p, X(T)), (p,0) = c(p, (—Z(AL)).
Hence g € X (T + At) and (p, xo) = c(p, X(T')) + (p,( Z(At)) = e(p, X(T + At)),
ie. 70 € bd X(T + At).

By Lemma 2.1 there exists an extremal control u : [0,7 + At] — U(t) with the
property 0 € bd R(T + At,xp). Thus, Pontryagin’s maximum principle is not a
sufficient condition in the considered linear time-optimal control problem with the
initial condition z(0) = . O

It easily follows from Lemma 2.1 that strict convexity of any reachable set R(t, x¢)
for all ¢ > 0, zp € R™, and inclusion 0 € rilf(s) for a.a. s € [0,t] gives sufficiency
of the maximum principle and uniqueness of the optimal control. This fact is very
well known for the case when U(t) = U under the so-called generality condition
[14, Ch. 3, §23, (89)] and for normal linear control systems with fixed U of special
form, see [7, 8]. Obviously, by Lemma 2.1, the reachable set for the system (1)
with B(t) = [ is strictly convex if and only if for any unit vector p € R" the set
(@~ 1(s)U(s))(p) is a singleton for a.a. s € [0,¢]. The last property is equivalent
to the fact that for any non-trivial solution ¢ (¢) of the equation (7) the extremal
control ug(t), defined by the formula

max (¢ (s), u) = (1(s), uo(s)), (18)

u€U(s)

is unique on the segment [0,¢]. Unfortunately, usually the uniqueness of g in (18)
is not easy to check, just like condition (13).

In the next section we will specify some sufficient conditions of optimality for the
maximum principle in terms of the controllability set X'(¢). In subsection 3.2, we
also prove the non-emptiness of the interior for some set-valued integrals, which is
of independent interest.

3. Simple control and analytic matrices

3.1. The case of a linear autonomous control system with simple control

We will call a set-valued mapping ¢t — U(t), t > 0, with convex compact values
simple, if

Ut) = Z Aw ()UK (2).-

Here for each k the set-valued mapping t — Uy, () is measurable, uniformly bounded
and has convex compact values. Moreover, there exists a set S C [0, +00) such
that for any ¢ > 0 the Lebesgue measure of the set S N [0,¢] is equal to t. For
all s,t € S, s <t, and all k = 1,...,m, the inclusion Ux(s) C U (t) holds. The
numerical functions A, (¢) are measurable, have strictly positive values for all k, and

there exists a number Ay > 0 such that Ay < :\\:((?) forall t,s € S.

Consider a linear autonomous system with constant matrices A(t) = Aand B(t) = I.
For it, the following assertion follows from Lemma 2.3 and Corollary 2.4.
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Theorem 3.1. Let the mapping t — U(t) be simple and 0 € U(t) for all t > 0.
Consider the autonomous system z'(t) = Ax(t) + u(t), u(t) € U(t).

In order for the Pontryagin mazimum principle to be a sufficient condition for opti-
mality in the time-optimal control problem for any initial condition x(0) = xy € R"
with T'(xg) < oo in the system under consideration, it is necessary and sufficient
that for any t > 0 the inclusion 0 € int X (t) holds.

Proof. Necessity follows from Corollary 2.4. Let us prove sufficiency.

Suppose that for every ¢t > 0 the inclusion 0 € int X'(¢) holds. Let us fix arbitrary
t >0 and At > 0.

Due to the autonomy of the system, we have ®~1(t) = e~. Therefore, replacing s
with s + ¢ in the integral, we obtain

A At At -
/ e~ U(s)ds = /e_A(S+t)Z/I(S +t)ds = e / e~ Z Ai(s + )Uk(s + 1) ds.
t 0 0 k=1

Since for all k£ for a.a. s € [0, At] the inclusion Ug(s + t) D Uy(s) holds, then

i )\k(S + t)L{k(s + t) D) i )\k(S + t)Uk(s)

and hence
t+At A

/ e U(s)ds D eAt/eAS i (s + t)Ui(s) ds

t

<

Since for each term in the last integrand the inclusion holds

Ak(s+1t)
)\k(S)

)\k(S)Z/{k(s> D )\0)\k<8)uk(8),

for a.a. s € [0, At], then

t+AL At .
/ e~ U(s) ds D Nge / e~ Z Ak (s)Uk(s) ds
¢ 0 k=1

At

= )\oe_At/e_ASLl(s) ds = Ne (=X (AL)).

0

According to the condition of the theorem, 0 € int X'(At) for any At > 0, then,
due to the inequality Ao > 0 and the non-degeneracy of the matrix e~4?, we have
0 € int (Aoe (=X (At))). The sufficiency of Pontryagin’s maximum principle
follows from Lemma 2.3. O
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3.2. System with analytic matrices
Let us consider the system (1) in the case of analytical matrices A(t) and B(t).

For the function ¥ : [0,+00) — RY, by analyticity we will mean the following
property: for any number sy € [0, +00) there is a radius R(sgp) > 0 such that

o0

®) (54
w(s) = Y Ll (s — st

k=0

in the circle (so — R(so), so + R(s0)) N[0, +00), i.e. the function ¥(s) can be rep-
resented by a Taylor series. Any analytic vector function has analytic components.
The product of analytic functions is an analytic function.

Recall that the identity theorem [10] holds for analytic functions. Let the function
U : [0, 400) — RY be analytic and there exist a countable set of points

{8}, C [0,+00), lim s; = sy € (0,+00),
71— 00

such that U(s;) = 0. Then ¥(s) =0 for all s € [0, +00). Note that the statement of
the identity theorem is certainly true if there is a non-trivial interval on the semi-axis
[0, 4+00) on which ¥ = 0.

It is known that in the case of analyticity of the matrix A(t), the fundamental
matrix ®(t) of the system z'(t) = A(t)x(t) is also analytic. This follows from the
corresponding results for differential equations with analytic right-hand side, see [2,
Ch. 6, §11]. In this case, the matrix ®~'(¢) is analytic too.

Theorem 3.2. Let in the system (1) matrices A(t) and B(t) be analytic, the set-
valued mapping t — U(t) be measurable, uniformly bounded and have convex compact
values, 0 € U(t) for a.a. t > 0. Suppose that the normal cone N'(U(t),0) for almost
all t > 0 is a nontrivial subspace and is given by the equation

NU(t),0) ={z eR™ : L(t)x =0},
where L(t) is an analytic matriz.

If for some ty > 0 the inclusion 0 € int X (ty) holds for the controllability set, then

foranyt >0, At >0
t+AL

0 € int Z(t, At), I(t,At) = / d(s)B(s)U(s) ds.
t
Proof. Put U(s) = (®7(s)B(s))".
Reasoning by contradiction, assume that 0 € bd Z(¢, At) for some t > 0, At > 0.

Since the set Z(t, At) is convex and compact, then by the finite-dimensional theorem
on the separation of the boundary point 0 of the set Z(¢, At) from the set Z(t, At)
there exists a unit vector p € R™ such that p € N (Z(t, At),0) and

t+At t+At

0= (p,0) =c(p,Z(t,At)) = / c (p, <I>_1(5)B($)L{(s)) ds = / c(U(s)p, U(s)) ds.

t t
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From here, as well as from the integrability of the function s — ¢ (V(s)p,U(s)) and
the non-negativity of its values, we have the equality ¢ (V(s)p,U(s)) = 0 for a.a.
s € [t,t + At], i.e. U(s)p e N(U(s),0).

Then L(s)¥(s)p = 0 for a.a. s € [t,t+ At], and therefore, from the continuity of the
function s — L(s)¥(s)p we obtain the equality L(s)¥(s)p = 0 for all s € [t, 4+ At].

Due to the analyticity of the function s — L(s)¥(s)p, by the identity theorem
L(s)¥(s)p = 0 for all s > 0. his means that ¥(s)p € N(U(s),0) for almost all

s >0, so
to

(p,—X (1)) = / ¢ (U(s)p.U(s)) ds = 0.

The latter contradicts the inclusion 0 € int X'(g).

The contradiction shows that the assumption 0 € bdZ(t, At) is false. Hence we
have 0 € int Z(¢, At) for all ¢t > 0, At > 0. O

Theorem 3.3. Let in system (1) matrices A(t) and B(t) be analytic and B(t) is non-
degenerate for all t > 0, the set-valued mapping t — U(t) be measurable, uniformly
bounded and have conver compact values, 0 € U(t) for a.a. t > 0. Suppose that the
normal cone N'(U(t),0) is a ray for a.a. t > 0: there exists a unit vector q(t) € R"
such that N'(U(t),0) = {Aqg(t) : X > 0}. Assume that the function t — q(t) is
analytic. If for some ty > 0 the inclusion 0 € int X (ty) holds for the controllability
set, then for anyt >0, At >0

t+At
0 € int / O (s)B(s)U(s) ds.

t

Proof. We use the notations from the proof of Theorem 3.2. The matrix ¥(s) =
(®1(s)B(s))" is analytic and non-singular for all s > 0.

Suppose that 0 € bd Z(t, At) for some ¢ > 0, At > 0. Then, by virtue of the finite-
dimensional theorem on the separation of the boundary point 0 of the set Z(¢, At)
from the set Z(¢, At), there exists a unit vector p € N (Z(t, At),0) such that

t+At t+At

0=c(p,Z(t,At)) = / ¢ (p, @' (s)B(s)U(s)) ds = / c(U(s)p,U(s)) ds.

t t

Hence, as in Theorem 3.2, ¢ (¥(s)p,U(s)) = 0 and ¥(s)p € N(U(s),0) for a.a.
s € [t,t+ At].

This means that WU(s)p = k(s)q(s), where k(s) > 0, for a.e. s € [t,t+ At]. Since the
function k(s) = (q(s), k(s)q(s)) = (¥(s)p, q(s)) is analytic for all s > 0, then from
the equality to zero of the expression WU(s)p — k(s)q(s) = 0 for a.a. s € [t,t + At]
from the continuity of s — W(s)p — k(s)q(s) it follows that it is equal to zero for all
s € [t,t+ At].

Due to the analyticity of the function s — U(s)p — k(s)q(s), the identity theorem
implies that it is equal to zero for all s > 0.
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Note that k(s) > 0 for all s > 0. If there exists a number s_ > 0 such that k(s_) <0,
then from the condition k(s) > 0 for t < s <t + At, by virtue of the intermediate
value theorem, there exists a point sy > 0 such that k(sg) = 0.

This implies the equality ¥(so)p = 0, which contradicts the non-degeneracy of the
matrix U(sg).

Thus, ¥(s)p € N(U(s),0) for almost all s > 0, so

to

c(p, —X(to)) = /c(\IJ(s)p,L{(s)) ds = 0.

0

This contradicts the inclusion 0 € int X'(#y). The contradiction shows that the
assumption 0 € bd Z (¢, At) is false. Hence, 0 € int Z(¢, At) forallt > 0, At > 0. O

Due to the structure of the normal cone N (U(¢),0) in Theorems 3.2 and 3.3 the
point 0 is a boundary point of U(t). Moreover, in Theorem 3.2 the condition that
the cone N (U(t),0) is a subspace is equivalent to 0 being a relatively interior point
of U(t). In Theorem 3.3, the point 0 is a point of smoothness of the boundary U(t)
in the sense that there is a unique unit normal at zero to the set U(t).

Note that the results of Theorems 3.2 and 3.3 can be transferred to a set-valued
integral of the form f; Aty U(s)U(s)ds, where U(s) is an n X n analytic matrix, and
U(s) is a convex compact subset depending on s.

Theorem 3.4. Let U(t), t > 0, be analytic n X n matriz, the set-valued mapping
t — U(t) be measurable, uniformly bounded and have convexr compact values, 0 € U(t)
for a.a. t > 0.

to
Let for some to > 0 the inclusion 0 € int [ W(s)U(s)ds be satisfied.
0

1. Let the normal cone N(U(t),0) be a nontrivial subspace for allt > 0 and for a.a.
t > 0 be given by the equation N'(U(t),0) = {x € R" : L(t)x = 0}, where L(t) is
an analytic matriz. Then for any t > 0, At >0

t+At
0 € int / U(s)U(s)ds.
¢

2. Let the matriz V(t) be non-degenerate for allt, and let the normal cone N'(U(t),0)
be a ray for a.a. t > 0: there exists a unit vector q(t) € R™ such that N (U(t),0) =
{Aq(t) : X >0}. Suppose that the functiont — q(t) is analytic. Then for allt > 0,
At >0 t+At

0 € int / U(s)U(s)ds.
t
Proof. The proof repeats the proof of Theorems 3.2 and 3.3. [
Theorem 3.5. Let the condition of Theorem 3.2 or Theorem 3.3 be satisfied. Then

Pontryagin’s mazximum principle is a sufficient condition for optimality in the time-
optimal control problem.
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Proof. By virtue of the corresponding theorem for any ¢ > 0, At >0

t+At
0 € int / ®1(s) B(s)U(s) ds.

t

The assertion of the theorem follows from Lemma 2.3. L]

4. Counterexamples

The first example demonstrates some general situation when the maximum principle
is not a sufficient condition of optimality.

Example 4.1. In R", consider the system 2/(t) = A(t)z(t) + u(t), where A(t) is a
given matrix with continuous coefficients and x(0) = 0. The control u(t) belongs to
U(t) = U, where U is such a convex compact set such that 0 € bdi/ and the normal
cone N(U,0) has non-empty interior.

Since z(0) = 0, the optimal time T'(0) = 0. Let us take the solution of the system
' (t) = —AT(t)y(t) with the initial condition ¢(0) € int N'(U, 0).

Then there exists a number § > 0 such that ¢(t) € N(U,0) for any ¢t € [0,0]. By
virtue of the maximum condition we have the equality

max (¢ (t),u) = (P(t),0) =0 Vt € [0,7].

ueU

This means that the zero control u(t) = 0, t € [0,4], is extremal, but not optimal,
since 0 > T'(x(0)) = 0. O

Example 4.2 shows that the analyticity of the matrices in Theorems 3.2 and 3.4 is
essential.

Example 4.2. Let A\(-) € C* be a function such that A(t) = 1 for ¢t € [0, 7],
A(t) = 0 for t > 2w, A(t) decreases monotonically for ¢ € [r,27]. Note that the
function A(+) is not analytic.

2
Let us denote ¢y = [ A(s)ds and to = 2.
0

In R? we consider a system of the form (1) with matrix A(t) = A(t)A, where

A= (? o ) B(t)=1 and U = co((—1,0)7,(1,0)).

The set N'(U,0) = {«(0,1)" : « € R} is a one-dimensional subspace.
¢

Note that ®(t) = exp { JA(s)ds - A} is the fundamental matrix ®'(t) = A(t)®(t).
0

Any solution ¢/ (t) = —AT(¢)1(t) is ¥(t) = (D2(¢))" p for some vector p € R™.
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Let t € (0,7]. Using the equality ®!(s) = e=4* for s € [0, 7], we obtain
¢ ¢

ﬁﬂw:/é*@uwz/aﬂuw

0 0

For p = (cos ¢, sin )T, p € [0, 27), the equalities

e 4 p = (cos(s + ), sin(s + )"
t t
and c(p,—X(t) = /c (e’ATSp,U> ds = / | cos(s +¢)|ds >0
0

0
are satisfied for all t € (0, 7], ¢ € [0,27). Due to the continuity of the last integral

¢
with respect to ¢, we have n[lin )f | cos(s + )| ds > 0. Therefore, 0 € int X'(¢) for
¥€(0,27)

all ¢ € (0,7]. Due to the monotonicity with respect to inclusion of sets {X(t)}+>o,
we have 0 € int X'(¢t) for all ¢ > 0.

Suppose that ¢ > to and At > 0. Then
A(s) =0 for s > ty, ®'(s) =e ¥4 = ( oS0 SiiPe )
—singy  cos @y
t+At t+At
and Z(t,At) = / 1 (s)Uds = / e #4Y ds
t ¢
= Ate " U = At - co ((cos pg, —singg)”) .

Thus, the set Z(t, At) has empty interior.

Since U is a centrally symmetric set with respect to zero, then —X () is the same,
and therefore X' (t) = —X(t).

Put p = (sin g, cos pg)?. Fix zg € bd X (ty): (p,x0) = c(p, X(ty)). Then for any
t
t > to the equality holds X (t) = X(ty) — [e U ds = X(ty) — (t — to)e " - U.

to
Since e~#04Y is a segment centered at zero and normal p, then (p,zo) = c(p, X(t))
and o € bd X (t). As follows from Lemma 2.1, the maximum principle is not a
sufficient condition of optimality for ¢ > t,. [

Example 4.3 shows that the property of the mapping ¢ — U(t) to be simple in
Theorem 3.1 is essential.

Example 4.3. In R?, consider a system of the form (1) with matrices

A@:A:(?‘§),B@ I

and

co(—(1,0)7,(1,0)7), € [0,7],
u@:{cq@mtuﬂﬁy >
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Obviously, t — U(t) is not a simple mapping.

From Example 2 we obtain that 0 € int X(¢) for all t > 0. For t = 7, At > 0 and
p = (cos g, sin )T we have

T+AL m+At T+At
c(p, / e U(s) ds) = / c(e_ATsp,U(s)) ds = / max{0, cos(s + ¢)} ds

At
= /maX{O, —cos(s+ )} ds.
0

If ¢ = 0 and At € (0, 37), then

T+At m+AL
c(p, / G_ASU(S)dS):O = 0&hd / e~ U(s) ds

and by Lemma 2.3 the maximum principle is not a sufficient condition of optimality.

Notice that for e; = (1,0)7 we have rank [e;:Ae;] = 2 and the generality condition
[14, Ch. 3, §23, (89)] is fulfilled. But for any ¢ > 7 zero is a relatively boundary
point for the set U(t) = co((0,0)7, (1,0)T). O
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