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1. Introduction and preliminaries

The primary objective of this paper is to provide methods for identifying (maximal) n-monotone operators using
convex analysis, following the framework outlined in [7, 8, 10], where n € NU {oo}, with n > 1, denoted asn € 1, 00 :=
{1,2,...} U{co}.

In particular contexts, e.g., under reflexivity and when the operator’s domain or range is convex, maximal cyclic
monotonicity coincides with maximal monotonicity (see, e.g., [9]). There is a substantial body of literature addressing
maximal monotonicity in reflexive spaces. Consequently, our focus is on the general context of dual systems that may
not necessarily stem from reflexive spaces or dualities between a space and its topological dual. Our main contribution
is a functional characterization of (maximal) n#-monotonicity in this broad setting (see Theorem 2.1, Theorem 2.2,
Theorem 2.7, Theorem 3.1, Theorem 3.5, Theorem 3.13 below).

This work intersects several previous lines of research (see, e.g., [1, 2, 4, 5]). What distinguishes our approach is
not only the breadth of context and results, but also the introduction of new functions and operators closely linked
to n-monotone operators. These innovations offer fresh insights and strengthen the link between convex analysis,
n-monotonicity, and applications (see, e.g., Theorem 2.11, Theorem 3.9, Corollary 3.11, and Example 4.6).

Throughout this paper, we use standard logical abbreviations; in particular, “iff” means “if and only if”.

In what follows, we adopt the following concepts and notations: for a multi-valued operator (or multi-function)
T : X 3 Y we associate it with its

values: T(x) c Y, x € X, graph: GraphT = {(x,y) e X XY |y € T(x)},

inverse: T™1 : Y 3 X, Graph(T™!) = {(y, x) | (x,y) € Graph T},

domain: D(T) := {x € X | T(x) # 0} = Prx(GraphT),

range: R(T) :={y € Y | y € T(x), for some x € X} = Pry(GraphT),

direct image: for A C X, T(A) = UxeaT(x) C Y,

inverse image: for BC Y, T™Y(B) = {x € X | T(x) N B # 0} C X.

Here Prx(x,y) := x and Pry(x, y) := y, (x, y) € X X Y are the canonical projections.

We do not identify an operator with its graph. A subset S C X XY is said to have a certain property if the associated
operator T : X =3 Y with GraphT = S has that property, and conversely.

For a topological vector space (E, 1), A C E,and f, g : E — R we denote by:

E - the topological dual of E;
cl, A- the p-closure of A; x € cly A iff x; LN x, for some net (x;); C A. Here utyn denotes the convergence of nets
in the u topology;

convA - the convex hull of A; x € conv A iff (x,1) = Y}_; Ax(xx, 1) for some
(/\k)keﬁ CR¥:= [O/ +Oo) = {7’ €ER | r= O}, (xk)keﬁ CA;
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Epi f :={(x,t) e EXR| f(x) <t} C E X R —the epigraph of f;

cly f - the u-lower semicontinuous hull of f, which is the greatest u-lower semicontinuous function majorized by
Epi(cly f) = cluxz, (Epi f), where 7q is the usual topology of R;

conv f —  the convex hull of f, that is, the greatest convex function majorized by f,
(conv f)(x) :=inf{t e R| (x,t) € conv(Epi f)};

cl, conv f —the p-lower semicontinuous convex hull of f, which is the greatest y-lower semicontinuous convex function
majorized by f;

Epi(cl, conv f) := clyxq, conv(Epi f).

Theset[f < gl:={x € E| f(x) < g(x)}; thesets [f = g],[f < gl [f > gl [f > g] are similarly defined; f < (<,>,>)g
means [f < (<,>,2)g] = E, or, equivalently, for every x € E, f(x) < (<, >, 2)g(x).

A(E)-  the class of proper convex functions f : E — R. Recall that f is proper if dom f := {x € E | f(x) < oo}
is nonempty and f does not take the value —co; f is convex if, for every x,y € E, t € [0, 1], we have
ftx+ (1 -t)y) <tf(x)+(1-t)f(y) while observing the conventions: co — co = 00, (- +00 = 0.

[W(E)-  theclass of functions f € A(E) that are u-lower semicontinuous.

We avoid using the u-notation when the topology is implicitly understood.

A dual system is a triple (X, Y, ¢), where X, Y are vector spaces, and c is a bilinear map ¢ = (;,-) : X XY — R. The
weakest topology on X, for which all linear forms {X > x — (x,y) | y € Y} are continuous, is denoted by o(X,Y)
and it is called the weak topology of X with respect to the duality (X, Y, c). The weak topology (Y, X) on Y is defined
in a similar manner. The spaces X and Y are regarded as locally convex spaces, endowed with their respective weak
topologies.

Given a dual system (X, Y, (-,-)),Sc X,and f : X — R. Then

e f*:Y — Ris the convex conjugate of f : X — R with respect to the dual system (X, Y, (-, -)), f*(y) := sup{{x, y)—

f(x) | x € X} for y € Y; similarly, the convex conjugateof g : ¥ — Ris g (x) = sup{(x,y) -8 |y e Y} for
x € X;

o Jf(x) is the subdifferential of f : X — Ratx € X;

df(x) ={yeY|VweX, <w—x,y>+f(x)§f(w)}, (1)

for x € X with f(x) € R; df(x) := 0 whenever f(x) ¢ R. Note that for an improper f we have
Graph(df) = 0.

* Z := X XY forms naturally a dual system (Z, Z, -) where

z-w:={(x,0)+u,y), z=x,y)€Z, w=(u,v)eZ. (2)

e St={yeY|VxeS, (x,y) = 0} is the orthogonal of S, 05(y) := 15(y) = supyes(X,y), y € Y is the
support functional of S; note that s = 151 whenever S isalinear subspace of X. Here 15(z)=0, for z€S,
and 15(z) =+o0 otherwise.

The space Z is endowed with a locally convex topology u compatible with the natural duality (Z, Z, -), meaning that
(Z, )" = Z. For example u = 0(Z,Z) = 0(X,Y) X o(Y, X). All notions associated with a proper function f : Z - R
are similarly defined as above. Furthermore, with respect to the natural dual system (Z, Z, -), the conjugate of f is

f9:Z R, fOz)=sup{z-z - f(z) |2 €Z}. (3)

By the biconjugate formula, f®° = clconv f, whenever f° (or clconv f) is proper (see e.g. [6]).

We use distinct notations for conjugates to reflect both the domain and the underlying duality: f* de-
notes the conjugate with respect to a general duality, while f° denotes the conjugate with respect to the
natural dual system associated with that duality.

To A C Z we associate ¢4 : Z — R, ¢4 := ¢ + 14, where ta(z) =0, for z € A, 14(z) = +o0, otherwise. The
Fitzpatrick function of A is

Qa:Z =R, @a(z) = c{(z) = sup{z - w — c(w) | w € A},
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and Y4 : Z — R, Y4 = @ = ci”. The functions @4, 4 were first introduced by Fitzpatrick in [7].
In particular when ¢4 is proper (or clconv c4 is proper),
Ya =clconvea, a=95.

Similarly, for a multifunction T : X =3 Y we define ¢7 := cGraph T, YT := Paraph T, and the Fitzpatrick function
of T, T := PGraphT- By convention we have ¢y = —oo, ¢y = conv cp = ¢y = +00 in agreement with the usual
conventions of infy = 400, supy = —co.

In expanded form, forT: X 3 Yand z = (x,y) € Z,

@1(z) =sup{z - w — c(w) | w € Graph T},
er(x,y) =sup{{x —u,v)+(u,y)| (u,v) € Graph T}. 4)

Let (X,Y,(:,-)) beadual system and letn e N, n > 1.
Anoperator T : X 3 Y'is

 n-monotone  (in  (X,Y,(,-)) if, for every {(xi,yi)}icry c GraphT  with
Xn+1 = X1, we have
n
D i = Xiat, yid = (e = X0, Y1) + o+ (Kot = X, Yo+ (X — X1, ) 2 0. ()
i=1
Equivalently, reversing the order of the pairs, T is n-monotone iff, for every {(x;, yi)};.i; € GraphT

with xg = x,,,
(Xn=Xn—1,Yn) + ... +{x2—x1,¥2) +{X1 — Xy, Y1)

n n ©)
= Z(xn+1—k — Xn—k, ]/n+1—k> = Z(xi — Xi-1, ]/1) > 0.
k=1

i=1
e cyclically (or co-)monotone if, for every k € N, k > 2, T is k-monotone.
* maximal n-monotone if T is n-monotone and it does not allow for a proper n-monotone extension in
terms of graph inclusion. Here n € 1, 00 := N* U {co}.

Every operator is inherently 1-monotone, and Z = X X Y is the only maximal 1-monotone set. The term
“monotone” typically refers to 2-monotone operators. For n,m € 2,00, withn < m, every m-monotone
operator is also n-monotone. Moreover, an operator that is both m-monotone and maximal #-monotone is
also maximal m-monotone. The prototype for cyclically monotone operators is given by the convex subd-
ifferential, as described in [8, Theorem 1, p.500] or Theorem 2.10 below.

Definition 1.1. For n € 1, oo, the n-th Fitzpatrick function associated with the operator T : X =3 Y is denoted

as <$T : X XY — R and is defined as follows:

(1)
Pr(x, ) == pr(x,y) := sup{(x — u,0) + (u,y) | (u,v) € Graph T}; 7)
for2 <n < oo:
(n)
Pr(x,y): = sup {{x=x1, y1)+ {1 —x2, yo)+ .. +(Xn1=%n, Yu) +{(Xn, YO}
{(xi,yi)}icT7CGraph T n
= sup (=2, y0) + ) (xict = i, yi) + (o, O} (8)
{(x1,i)};c75 CGraph T —
(c0) (n)
and = sgll) Q. 9)

o ) )
Note that (1pT = c?. For n € N, n > 2, after using a reversed pair order,

n
Prlx,y) = sup {4 = X, ¥} + D (nsak = Xuv1ok, Yrsr k) + (1, 1)}
{Grk, i) by €Graph T =2
n-1
= sup =, Ya) + ) (i = X0, Y0 + (1, ) (10)

{(xi,yi)}ier; CGraph T =
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()
For n,m € 1,00, with nn < m, it follows that (pT < (pT As a result we obtain (pT = limy 00 @p.

In general, forn € N, n > 1,and x € D(T), y € Y, if we pick (x;,y;) = (x,v),i € 1,1, for some v € T(x),
then, from (7), (8), <gno>T(x, y) = (x,y). Therefore

Graph T (D(T) x Y) U (X X R(T)) C [¢ > c]c[@7 = cl. (11)
forall T: X =3 Y and for all n € 1, . Note also that forall n € 1, o,

(n) (n)
or(x,y)=pra(y,x), xeX, yey. (12)

— —
Definition 1.2. For n € 1,00, ¢ : X XY — R is the convex conjugate of the n-th Fitzpatrick function,

defined as

) (m o
((PT) (13)

relative to the natural dual system (Z, Z, -).

(n)
Definition 1.3. For n € 1, o0, consider X7 : X XY - R given by

1) 2

Xr =cr, Xr(x,y) = inf{(x1, y) + (x —x1,y2) | x1 € T (y), y2 € T(x)}, (14)
for3<n<oo:
n-1

<n 7 + i~ i—/i+ —An-1,Yn

) ) = int LY ;x Xic1, Yi) + (X = Xuo1, Yn) | ’ 5

x1€TN(y), yn €T (x), {(xi, yi)};m= C GraphT

(0) (n)
and Xr(x,y) = H;E Hr(x,y). (16)

1 _
Note that dom X1 = GraphT and, for n € 2, oo,

) ()
dom X = [)’(T < oo] = D(T) X R(T).

Lemma 1.4. Let (X,Y,(:,)) be a dual system, let n € 1,00, and let T : X 3 Y.
- (n) (n) (n)
ThenVn € T,o0, @ = OXr)°, ¥ = (X(r)™® (17)
(n) (n) (n)
and, whenever (p 7 or clconv( () is proper, 1 = clconv(Xr).

(m) (n)
Forn,me 1,00, withn <m, Xt < Xr;in particular

(n) (n) (1) (n) (n)
Vnel,co, ¢T<){T<)'(T=CT, GraphT c [H7 <c] C [I,DTSC]. (18)

Proof. For (17) we use (7), (8), (9), (14), (15), (16) followed by the biconjugate formula.

(2) (2) 1
For every (x,y) € Graph T, pick x; = x or y3 = y in the definition of Xt to get X1 < ¢ = Xr.

Let n, m € N be such that 2 < n < m. For every (x,y) € D(T) X R(T) and every x; € T"'(y), ym € T(x),
{(xi, yz‘)}l@/m—_1 C Graph T, we have

m—1

(m)
YCr(x,y) < (en, y)+ (X = Xic, Vi) + (X = Xout, Y-

=2
For k € n,m — 1 take (xx, yx) = (xXy—1, Yn—1) to get

V(x,y) € D(T)x R(T), Vx; € T‘l(y), Yy, € T(x), V{(xi,vi)} C GraphT,

z€2n 1
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n—1

(m)
XCr(x, y) < @, y) + (= X1, Vi) + (= X1, ).

i=2

Pass to infimum over x1 € T~(y), yu € T(x), {(xi, yi)};c55— € GraphT to find

i€e2,n-1
(m) (n)
V(x,y) € D(T) x R(T), Xr(x,y) < Xr(x,y).

m n
Since elsewhere X 7(x,y) = Hr(x,y) = +oo the proof is complete. O

Lemma 1.5. Let (X, Y, ¢) be a dual system, and let f € A(X X Y) be such that f > c. Then

[f =clclf=cl (19)

Proof. Foreveryz,w e Z=XxYandt >0,z -w = %(c(z +tw) — c(z)) — te(w).
Letz € [f =c]. Since f > c and f is conveX, for every w € Z,

2w =lim H(c(z + tw) = () < lim H(fz + ) = f(2))

= inf 1(f(z + tw) - f(2)) < f(z + ) - f(2),

which shows that z € df(z). Hence f(z) + fP(z) = z - z = 2¢(z) and so,

2. n-Monotonicity

Theorem 2.1. Let (X, Y, (-, -)) be a dual system and let n € 1, co.
(n)
The operator T : X 3 Y is n-monotone iff Xt > c.
(n)

(n)
In this case, Graph T C [ X1 = c] and, whenever Graph T # 0, X is proper.
. . o
Proof. If n = 1 or Graph T = 0, then the conclusion is straightforward, as Xt = c7.
Otherwise, suppose thatn € 2,c0and T : X 3 Y has GraphT # 0.
Assume first that #n is finite. If T is n-monotone then, for every (x,y) € D(T) x R(T) and every x; €

T~ (y), yn € T(x), {(xi, ¥)};cz=1 € Graph T, the n-monotonicity of T on the pairs (x1, y), (x, Yu), (Xu-1, Yn-1), - -

provides
n—1

(01 = 2, Y+ 4 = X1, Ya) + ) (X = X, Yi) 2 0.

i=2

(n)
Pass to infimum over x; € T™Y(y), vy, € T(x), {(xi, vi)} C GraphT to obtain (X7 — ¢)(x,y) > 0.

i€2,n—1
(n)
Therefore Xt > c.
(n)
Conversely, suppose that X1 > c. For every {(x;, yi)};.75; € GraphT,

i€l,n

u )
D = xica, yi) + (1 = 2, y1) = Or = ), 1) 2 0.
i=2

According to (6), T is n-monotone.

The case n = oo follows directly as a consequence of the cases where 1 < n < co.
—m ) )
In general, for every n€1, oo, X7 < X7 = cr which implies Graph T € [X7 < c]. When T is n-monotone,
(n) ()
meaning that X1 > ¢, we obtain Graph T C [ X = c]. O

.,(XQ
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Theorem 2.2. Let (X,Y,:,-)) be a dual system and let n,m € 1,00. The operator T : X =3 Y is (n + m)-monotone
iff one of the following conditions holds:

(my _m) () (m) Lo
i) o< Xr, (i) ¢, <conv Xr, (i) ;< Y.

In this case,

- (k) (k)
Vkel,n+m-1, Grapth[(pT—c]ﬂ[}(T:c]ﬂ[conv){T—c]ﬁ[ng—c] (20)

(ky (k) k) (k) S —
and, whenever Graph T # 0, (pT, Y, conv X, X are proper, k € 1,n +m — 1.

(m) (my  {m)
Proof. If GraphT =0, then (pT = —oo, X1 = conv X1 = 1 ; = +00, and the conclusion follows. Otherwise,

suppose that Graph T # 0.
Assume that T is (n 4+ m)-monotone, where m > 1, n > 1 are finite integers.
For every (x,y) € D(T) x R(T), x| € T-Y(y), y,, € T(x) and every

{(xi, yi)iern V()Y jegm=r € GraphT,

the (n + m)-monotonicity condition (5) for the pairs

(xn/ yl’l)/ (xn—lr yn—l)/ ceey (xll yl)/ (xl yrln)/ (x;/n—ll yil’n—l)’ cecy (xé’ yé)’ (x;/l’ y)

provides
m—1
Z(xl—xl L)+ (=X, y) (- xg, 1,ym>+z<x — X Y+ =X, y) 20,
i=2 j=2
and

n
(=21, 1)+ > (i = i, i) + (o, Y S S Yy + (X = X Y (= Xy, ).
/ -

Pass to supremum over {(xk, yk)}77; € GraphT on the left hand side and to infimum over x/ € T (y),

(m) (m)
Y € T(x), {(x]’., y]’.)}jem—_l C Graph T on the right hand side to get <$T(x, y) < Xr(x,y). Since X1 = +o0

(m)
outside D(T) x R(T), we infer that (i) is true. In particular, Graph T C [<$T =c]N[ X1 = c], since, according

(m)
to (11), (18), Graph T C [<($>T >c]N[Xr <c],and <(Z>T is proper.
Assume that (i) holds. For every {(xi, yi)};ers U{(x}, )} jersm C Graph T

’ - ’ (n) ’ ’ (m) ’ ’
<xm _x1/y1>+z<xi—1 —xi/]/i>+<xn;]/1> < (PT(xm/yl) < }(T(xmlyl)
i=2

m—1 m
< (xh, Y0+ D = Y+ (= ) = X )+ Y = Xy,
j=2 =2
which leads to

n m
Z(xi — Xi-1, yl) + <x1 - x;/nr y1> + Z(x]/ - x],'_ll y]/> + <xi - Xn, ]/1> = 0/
i=2 j=2

i.e., the (n + m)-monotonicity condition for the pairs

(xn/ yn)/ (xn—ll yn—l)/ ey (xlz yl)/ (x;n/ y;/ﬂ)/ (x;/n_lr y;/ﬂ_l)/ ceey ('xil yi)r

holds. Therefore T is (n + m)-monotone.
(m) (m)  (m)
(i) & (ii) & (iii) are plain, ¢ 1, conv X1, X7 are proper, and (20) is true in this case, since qo r €I(Z)
(ny ~ (m) (m) (m) — (m)
and ¢ < ¢ =clconv(X7) < conv X1 < Hr.
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In case m = oo (or n = o0) we use the above argument for any finite integer 1 < m < oo (1 <1 < o0) and
pass to infimum (supremum) over m > 1 (n > 1) to conclude. O

Corollary 2.3. Let (X,Y,:,-)) be a dual system and let n € 1, co. The operator T : X 3'Y is (n + 1)-monotone iff

one of the following conditions holds:

(i) %)T <cr, (ii) GraphT C [<$T <c), (iii) Graph T c [<$T =]

, )
Proof. We use Theorem 2.2 for m = 1 to infer that T is (n + 1)-monotone iff <(p)T < X = ¢, that is, (i) holds;
(i) & (ii) is plain; and (ii) ¢ (iii) follows with the aid of (11). O

Definition 2.4. Given (X,Y,(:,-)) adual system,n € N,n > 2,and T : X 3 Y, the pair (x,y) € X XY is
n-monotonically related (m.r. for short) to T if, for every {(x;, y:)};ci7;—7 € GraphT,

(X = Xp_1,Y) +{(Xpo1 — Xpo2, Yno1) + ...+ (X2 — X1, y2) +{x1 — x,y1) > 0. (21)

The pair (x, y) € X X Y is cyclically (co)-monotonically related (m.r. for short) to T if, for every n > 2, (x, y)
isn-m.r. toT.

For n € 2,00, provided that T is n-monotone, (x, y) is n-m.r. to T if and only if Graph T U {(x, y)} is
n-monotone.

Theorem 2.5. Let (X,Y,(-,-)) be a dual system, let n € 2,00, and let T : X 3Y. Then
(1) [<n(b1>T <cl=A{(x,y) e XxXY|(x,y)isn-mrtoT};
(ii) T is n-monotone iff Graph T C [%DT <c] iff GraphT C [("(;)T =c].

Proof. (i) From (8), (21), it is easily checked that, forn € N, n > 2, (x, y) is n-m.r. to T iff (x, y) € [M(bDT <c].

As a consequence the same holds for n = co.
(ii) This fact has already been observed in Corollary 2.3. Alternatively, it follows from (i) and (11). O

The concept of (2-)monotonicity has been extensively studied in [10, 11, 12, 13, 14, 16, 17, 18] with the
key findings summarized in the following theorem.

Theorem 2.6. Let (X, Y, (:,-)) bea dual system and let T : X 3 Y. The operator T : X =3 Y is (2-)monotone iff one
of the following conditions holds:

(i) GraphT C [pr =c], (V) conver >,

(ii) %T <cT, (vi) there is he A(Z) with h > ¢ and GraphTC[h = c],
¢ VA o\ (D)
(iii) @ <¢p, (vii) ppv 2 ¢,
1
iv) Yr>¢, (viii) T** is monotone.

Here Graph(T") = [%}T <c|and T** =(T*)".
Theorem 2.7. Let (X, Y, (-, -)) beadual systemandlet T : X 3 Y. Theoperator T : X 3 Y is cyclically monotone iff

() GraphT c[§r(<)=cl (V) ¥y >c,

one of the following conditions holds: (ij) <(°5>T < <;(>T, (v) conv <;(>T > c,

(ili) @r < Py, (vi) there is h € A(Z) such that ¢ < h < Xr.

Proof. We may assume that Graph T # (), otherwise the argument is plain.
. . . (w) () ()
In this case and under any of the given conditions, ¢, {1, Xt are proper.

The equivalences of T being cyclically monotone with (i), (ii), (iii) are consequences of Theorem 2.5,
Theorem 2.2 for n = m = oo.
(iii) = (iv) For every z € Z,

(e0) (e0) (c0) (e0) (o0)
Vr(2) 2 5(P1(2) + 91(2)) = 5((91)°(2) + 91(2)) 2 52 -z = c(2).

(o) () ()
(iv) = (v) follows from ¢ = clconv X1 < conv Xr.
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()
(v) = (vi) is straightforward with & = conv Xr.

If (vi) holds then T is cyclically monotone due to Theorem 2.1. m|

Notice that condition (vi) in both Theorem 2.6, Theorem 2.7 shares the same structure, because h > ¢
@
and GraphT C [h =c]iffc < h < c7 = X7.

Remark 2.8. Forn € 2,00,let T,} : Z =3 Z be defined by
+ (n-1)
Graph(Ty) = "¢y < c],

i.e., z € Graph(T;)) iff z is n-m.r. to T, and let T,;* = (T,]);.
For any operator T, we have Graph T C Gmph(Té;r ). However, for n € 3, oo, it is generally not true that
Graph T c Graph(T,/™). More precisely,

AT :R*> 3 R?, Vn € 3,00, Graph T ¢ Graph(T;"). (22)
Take T : R? =3 R? given by Graph T = {(0, 0), (5,5)}. Then
{(1,1),(2,0.32)} € Graph(T})) = N, Graph(T}),

because

GraphT U {(1,1)} C Graph(&(%xQ)) ={(x,x)| x €R},
Graph T U{(2,0.32)} C Graph(d(7e5x")) = {(x, =x°) | x € R}.
However, for every n € 3, o0, we have (0,0) € Graph T \ Graph(T;}"), since
Graph(T,,;") C Graph((Tg);) € Graph((T)3),
and (0,0) ¢ Graph((TY)3), i.e., (0,0) is not 3-m.r. to T;¥, as evidenced when we verify (21) for (x,y) = (0,0),
(x1,v1) = (2,0.32), (x2, y2) = (1, 1). Indeed, in this case
(x = x2)y + (x2 —x1)y2 + (x1 —x)y; = —0.36 < 0.

Definition 2.9. Let (X,Y,(-,-)) be a dual system. Then, for T : X 3 Y and w = (xo, o) € Graph T define
Rockafellar’s antiderivative ry : X — R as

n—1

ry(x) :=sup{{x—xy,, yn>+Z(Xi+1—xi, yi)In = 1,{(xi, yi)};cx7; € GraphT}. (23)
i<0

It is worthwhile to recall Rockafellar’s result [8, Theorem 1, p. 500], which characterizes the convex sub-
differential as a template for cyclically monotone operators.

We provide a proof for the sake of completeness and in light of the broader context, particularly with
regard to equation (25) below.

Theorem 2.10. Let (X,Y,(-,-)) be a dual system. Then T : X =3 Y is cyclically monotone iff there is h : X — R
(h € T45(x,v)(X)) such that Graph T C Graph(dh). In this case,

Yw = (xo, yo) € Graph T, rf(xo) =0, GraphT C Graph(dry), (24)
and, for every x € X,

rf(x) = min{h(x) | h: X — R, h(xo) =0, Graph T c Graph(dh)}

(25)
= min{h(x) | h € Tyx,v)(X), h(xo) =0, Graph T C Graph(dh)}.

Here “9” represents the convex subdifferential taken with respect to (X, Y, (-, -)).
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Proof. Assume that Graph T C Graph(dh) for some h : X — R. For every integer n > 2 and {(x;, ¥i)};c7; €
Graph T, with x,,41 = x1, we have

D xi=xin yi) 2 ) h(xi) = hixin) =0,
i=1 i=1

that is, T is cyclically monotone.
Let T be non-empty cyclically monotone and let w = (xo,yo) € GraphT. For every (x,y) € GraphT,

n > 1,{(xi,yi)};ct; € GraphT we have from the cyclic monotonicity of T on the family {(xi, yi)};c5777 C
Graph T, where (x;11, Yu+1) = (X, V)
n-1
Z(xi = Xix1, Yi) + (Xn = X, Yn) + (X = X0, y) 2 0,
i=0
n-1
(X =X, Yn) + Z(xm = Xi, Yi) S (X = X0, Y)- (26)

i=0

After passing to the supremum in (26) over n > 1, {(x;, yi)}iel,_n C Graph T, we get that, for every (x,y) €
Graph T, r(x) < (x — xo,y) < co. This shows that D(T) C dom(ry’) and 77 (xo) < 0.
Taken = 1and (x1,y1) = (xo, Yo) in the definition of ¢ to find v (x) > (x—xo, yo), from which 7 (xo) > 0,
and so, ' (xo) = 0. Note that 7’ € I';(x,y)(X) since it is a supremum of continuous affine functions.
Arbitrarily fix x € X and (x,y) € Graph T. For every n > 1, {(x;, ¥i)},.;; € Graph T, from the definition

i€l,n
of r used for {(xi, yi)};cg777 € Graph T, where (X441, Yn+1) = (X, ), we find
n-1
P 2 (=X )+ (T = X, ya) + Y (X1 = X, i),
i=0

Pass to supremum over n > 1, {(x;, vi)} C GraphT to get

ieln
r;?(x) 2 <x - y/ y) + V%}(E),

thatis, (x, y) € Graph(dry). Therefore Graph T C Graph(dry).
Let i : X — R be such that h(xy) = 0 and Graph T c Graph(dh).
For every {(xi, i)};ct;; € Graph T we have (x;+1 — xi, yi) < h(xi+1) = h(x;), i € 1,1 and so

n-1

n-1
D (i = xi, i) < ) [h(xi) = h(xi)] = h(x,).
i=0

i=0
Together with (x — x,,, y,,) < h(x) — h(x,) one gets that for every x € X

n—1
(0 = X, ) + Y (xier = i, yi) < h(x).
i=0
Hence rf’ < h. O
Theorem 2.11. Let (X,Y,{,-) be a dual system, let T : X = Y, and let
w = (X0, Yo) € GraphT. Then, for every x € X,
, (e0)
P () = 91 (x, yo) = (x0, o). (27)
Proof. Relation (27) is an immediate consequence of (9), (10), and (23). O

Corollary 2.12. Let (X,Y,(:,-)) be a dual system and let T : X =3 Y be cyclically monotone. Then,

Vxg € D(T), Vyo, yj € T(xg), ¥ = piXo0), (28)
Equivalently, for all x € X, for all xo € D(T), and for all yo, y, € T(xo),

@0, 10) — (%0, y0) = Pr(x, ) — (x0, v))- 29)
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Forevery h : X — R such that Graph T c Graph(dh) we have

Vx € X, Y(xo, yo) € GraphT, h(x) = h(x) + o (x). (30)
Proof. Relations (28), (30) are direct consequences of (25). According to (27), (29) is equivalent to (28). O

Theorem 2.13. Let (X,Y,(-,-)) be a dual system and let T : X 3 Y. Define the operator

Kr:D(Kr) = D(T)XR(T)CZ=XxY 3 Z
as Kr(x,y) := T"X(y) x T(x), (x,y) € Z, or, equivalently

((x,y),(u,v)) € GraphKr & (x,v),(u,y) € GraphT. (31)
Then T is cyclically monotone in (X, Y, -, -)) iff Kr is cyclically monotone in (Z, Z, -) iff D(T) X R(T) € dom <(2>T iff

Graph Kt C Graph(a<(;>T) (32)
()
iff Graph Kt C Graph(di) ). (33)
Here “9” represents the convex subdifferential taken with respect to (Z, Z, -).

Proof. We may assume that Graph T # 0, otherwise the argument is straightforward. Fix ((x,y), (u,v)) €
Graph Kr, that s, fix (x,v), (4, y) € Graph T. Forevery n > 1, {(xi, ¥i)},c7;; C Graph T, use (8), the definition
of <n(52>T, on the pairs

(x/ U), (xﬂ/ ]/n)/ cecy (xlr yl)/ (1/[, y)

to get that, for every (a,b) € Z,

n-1
(n+2)

¢ p(a,b)>(a—x,0)+{x —xy, Yn) + Z(x,-+1 —Xi, Yiy+{x1 —u,y)+u,b).

i=1

Pass to the supremum over {(x;, v;)} C GraphT to find for all (a,b) € Z,

i€ln

(n+2)

(n)
@ (a,b)>(a—-x,0)+@p(x,y)+{u,b-y).
Therefore, for all (x,v), (u,y) € GraphT and all (a,b) € Z,

(n+2)

¢ p(a,b) = (u,0)- ((a,b) - (x, 1)) + Pr(x, ). (34)

Pass to the supremum over n > 1 to obtain for all (x,v), (4, y) € Graph T and all (a,b) € Z,

@ra,b) = (u,0)- (a,b) = (x, ) + P7(x, y). (35)
From (35),

D(T) x R(T) € dom @7 & VY(x,0),(u,y) € GraphT, (u,v) € dPy(x, y)
& Graph Kr C Graph(8<(oﬁ>T). (36)
Conditions (32) and (33) are equivalent because

() ()
(8(pT)_1 =di, and (Kr)™t = Kr.
Assume that T is cyclically monotone. According to Theorem 2.2, <(E>T < QT. In particular we have D(T) x
R(T) = dom OQT C dom <(05>T. From (36) we conclude Graph Kt C Graph(8<(oﬁ>T).
Assume that Graph Kt C Graph(8<<oﬁ>T). Then K7 is cyclically monotone, since so is 8<(05>T. Also, D(T) x
R(T) = D(Kr) C dom @'p.
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Pick b = yin (35) to getv € 8<(05)T(-, y)(x); whence, according to (27),

GraphT C Graph(a%gT(-, y)) = Graph(ar(Tu’y)); (37)

in particular T is cyclically monotone.
Assume that Kr is cyclically monotone. For every finite integer n > 2 and for every {(x;, vi)},.; U

{(u;, yi)}ieL—n C GraphT, the n-monotonicity condition of Kr on the set {((x;, v;), (u;, Ui))}iel,_n C Graph Kt
translates into
n n n
D (i yi) = Ceinn, yinn)) - (i, 00) = (00 = Xiw, 00) + D (i, Yi = Yit) 20, (38)
i=1 i=1 i=1

where (Xn41, Yns1, Uns1, Ons1) = (X1, Y1, U1, 01).
For some i € 1, n we take (1, y;) = (1, y) a fixed element of Graph T to obtain )., (x;j—x;+1,0;)>0,ie,T
is n-monotone. Therefore T is cyclically monotone. O

Remark 2.14. As we have seen in (37), we note that (24) is a consequence of (32) via (35). More precisely,
given T cyclically monotone and w = (x¢, yo) € GraphT,

» (o)
rr(x0) = @ (x0, yo) — (X0, Yo) = 0,

because, according to Theorem 2.7 we have Graph T C [<(2>T = c]. O

Remark 2.15. It has been observed in several places (see e.g. [7, Theorem 3.4] or [3, Theorem 3.3]) that
T : X 3 Yis monotone in (X, Y, (-, -)) if and only if At := {(z,z) | z € Graph T} is (cyclically) monotone in
(Z,Z,-), mainly, because, for every n > 1 and {z1,...,2z,} C Z, z,4+1 = z1, we have

n n

D czi—zin) = D [e(zi) + e(zin) = 2 - zisa]
i=1 i=1
= 2[26(21') —Zj-Ziz1] = Z(zz' —Zi41) " Zi (39)
i=1 i=1

Although Ar cannot differentiate between various types of monotonicities, its extension Kr can, namely,
forn €2,
T is n-monotone in (X, Y, (:,-)) & Ky is n-monotonein (Z,Z,-). (40)

Indeed, the converse implication in (40) is established within the proof of Theorem 2.13.
Directly, if T is n-monotone then so is T~!.
For every {(xi, vi)};c75 YU {(ui, yi)};cry; € Graph T, with

(xi’l+]./ Yn+1,Un+1, vn+1) = (xll Yi,U1, Ul),

Yiii{xi — xi41,0i) > 0 because T is n-monotone, )i (Ui, yi — Yi+1) = 0, since T~! is n-monotone, and so,
(38) holds, that is, Kt is n-monotone. O
Analogous to Theorem 2.13, the following variant of Theorem 2.10 can be established.

Theorem 2.16. Let (X,Y,(-,-)) be a dual system. Then T : X =3 Y is cyclically monotone iff one of the following
conditions holds

¥Y(3)yo € R(T), D(T) € dom ¢ (-, yo), (41)
V(F)yo € R(T), GraphT C Graph@(ggT(-, Y0)), (42)
V(I)w = (xo, yo) € Graph T, GraphT C Graph(dry). (43)

Here “9” represents the convex subdifferential taken with respect to (X, Y, (-, -)).

Theorem 2.17. Let (X,Y,(-,-)) be a dual system, let n € 1,00, let T : X 3 Y, and let Kt : Z 3 Z be defined as in
(31). Then
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(n) 1) (1)
Py, (x,y,u,0)= @T(x,v) +or(u,y), x,ueX, y,vey, (44)
(1) (n) (n)
lPKT(-X/ ]//uzv) = lan(xl U) + I;bT(ul ]/)/ xlu € X/ ]/;U € Y/ (45)
((xo y0),(10,v0)) (x0,v0) (yo uo)
X, y) =1y x)+ Ty ),
K (x,y) = ( (v 46)

(x,y) € X XY, (x0,00), (1o, yo) € GraphT,

and T is (maximal) n-monotone (in (X,Y,(-,-))) iff Kr is (maximal) n-monotone (in (Z, Z, -)).
If T is cyclically monotone in (X,Y,(:,-)) then, for every (x,y) € X XY, every (xo,vo) € GraphT, and every
(uo, yo) S Graph T,

e ) < G () = ) (o), (47)
<(0;)>T(X/UO) + (PT(uofy) = (x0,v0) — (U0, Yo) < (PT(x,y) - <(?>T(X0,y0)- (48)

Proof. For every finite integer n > 1, for every (x,y), (1,v) € X X Y, and for every {((x;, vi), (u;, vi ))}l€1 m
Graph K7, i.e., {(xi, vi)} ;17 U {(i, yi)};cr7 € Graph T we have

n-1
(2, y) = Con, ¥) - (1, 00) + > (i, Yisn) = (i, 92)) - (11, 03) + (21, 1) - (1, 0)

i=1

n-1 n—1
= (X=X, O D (X1 = X0, 00) (X1, O) 4t Y = Y+ Y (W, Yisr =)+, Y1)
i=1 i=1

After we pass to the supremum over {(x;, vi)};cg7 U {(ui, yi)} C Graph T, we find that

i€l,n

<$KT(X Y, 1u,0) = Pr(x,0) + P (y, 1) = Prlx, 0) + Prlu, y).

Let n — oo to complete (44). Relation (45) is obtained from (44) by convex conjugation.

The equality in (46) is similarly verified or it is yielded by (44), (27), (12).

If n = 1 then T is maximal 1-monotone in (X, Y, (-, -)) iff Graph T = X X Y iff Graph Kt = Z X Z iff Kt is
maximal 1-monotone in (Z, Z, ).

Assume that T is maximal 7- monotone in (X,Y,(,-)), for some n € 2, c0. According to Theorem 3.1

below, [<n(bl>T < c] ¢ GraphT and ' (p 7 = c. Similarly, since T-1 is maximal n-monotone, [<n(b1>T 1 <c]c

Graph(T~!) and <ngo >T 1 > c. After using (44), (12), and (p > (p 7-1 = ¢, one finds that [<n 1>1< <C]c
Graph K.

Here C(z,w) = z-w, z, w € Z. Therefore, again from Theorem .1, Kt is maximal n-monotone in (Z, Z, -).
Conversely, if Kt is maximal n-monotone then [ (p Kk <C ] € Graph K7, which yields, after considering

(44), that [<n(b1)T < c] c GraphT,i.e., T is maximal n-monotone.

If T is non-empty cyclically monotone then, for every (xg, vo) € Graph T, we have Graph T C Graph(&r(Txo’UO)).

Therefore Graph Kr € Graph(df), where
flx,y) = r;xo’v(’)(x) + (r(Txo’UO))*(y), xeX, yeY.
Using (25) for K yields that, for every x € X, y € Y, (x¢, vo), (10, yo) € GraphT,

g;fo /y0),(uo, UO))(x ) — r(xo UO)(x) + 7,,(yO uO)(y) < f(x, y) _ f(x()/ yO)

= 7@ + () () = () (o),
from which (47) follows.
Similarly, from Graph Kt C Graph(8<(oﬁ)T) we get

(e0) (c0)
;((;CO Yo),(uo, UO))(X y) _ r(XO UO)(x) + r(yO MO)(y) < QOT(xr y) _ (PT(XO/ yO)

which provides (48) via (27). o
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Proposition 2.18. Let (X, Y, (-,-)) be a dual system and let h € T'yx y)(X). Then Ky, = df, where f(x,y) :=
h(x)+h'(y), xeX, yeY.

Proof. Tt suffices to note that Graph(dh*) = Graph(dh)™L. m]

3. Maximal n-monotonicity

Theorem 3.1. Let (X,Y,(-,-)) be a dual system and let n € 2, co. The operator T : X 3 Y is maximal n-monotone
iff one of the following conditions holds:

(i) GraphT = (D)[m(bl)T <c];
(ii) “’cb”T > ¢ and GraphT = ['¢'y = c];

(111) (p r 2 cand T is n-representable, which is defined as T is n-monotone and

3 e1(2), ¢ < f <max("p", "0}, GraphT = [f = ¢l (49)

(iv) T is n-representable and, for every (x,y) € X XY, condition Cy(x, y) holds, where

Ca(x,y): I(x1,y1) € GraphT, (x —x1,y1)+{(x1 —x,y) =0, (50)
3{(xi, yi)}jerg € GraphT,
For3<n<oo, Cy(x,v): i (51)

<x—x1,y1>+Z<xi_1—xi,yi>+<xn—1—x,y> >0,

i=2
Coolx,y): 3meN, m > 2, Cp(x,y) holds. (52)

Proof. Assume that T is maximal n-monotone. Every (x, y) € [<nq_01>T < c]is n-m.r. to T which is n-monotone.
Hence GraphT U {(x, y)} is n-monotone and contains Graph T, from which (x,y) € GraphT. We proved

[<"¢1)T <c] c GraphT.
Using Corollary 2.3 or Theorem 2.5, we deduce the converse inclusion from the n-monotonicity of T, thus
completing the proof of (i).

Suppose that (i) holds. Let M be any n-monotone extension of T. Then every (x, y) € Graph M is n-m.r.

to T, because M is n-monotone and contains T. From Theorem 2.5 (i) we know that (x, y) € [<ng_01>T <c]c
GraphT. We proved that Graph M C Graph T. Therefore T is maximal n-monotone.

(if) = (i) is plain, since <;lqb1>T > ¢ provides [<ng51>T <c]= [<ngbl>T =c].

(i) = (ii) According to (11), [<"(bl>T < c] ¢ GraphT C [<”(;>T > c]. Hence we have [<nq51>T <cl=0,i.e,

w(bl)T > ¢, and GraphT = [n(p >T =c].

(il) = (iii) is stra1ghtforward from Theorem 2.5 (ii) with f = ‘G 1>T.

(n-1)y {(n=1)
(iii) = (ii) Let y T =max{ ¢ 1, ¥ 1}
Since T is n-monotone we know from Theorem 2.5 (ii) that Graph T C [<n(b1>T =c].
Conversely, let z € [<ng_01>T = c]. Then T is non-empty, <n(b1>T € I'(Z), and, according to Lemma 1.5, z €

(n-1)

[ ¢ ;=c];whencez € [<71)}1>T =c]C[f =c] c GraphT.
(iii) = (iv) Assume that 7 is finite. If (x, y) € Graph T then we take (x;, y;) = (x,y),i € 1,n — 1, for which

n—1
(x —x1,y1) +{x1—x,y) ={x —x1,y1) + Z(xi—l = Xi, Yi) +{xn-1— X, y) =
i=2
If (x,y) ¢ GraphT then, since T is maximal n-monotone, {(x, )} U Graph T is not n-monotone. Hence,
there is {(x;, yi)}; C Graph T such that

zeln 1

(X = xn-1,Y) +(Xn-1 = Xp—2, Yn-1) + ... +{x2 = x1, y1) +{x1 — x,y1) < 0.
n-1
In both cases we get (x —x1,y1) + Z(xi_l —Xi, Yi) +{(Xn-1—x,y) = 0.
i=2
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When n = o and (x,y) ¢ GraphT, {(x, y)} U Graph T is not co-monotone. Therefore, for some m € N,
m > 2,{(x,y)} UGraphT is not m-monotone and we proceed as above.

(iv) = (iii) It suffices to prove that <nq_01>T >c.

For every (x,y) € X XY letm € N,m > 2 and {(x;, yi)};c7;,—7 € GraphT be such that (52) holds, with
m = n when n is finite. According to C,(x, y), we have

m—1
(n—1) (m-1)
o r(x,y) 2 @ p(x,y) 2(x—x1,y1) + Z(xi—l = Xi, Yi) + (Xm-1,¥) 2 (X, y). m|
i=2
Remark 3.2. In the specific cases where n € {2, oo},
. . (n-1)
T is n-representable iff 3f € I['(Z), c < f < 1 4, GraphT =[f =c]; (53)

(n-1) -1
because, in this case, according to Theorem 2.6 and Theorem 2.7, T is n-monotone iff 1 > <n(p >T iff

(n-1)
Y 1 2 c. In particular

Vn € {2, 00}, (T is n-representable = T is n-monotone). (54)

(n-1) (n-1)
Because f € I'(Z), wecanrelax f < ¢ in(53)to f < X ,and GraphT = [f = c] to GraphT D [f = ]

(n=1) (n=1) .
because fromc < f < ¢ < X 1 < X7 = cr we know that GraphT C [f = c]. More precisely, for all

n € {2, o0},

(n-1)
T is n-representable iff 3f € I'(Z), c < f < X 7, GraphT D [f =c]. (55)
The 2-representability definition aligns with that in [10], i.e.,

T is 2-representable iff 3f € I'(Z), f > ¢, GraphT =[f =], (56)

O] &
since, from GraphT C [f = c], we obtain f < ¢y = Xr. Consequently, the condition f < 1 is

redundant.
Note also that, for n € 2,

T is co-representable = T is n-representable = (19) = T is 2-representable. (57)

Indeed, the penultimate implication is plain, and the final implication follows from (56). For the first im-
plication we assume that T is co-representable, i.e., we assume GraphT = [f = c], for some f € I'(Z) with

(c0) _
¢ < f £ 1 ;. Since T is co-monotone, for every n € 2, 0o, we know that T is n-monotone and

(n-1) (o0) (e0) (n-1)
R
1 (n-1) (n=1)

(n-1)
Therefore f < ¢ ;=max{ ¢ ', ¢ ;}andsoT is n-representable. m]

Theorem 3.3. Let (X,Y, (, 22_}76 a dual system, let n € {2, oo;»hgﬁd let T : X 3Y be such that Graph T # 0.

Then T is n-representable iff ¢ > ¢ and GraphT(D) = [ ¢ = c] iff T is n-monotone and Graph T (D) =
(n-1)

[ ¥ r=cl
Proof. The second equivalence is plain due to Theorem 2.6 and Theore{n 2.7.
e

The converse implication in the first equivalence is plain; take f = ¢ 1 (sgg also (18)). Assume that T is
n-representable, that is, Graph T D [f = c], forsome f € [(Z) withc < f < ¢ .

(n-1)

Together with (18) we conclude that GraphT = [ ¢ | = c], since

(n-1) (n-1) (n-1)
[ ¢ p=clcf=cl(Q)=GraphTC[ ¢ ;<c]=[ ¢ ;=c] O
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Proposition 3.4. Let (X, Y, (:,-)) be a dual system and let h : X — R. Then

(c0)

V(x,y) € X XY, Xon(x,y) = (h+ tpen)(x) + (B + tron)(y). (58)
(c0) . . "

V(x,y) € X XY, @ 5,(x,y) < (" + trn)"(x) + (I + tpen) (v)- (59)

If, in addition, h € T(x y)(X) then dh is cyclically representable.
() 00
Proof. 1f Graph(dh) = 0 then Xy, = +oo, <(p>ah = —o0, and so (58), (59) are true.
Assume that Graph(dh) # 0. For every n € N, n > 3, every (x,y) € D(dh) X R(dh), and every

x1 € (Oh) ™M (y), yn € IN(x), {(xi, yi)}ez=y € Graph(dh),

n-1
we have(x1, y) + > | (Xi = i1, i) + (X = X1, Yu)
i=2 n—1

> h(xy) + B (y) + Y () = BCxio)] + () + 1 () = (Xuo1, Y)

i=2

= h(x1) + 1 (y) + [h(xn-1) = h(x)] + h(x) + B (yn) = (X1, Yn)
= h(x) + h*(y) + h(xp-1) + h*(Yn) = (Xn-1, Yn) = h(x) + 1*(y).

Pass to the infimum over x; € (dh)™1(y), y, € dh(x), {(x;, Yi)tes—7 C Graph(dh) to get

(n)
V(x,y) € D(dh) x R(dh), Vn €N, n >3, h(x)+ h*(y) < Xon(x,y),

()

(n)
V(x,y) € D(dh) x R(dh), h(x) + h*(y) < ]gg Hon(x,y) = X ou(x, y).

(c0)
Since dom( X 55) = D(dh) x R(dh), (58) holds; (59) is obtained by convex conjugation.
If, inaddition, h € I'5(x,y)(X), then leiioé(x, y) = h(x)+h*(y),x € X,y € Y. Clearly, f € I'(Z), Graph(dh) =
[f = c], and, according to (58), c < f < X ,;,. Hence dh is co-representable (see (55)). O

Theorem 3.5. Let (X, Y, (-, -)) be a dual system and let T : X =3 Y be cyclically monotone. The following statements
are equivalent:

(i) T is maximal cyclically monotone,

(i) T = 9h, for some h € T'5(x,v)(X), and, for every (x,y) € X XY, therearen € N, n > 2, and {(x;, Yi)lictag C
Graph T such that

n—1

(x = X1, Y1) + Y (xio = xi,y) + (X1 — %, ) 20, (60)

i=2

where for n = 2 the previous inequality reads (x — x1, Y1) + (x1 — x,y) > 0.

(iii) T = Jh, for some h € T 5(x v)(X), and <(2>T > c.

(iv) T = Jh, for some h € T 5x v)(X), and T admits a unique maximal cyclically monotone extension.
Proof. (i) = (iv) is plain; (i) = (ii) is a consequence of Theorem 2.10, Theorem 3.1.

(if) = (iii) and (iii) = (i) follow from Proposition 3.4, Theorem 3.1.

(iv) = (iii) It suffices to prove that <(05>T > c¢. Assume by contradiction that there exists z( € [<(°5>T < c]. Let

w ()

flx,y)=h(x)+h*(y),(x,y) € Z. Then f e(Z), f = f® > c,and f > <(p>T, since (58) provides f = % < Xr.

Assume that M is the unique maximal co-monotone extension of Graph T. According to Theorem 2.5 (i),

() . S .
every z € [ < c]is co-m.r. to T which is co-monotone. Hence Graph T U {z} is co-monotone. From Zorn’s
Lemma, Graph T U {z} admits a maximal co-monotone extension which is also a co-monotone extension of
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(o0

GraphT, so, every such extension coincides with M. In particular z € M. We proved that [(p>T <c]c M.

In particular [<€5>T < c] is (2-)monotone.

We claim that dom f c {zo}" :={z € Z | c(z — z¢) = 0}.

Indeed, if there is a z € dom f (C dom<<°ﬁ>T) such that c(z — zg) < 0 then z ¢ [<(2>T < ¢,
since [<(05>T < c] is monotone and z( € [%gT < c]. Hence z € [<(°5>T > ¢] N dom <(05>T. From the continuity
of a : [0,1] = R, a(t) := (<(°5>T —c)(tz + (1 — t)zp) together with a(0)a(1) < 0, we infer that there exists
s € (0,1) N [a = 0], that means, w := sz + (1 — s)zg € [(Ez?T = c]. It follows that c(w — zg) = s%c(z — zo) < 0,

which contradicts the monotonicity of [<$)T < c]. Our claim is proved.
Therefore, for every z € dom f

f(z)=2c(z) 2 c(z) —c(z—2z0) =220 — c(z0) = c(z0) 2z-20— f(2).

We find that zg € [f® = ¢] = GraphT C [(EgT = c] a clear contradiction. Hence <(Z>T >c. O

Remark 3.6. Note the power of the condition T = dh, for some h € I';(x y)(X). In its presence the argument
in the proof of Theorem 3.5 actually shows that

(o)
[ < c] monotone

{0

= GraphT = [(p>T <c]= [<(E>T = c] is maximal oo — monotone. (61)
Example 3.7. LetT : D(T) =[0,+00) CR — R, T(x) = 0. Foreveryn € 2,00, x,y € R

) _ 3 - 0, y<0
pr(x,y) = i‘;g”y = -, 0)(y) = { +o0, ¥ >0

7

7

{ L[0,+oo)(x)/ y= 0

) g _ _
Yr(x,y) = (@) (v, y) = sup (xo+uy) = 400, y#0

v<0,uc€R

(c0) (c0)
T is co-representable, since 1 > ¢ and GraphT = [ ; = c], and T is not maximal co-monotone, because

<$>T # c¢. Consequently, T is neither a maximal monotone operator nor the subdifferential of any proper,

convex, and lower semicontinuous function. m]
Let (X,Y,(:,-)) be a dual system and let 1 : X — R. To h we associate
hY X >R, h¥(x) 1 = (0" + trew)*(x) = sup{(x, y) - I*(y) | y € R(9h)}
= sup{(x —u, y) + h(u) | (u, y) € Graph(dh)},
B Y - R, h®(y): = (h+ tpan)(y) = sup{(x, y) - h(x) | x € D(Oh)}
= sup{(x,y —v) + h*(v) | (x,v) € Graph(dh)},

(62)

(63)

Proposition 3.8. Let (X, Y, (-, -)) be a dual system and let h : X — R. Then

(i) h¥ < h*, h® < h*; for x € D(dh), h®(x) = h**(x) = h(x) = h®*(x), and, for y € R(dh), h**(y) = h*(y) =
he(y),

(ii) hV is proper iff Graph(dh) # 0 iff h® is proper. In this case h" € T'y(x v)(X), h® € Ty, x)(Y).
(iii) Foreveryn € N, n > 1, h"Y = h", where
W™ (x) = sup{{x—x1, y1)+{(x1—x2, y2)+ ... +{Xu_1=Xu, Yn)+h(x,) |
{(xi, i)}ty © Graph(dh)}.
(iv) Graph(dh) c Graph(dhV) N Graph(dh®)~!.
Here h®* := (h®)*, hV* := (hY)".

(64)
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Proof. (i) hY < h* follows directly from h* + ig(op) = h* or the definition of dh. Similarly, 1 + tpp) > h
implies that h® < h*.

If x € D(dh) then pick u = x in the definition of h"”(x) to get h”(x) = h(x). Together with h" < h* <
h®* = (h+tpn))™ < h+1pn) thatyields h¥(x) = h**(x) = h(x) = h®*(x). In a similar fashion, for y € R(dh),
h* € T(Y), because Graph(dh)~! c Graph(dh*), h®(y) = h*(y), after we take v = y in the definition of h®,
and h® < h* = ™ < hY = (" + (rn))™ < h* + tron) provides hY*(y) = h*(y) = h®(y).

(ii) If Graph(dh) = 0 then hY = —oc0, h® = —co. Conversely, if Graph(dh) # 0 then h is proper, h* € I (Y).
Using 1" < h we see that h" is proper. Similarly, from h® < h* we get that h® is proper.

(iii) Let (u,y) € Graph(dh). If we pick (x;,yi) = (u,y), i € 1,n, in the definition of 1"V and pass to
supremum over (u,y) € Graph(dh), then we obtain h"Y > h".

Conversely, for every {(x;, yi)};c5 € Graph(dh)

i€l,n
n-1 n-1
D i = xinn, yisn) < ) B(xi) = Bxian) = h(x1) = h(xa),
i=1 i=1

from which h"Y < h".

(iv) For every (x,y) € Graph(dh), w € X, we have h¥(x) = h(x) and, from the definition of h"(w),
(w—x,y)+ h(x) < h¥(w). Hence (x, y) € Graph(dh").

Analogously, for every (x,y) € Graph(dh), C € Y, we have h®({) = h*(C) and, from the definition of
h®(Q), (x,C—vy) + h*(y) < h®(Q). Hence (y, x) € Graph(dh®). m|

Theorem 3.9. Let (X, Y, (,-)) be a dual system and let h : X — R. For every (x, y) € XxY, (xo, yo) € Graph(dh)

Ponle, 1) = 1)+ 1), 406, ) = h() + () (65)
P () = BO(x) = h(xo), ri () = H(y) = 1 (yo). (66)

Proof. 1f Graph(dh) = 0 then (65), (66) are trivially verified with

o (e)
<g0>ah — hU — h@ — r((;;l()/yo) = —0o, and I]l}ah — h@* — hU* = +oo0,
Assume that Graph(dh) # 0. According to Proposition 3.8 (ii), we have k" € T(X) and h® € T'(Y). Let us
now prove that, foreveryx € X,y €Y,

(c0) " (c0)
sup (P(?h(x/ UO) —h (UO) = hu(x)r sup (P3h(u01 y) - h(uO) = h®(y) (67)
voER(Jh) ugeD(dh)

According to (11), for every x € X, vg € R(dh), %gah(x,vo) > (x,v0), and S0 SUP, cr(9n) <€5>ah(x,vo) -
h*(v0) 2 supy ern{X,vo) — h*(vo) = h¥(x). The converse inequality is a consequence of (59) and h* = h®
on R(dh), or h® < h*. We proceed similarly for the second part in (67).

We use (48) for x € X, (xo, v9), (4o, yo) € Graph(dh) C [<(°5>3h = c], and y = yy to get that, for every x € X,
Yo € R(dh), (xo,vo) € Graph(dh)
(o) (o0) (o0)
© 01 (x, y0) = @ 5, (x0, ¥0) + @ 5,(x, v0) — (X0, Vo)

= [§5,(x, 00) = K*(@0)] + [P 5 (x0, o) — h(x0)].

Pass to the supremum over (xg,vg) € Graph(dh) to obtain, according to (67), (59), that, for every x € X,
Yo € R(ah)/

(o0) "
© 9n(x, y0) = h2(x) + h®(yo) = h°(x) + h*(yo). (68)
Similarly, for every y € Y, xo € D(dh),

()
@ g, (x0,y) = h(x0) + h®(y). (69)
For every (x,y) € X XY, we use (48) for (xo, vo) = (1o, yo) € Graph(dh) to get
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<(o:5>8h(xl y) —{x0,Yo0) = <(05>8h(x1 y) - <<O!3>¢911(Xo, Yo)
> 5, (x, 00) + P 5, (1t0, ¥) = (xo, v0) = (w0, yo)
= 17(x) + " (vo) + h(uo) + h®(y) — {x0, v0) — {10, Yo)
= h”(x) + h®(y) = h(xo) = h*(yo),

()
S0 @ g;,(x,y) 2 h7(x) + h®(y).

The first equality in (65) follows from (59). The second equality in (65) is obtained by convex conjugation
from the first part. For (66) we use (27), (65), (12), and hY = h on D(dh), h® = h* on R(Jh). O

Corollary 3.10. Let (X,Y,(:,-)) be a dual system and let h : X — R. Then

Ulx) = min a:X — R, alx) = h(x),
Vo € D(oh), h(x) = {a(x) Graph(da) c Graph(dh) } ’ 70)
(1) = min B:Y =R, Byo) = I(yo),
Yyo € R(Jh), h®(y) = {ﬁ(y) Graph(96)  Graph( ah)—l}' (71)
Proof. Relations (70), (71) are translations of (25) with the aid of (66). O

Corollary 3.11. Let (X,Y,{-,-)) be a dual system and let h, g € I'yx,y)(X). Then dh = dg zjj‘ ?"ah = <€5>9g iff

h" — g9 = h® — ¢®* is a constant function.

Proof. The conclusion is straightforward if Graph(dh) = 0 or Graph(dg) = 0; in which case (p P <<°,5> 9g =~

and hV — gY = h® — ¢®* = to0.

Assume that Graph(dh) # 0 and Graph(dg) # 0; this implies 1Y, g¥ € T(X), h®, ¢® € I(Y).

If Jh = dg then %‘}?ah = <(°ﬁ>()g. From (65) we get that h¥ = g” + k, where k = ¢®(yo) — h®(yo) =
2*(yo) — h*(yo) € R, for any fixed yo € R(dh) = R(Jg). Similarly, h® = ¢® + h, for some h € R. Again
<(Oﬁ>ah = <(Oﬁ>ag shows that 1 = —k, and so, h®* — ¢®* = k.

o (e0)
Conversely, if h¥ — g = h® — ¢® =k € R then h® = ¢® -k, <(p>3h = (pg , followed by wah = Py

According to Proposition 3.4, dh, dg are co-representable. From Theorem 3.3, we find that

Graph(dh) = [, = ] = [ 5, = c] = Graph(dg).

O

Remark 3.12. Whenever h : X — R has Graph(dh) # 0 we have
W=hY, ¥ =h® o WY =h® o K =hne. (72)
Indeed, for the first equivalence, if h* = hY and h* = h® then, by conjugation,

hY = h®*. Conversely, if h” = h®*, we know from h" < h* < h®* that h** = h” = h® and h* = h®, since
h*, h® € T(Y). The second equivalence follows again from the biconjugate formula applied for 1" € I'(X)
and h® € T(Y).

Theorem 3.13. Let (X, Y, (-, -)) be a dual system and let h € I';(x y)(X). The following statements are equivalent:
(i) dh is maximal cyclically monotone,
(ii) hY = h®,
(iii) V(x,y) € X XY, ¢ 3,(x,y) = h(x) + (),
(iv) V(x,y) € X XY, ¥(x0,v9) € Graph(dh),

PO (x) = h(x) = h(xo), 1Y (y) = 1 (y) = K" (yo),
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(v) V(x,y) € X XY, Vxg € D(dh), Vyo € R(dh),

Pan(x,y0) = h@) + 1 (yo), P 34(x0,y) = hlxo) + °(y),
(vi) V(x,y) € X XY, 3(xo0, yo) € Graph(dh)

@ o, 90) = h(x) + B (o), (0, y) = h(x0) + H*(y).

Proof. (i) = (ii) Since dh is maximal co-monotone, we know that Graph(dh) # 0, and so, h¥ € I'(X), h® €
'(Y).

For every x € X and y = 0 we use Theorem 3.5 to obtain n € N, n > 2 and {(xi, ¥i)} ;757 C Graph(dh)
such that

n—1
(X —x1,y1) + Z(xi—l —Xi,Yi) 20,
i=2
where for n = 2 the previous inequality reads (x — x1, y1) > 0.
Therefore, for every x € X

n-1

h(x) 2 HE(x) = B0 2 (o= x, ) + ) (xim = X3, yi) + hlx)
i=2
> h(xy—1) > inf h>infh,
D(dh) X

and so, infx h = infpgp) h = infx hY or h®(0) = h*(0).

But dh maximal co-monotone implies (is equivalent to) that d(h — i) is maximal co-monotone, for every
(some) y € Y; where (h — y)(x) := h(x) —(x, y), x € X, because Graph(d(h —y)) = Graph(dh) — (0, y). Hence
we have for every y € Y, (h — y)¥*(0) = (h — y)®(0).

Note that, forx € X, y,v € Y, (h—y)“(x) = h%(x)—(x, y), (h—y)*(v) = h%*(y+0), (h—y)®(v) = h®(y +0).
Setv = 0 to get hY* = h® and, by conjugation, h" = h®".

For an alternative argument for this implication, we use Theorem 3.5 and (73) below.

(ii) = (iii) follows from (65) (see also Remark 3.12).

(iif) = (i) is a direct consequence of Proposition 3.4, and Theorem 3.1 or Theorem 3.5.

(iv) and (v) are equivalent due to (27), oh* = (dh)™!, and (12).

(iif) = (v) = (vi) are plain.

(vi) = (iii) For every (x,y) € X XY, let (xo, yo) € Graph(dh) be such that <€5>(9h(x, Yo) = h(x) + h*(yo),
P an(x0, ) = h(x0) + I (y).

We use (48) for (xg, vo) = (1o, yo) € Graph(dh) to get

<‘Oﬁ>ah(xr y) = (xo, Yo) = <(05>z9h(x1 y) - <$ah(x0: Yo)
> 0 5%, 00) + P 33,0, y) = (X0, Vo) = (o, Yo)
= h(x) + h™(vo) + h(uo) + h*(y) — (x0, vo) — (U0, Yo)
= h(x) + 1'(y) — h(xo) — 1" (yo),

(o) .
s0 @ 5,(x,y) 2 h(x) + h*(y).
Together with (65) and h¥ < h, h® < h* we find <(?3>3h (x,y) = h(x) + h*(y) and (ii). O

Corollary 3.14. Let (X,Y,(-,-)) be a dual system and let h, g € T'yx y)(X) be such that dh is maximal cyclically
monotone. Then dh(C) = dg iff h — g is a constant function.

Proof. The converse is plain. For the direct implication, given that dh = dg are both maximal cyclically
monotone, from Theorem 3.13 and Proposition 3.8 (i) or Remark 3.12, we infer that ¥ = h®* = h, ¢¥ =
¢® = g, and use Corollary 3.11 to conclude. m|
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Remark 3.15. Given a dual system (X,Y,(:,-)), T : X =3 Y is maximal cyclically monotone iff T = dh, for
some h € T'yx v)(X) such that (h* + tggn))* = (h + tpn))™ (see Theorem 2.10, Theorem 3.13). O

We end this section with some conclusive remarks concerning the maximal cyclic monotonicity of dh,
where 1 : X — R is a general function.

If dh is maximal cyclically monotone then, since Graph(dh) C Graph(dh™), we infer that h*™* € I';x v)(X),
h* € Ty, x)(Y), and dh = dh™ is maximal cyclically monotone. According to Theorem 3.13, h**Y = h**®* =
h*. The converse is not true, since one can find & : X — R such that Graph(dh) ¢ Graph(dh*) and oh* is
maximal (cyclically) monotone, e.g., when X is a Banach space and = (¢, where C ¢ X is open convex.

Note that, in all of the arguments above, the condition & € I';(x v)(X) is essential only in establishing the
cyclical representability of dh.

Similar computations show that, in general, for i : X — R

<€5>ah >c © hY(>)=h®(=h™) = Ih™ is mazimal oo — monotone. (73)

Indeed, from (65), we know that <(?ah(x, y) = h¥(x)+h®(y), x € X,y € Y. Therefore %gah > cisequivalent
to h¥Y > h®*. However, h" < h™ < h®*.

If ((oﬁ) on = ¢, then by Theorem 3.1, any cyclically representable extension of dh, such as dh™, is maximal
cyclically monotone.

Similarly, for h, g : X — R:

)
Pon = Pog (74)

s (b + LR(ah))* - (g* + LR(ag))* =(h+ LD(,;W,))M - (g + LD(ag))** 18 constant.

4. Examples

Example 4.1. (Monotone subset of R?) If T : R =3 R is monotone, then T is cyclically monotone. Conse-
quently, T is maximal monotone iff T is maximal cyclically monotone.

Proof. We prove by induction over n € N, n > 2 that T is n-monotone. Note that the base case is provided.
Assume that T is n-monotone, for some n € N, n > 2.

Let {(xi,yi)}iem C GraphT bearbitrarily chosen with x,.2 = x1. Pick k € 1,n+1 such that x; =

miniem x; and define (x;, y],) = (x(j+k—1)modn/ y(j+k—1)modn) fOI'j € 1,n+1. Then {(x;, y;)}]em C GraphT,
x) = min ey x;, and, because T is monotone, y; = min ey y]’.. We have ZjZQ(x; - x;+1)y]’. + (¥, -

N, . .
x3)y; ., = 0,since T is n-monotone, and so

n+1 n+1

D= i)y = () = ¥,y
j=1

i=1

n
= (¥} = XY} = Vi) + D () = X Y+ (Ky = XYy 20,
j=2

because x| < x5, y| <y, . Therefore T is (n + 1)-monotone, and so, T is co-monotone.

If T is maximal monotone then, since it is co-monotone, T is maximal co-monotone. Conversely, if T is
maximal co-monotone then, for some 1 € I'(R), T = dh is maximal monotone, since R is a Banach space. O

Theorem 4.2. Let (X,Y,(-,-)) be a dual system,letT : X 3Y,and let n € 1, c0.
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(n+1)

Then X r(x,y)

(n)
inf Hr(x,v)+{u,y—v
ueT‘l(I}B,UGR(T){ T( ) < Y >}

n)
= inf H +(x — 75
ueD(]l"r){veT(x){ T(Ll y) <x " U>} ( )

(n+1) (n)
<P1T(x y)=  sup {qu(x,v) +{u,y - v)}

(u,v)eGraph T

= sup {%no)T(u, y)+(x - u,v)} . (76)

(u,0)eGraph T
Proof. For n =1, (75) is directly verified. For n = 2

(3)

Hr(x,y) = inf {{x1, y) +(xa = x1,y2) + {x — x2, y3)}
x1€T~1(y), ys€T(x),

(x2,y2)€Graph T

inf inf ,Y)+ - X1, +(X — X2,
xgéIEl)(T),(xle;Ill(y),KXI y> <X2 1 y2>} <X 2 y3>)

y3€T(x)  yoeT(x2)

)
inf {x y) 4 (x = xo, }
. nf T(x2,y) + {x — x2,Y3)

y3€T(x)

For n € N, n > 3 the second equality in (75) holds analogously, as follows

Y X1, + Xi—Xi—1,Yi) (X — Xy,
2 ey = | ) 2 Y )|

X1 € T_l(y)/ Yn+1 € T(x)/ (-xi/ yi)}iegl_n - GI‘&phT

n—1
. . <x1,y>+z<xi_xi—1,}/i>+<xn _xn—lz]/n> |
= inf [mf ‘= (X =Xu, Yns1)
anD(T)/ B
Ynr1€T(x) x1€TM(Y), yn€T(xn), (xi, Yi)};ez;=y € Graph T
it {5 (e, ) +( |
= Xn, Y) +{(x = xp, )
xnéIDl(T), T Xn, Y nrYn+l
Yn+1€T(x)

The equalities in (76) and the first equality in (75) follow similar reasoning. Alternatively, in both (75) and
(76), we first prove one equality, and then use it for T replaced with T~!, which then translates into the
other equality for T. Also, (75) implies (76) via convex conjugation.

If we pass to infimum over n > 1 in (75) we obtain the corresponding (75) for n = oo; similarly with
supremum for (76). O

In what follows, we apply mathematical 1nduct1on and the recurrence relations in (75), (76) to derive
closed forms for the n-th Fitzpatrick functlon (pT and )(T These closed forms are then employed to Venfy
or refute (maximal) n-monotonicity with HT being more convenient for establishing monotonicity and (pT

for demonstrating maximality.

Example 4.3. (Normal cone) Let (X, Y, (-,-)) be a dual system and let C ¢ X. Then

%)Nc(x y)=tcx(x)+oc(y), xeX, yeY, nel, o0

) S
Ve (*,¥) = tetconve () + oc#(y), x € X, y €Y, n €1, 00; (77)
@

Hne (2, y) = te(x) + oc(y) + trine)(y)

_ { tc(x)+ocly), ye R(NC) ,x€X,y€Y, ne2, o, (78)
+00, otherwise
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where, for A C X, 04(y) := sup,ealu, y), and
C#* .= {x € X |V¥(u,v) € Graph N¢, (x —u,v) <0}

is the portable hull of C which is the intersection of all the supporting half-spaces that contain C and are
supported at points in C (see [15]).
As a consequence, N¢ is maximal cyclically monotone iff C = C* iff Nc is maximal monotone.

Proof. 1f C = () then

) (n) (n)
(PNC =0c = —09, C# X le# = 0 Ill}Nc = lclconvC = XNC =400, Oc# = L{oy;

whence (77), (78) hold due to the convention co — co = co. Assume that C # 0.
ForneN,n>2,and (x,y) e X XY

n
(n)
Pnex Y) = sup (G = x1,y0) + ) (xicn = xi, i) + (v, )}
{(xi,y1)} e €Graph Nc -
< sup {(x = x1, y1)} + sup(xy, y) = te#(x) + oc(y);
(xl,yl)eGrathC x,€C

the inequality is verified similarly for n = 1 and, as a consequence, holds for n = co

S () )
Forevery n € 1,0, (x,y) € dom $ne C dom Py We have

VaeC, n"€Nc(a), (x—a,n"y+(a,y) < %)N (x,y) < +oo.

Smce, for every a e C, Nc(a) is a cone, we find that x e C#. Because, for every a € C, 0 € Nc(a) we infer
that (pN (x,y) > goN (x,y) = oc(y). Hence we obtain goN (x,y) > tc#(x) + oc(y). Therefore the first part
in (77) holds. The second part in (77) follows by convex conjugation.

To prove (78) we use induction over n > 2. According to (14),

(2)

Hy-(x,y) = inf X1,y +{x —x1, .
Ne(¥. ) xle(Nc)*l(y),yzeNc(x)K 1Y)+ 1 Y2}

@)

To complete the basis step, it suffices to prove that X(ny.(x, y) = oc(y) when x € C, ye R(N¢). To this end
note that, when x € C, for every ys € Nc(x), (x = x1,y2) = 0, because x; € C. Therefore, since 0 € N¢(x),
infy,enc(x)(x — X1, ¥2) = 0 and so Hnc(x, y) = infy ene)-1(,)(x1, ¥) = oc(y)-

(n)
Assume that Xy (x, y) =tc(x)+0oc(y)+trne)(v), for some integer n > 2. From (75)
(n+1)
YOne(x,y) = oc(y) + trine)(y) +_inf  (x —u,0) = 1c(x) + oc(y) + trive) (Y),
ueC,veNc(x)

since, for x € C, inf,ec vene(x) {{x — 1, v)} = 0. The inductive step is complete.
Hence (78) holds for every n € N, n > 2 and also for n = oo
Assume that N¢ is maximal cyclically monotone.

Since Graph(N¢) € Graph(Nconvc), we know that C is closed convex. According to Theorem 3.13,

LC#:tg:LC =1t =1c,
that is, C* = C. Hence, for every x € X, y € Y, we have

P (5, ) = 1c(x) + oc(y) = (x, y).

We conclude that N¢ is maximal monotone with the aid of Theorem 3.1 (ii). O

Lemma 4.4. Let (H, -) be a Hilbert space with induced norm || - ||. For every v € H,

—alol?, <0

sup{allul? +u-v} =1 o), a=0,

ueH
0o, a>0

—=llol?, a>0

inf {allul® +u-v}=4{ —p@), a=0 . (79)

ueH

—00, a<0




ournal of Convex Analysis 71
J v

Proof. Note that, fora # 0, u,v € H, we have

1
=ol? = g lloll*.

allul £ u-v =alju +
2a

O

Example 4.5. (Identity) Let (H,-) be a Hilbert space with induced norm || - ||and let ] : H — H, I(x) = x.
For every x,y € H
(n)

P16, y) = sl —yIP +x -y, n > 1; (80)
(1)
Pi(x,y) = o= e, Uy, y) = i, y) = sl —ylP +x -y, n>2; (81)
) )
@ 1(x, y) = >u(x, ) = 5lxl® + 5lyIl*; (82)

and [ is cyclically and maximal monotone.

Proof. For (80) we use induction on n > 1. From (79), for every x,y € H

(1)
¢;(x, y)—sug{(x u)y-u+u-yr= Sup{ el + - (x + y)}=gllx + yIP=Gllx = ylP +x - .
ue

Assume that, for every x,y € H, <n(p>l(x, y) = mﬂx — y|I*> + x - y, for some finite n > 1. From (76), (79) we
get

(n+1)

¢ (x,y) = SUP{ﬁH —y||2+w~y+(x—w)-w}

=3€H{2( sl Gy -y - <y+u>}

n+1
2(n +2)

:sup{ n+2 ull® + u - (x—y)}+x y=

x-ylP+x-y.
wett | 200+ 1) oyl

This completes the inductive step and proves (80).
We proceed similarly to prove, by induction on n > 2, that

() n 9
Xi(x,y) = 2(n——1)||x —ylF+x-y. (83)

@)
By a direct computation X;(x, y) = ||x|? + [y —x -y =[x —y|> + x - y.
Assume that (83) is true for some finite integer n > 2. Use (75), (79) to get

(n+1) n 9 2
Xl y) = inf 501 = )Ilw—yll +w - (y —x) + x|

n
= inf {2( )||u||2+u-(y—x)}+||X—y||2+x-y

ueH

= - X - + ||x = +x-y=
5 || ylI* + llx =yl y=,

1
llx = ylP +x-y.
(n)
Note that X; € I'(H), e.g. because its Gateaux derivative

V}(I(x y) = )(nx y,ny—x), x,y€H,

(n -

is linear and monotone with

(n)
(VG (x, ), (o, y)axa = (X1 + vl +

1||x—3/||2 >0, x,y €H,

(n) (n)
Hence 1, = X; and the proof of (81) is complete. m]
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Example 4.6. (Rotation) Let Rg be the counterclockwise vector rotation in R? by an angle of 6 € [-7, 7],
ie., Rg:R? - R?,

cos(0) —sin(@)) (xl) B (x1 cos 8 — xg 8in 6) _ (xl)

Rolv) = (sin(Q) cos(0) " \xusind +x2c0s0) " T (xa)

Forx,y €eR%,neN,n>1,

z(nn+1)||y —Ro(x)|I? + x - Y, 0=0

n 8y —Ro(@)lP+x -y, 0€ (-, )N {0}
(PRH(X y) p I (84)
CRe(x,y), inm
+00, Oel-n,—5)V (g,
Lvl2 o 111112
(c0) slixll® + 3llylls, 6=0
' Y) = ; 85
(2)
HRy(x,y) = cos Olly = Ro()I* +x -y, 6 € [-m, 7; (86)
ForneN,n >3,
il —Re@IP +x-y,  6=0
in(n0) 2 b
(n) L) - Ro|IP+x-y, O¢€ L)\ {0
)_(Rg(x/ y) .y 2sm((n_1)9)|ly 9( )” Y ( -1 n—l) { } ) (87)
€ = L{y-Ro(x)}/ 0= i%
—0co, 0 €[-m,—-15) U (5, ]
Liavl2 o L1112
=) sllxll* + 5llyll*, 6=0
Hro(x,y) =1 ° 2 : (88)
—00, 0 € [-7n, ] \ {0}
Forn € N, n > 2, Rg is (maximal) n-monotone iff 0 € [-7, 7]; Rg is n-monotone and not (n + 1)-monotone
iff 0 € [T, —757) U (15, 71 and Rg is (maximal) cyclically monotone iff 6 = 0.

Proof. We repeatedly use the fact that both the norm and inner product in R? are invariant under any
rotation, namely, ||[Rg(x)|| = ||x||and Rg(x)-Ro(y) = x-v, x, y € R% By direct computation we get x - Rg(x) =
cos 0||x||? and so, together with Ry = Rgl =R_g,

Yy (x, ¥) = Roo(y) -y + (x — R_o(y)) - Ro(x)
= (¥~ Ro(x) - Ro(y — Ro(x)) + x -y = cos Blly — Ro(x)[P + x - .

Therefore, according to Theorem 2.1, Rg is (2-)monotone iff 6 € [-%, T]; in this case, it is maximal (2-
)monotone because it is monotone and defined on R?.

<1>
Alternatively, Rg is maximal monotone for 0 € [-Z, Z], since cg, € I'(R?), which implies that 1 Ry =

(1) (1)
XR, = Cr, = c. Hence Ry is 2- representable due to the relations Graph Rg = [gb Re = ¢land Y > c (see
Theorem 3.3). In addition, from (84), (p Re = €. Theorem 3.1 completes the argument.

We restrict ourselves to 0 € (0, 7], since Ry = I is covered in Example 4.5 and we can extend our conclu-

n n (n) (n)
sions to O €[—m,0) via R_g = R;l = R}, and the equalities %agRe(x, y) = <(p)RfH(y, x), Kry(x,v) = Xr_,(y, x).
According to (75), (79)

(3)
)_(RQ (x/ y)

inf {%m 0)+ Ry ) (y - v)}

inf, feos B0 = Ro()l* +0- (x = R5' () + v - Ro(y)}
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inf {COS Ollull® +u - (x -
ueR2

(cos O —

=y = Re()I2 +x -y,

- € = Hy-Ro(x)}/
—00
in(360

GOy ~ Ro()I2 +x -y, 6 €0,
=) €7 Hy-Rety 6=3%

- O0e(%,n

i i _ sin(30)
after we used the identity cos 0 — ;5 = 2 sa)"

used for (87) is complete.
Assume that (87) holds for some finite integer n > 3. From (75)

(n+1)

H relx,y) = 1nf

(n+1)
from which X g,(x, y) = —co, whenever 0 € [;%5

sin(n6)

73

@
iggz {cos Ollull> +u - (x - Rél(y))} + HR,(x,y)

Ry'(y))} + cosOlly — Ro(x)|I* + x - y

cosO >0
cosf =0
cosB <0

2)

7

m]

Hence the base case for an induction argument on n > 3

{xT(x 0)+ R:(y) (y—v)}

, 11]. Therefore, for 6 € (0, -27)

(n+1)
M ko, y) = inf {5880l — Ro()lP + 0+ (x = RgH(y) +y - Ro(y)]

veR?

sin(n0)

ue

(2)
inf { gemel® + 1 (= R5 )} + ey (x, )

1)0) in(n0)
(cos 6 - ) ly - Ro()I> + 2y, st > 0
=14 €= Ly-Ro(x)}s sin(n@) =0
sin(n0)
— (o) <0
in 1)0
oy - Ro)[P+x-y, 0€(0,%
=\ €~ Hy-Ro()s 0=71
= 03,5
where the identity cos 6 — Si; gz(;le)()?) = Si; gz&le)()?) is used and, since 0 € (0, -%5), i.e., sin((n — 1)0) > 0, we
sin(n0)

know that the sign of m.is. gi\./en by the sign of sin(n0).
Hence (87) holds for every finite integer n > 3.
We establish (84) by applying a similar argument. For n = 1

(1)

Pr, (¥, y) = sup{(x —u) - Ro(u) +u -y} = sup{~cos Ollull* +u - (y + Ry(x))}
ueRr2 uer?2
4coa.6||y + R} (X)||2 cos >0
=1 yop(y + Ry(x)), cosB =0

+00, cosO <0

1=>5lly - Ro@)IP+x-y, 6€(0,%)

= CR%(X,]/), 0=7%
+00, 0e (%, n
x sin 0
since Ro(x) + R}, (x) = (2cos 0)x, R% =R_z = -Rg,and 15 40089 25111(29)'

Assume that (84) holds for a finite integer n > 1. From (75)

(n+1)

?'rox9) = 500 (G (0, ) + (v =)

Re(“)}
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from which <n¢1>R9 (x,y) = +oo, whenever 0 € [-Z5, 7t].
For 0 € (0, ;25), sin((n + 1)0) > 0. According to (75), (79) and the identity

sin(n0) _ sin((n+2)6)
2sin((nrn@) €08 0= T 2si((n+1)0)
we have
(n+1) sin(n0
#'ra9) = sup {72 IR0 () = Ro(IP + % Ro(u) + 1+ (y = Ro)|
sin(n0
= g{%m$$ww—ﬂF+mRﬂw+u%y—Mwn}
sin(nO
= P{%m&$wMP—WRAW+v%y=M@D+%y}
sin(n@
=2§kmmﬁg)cwmwﬁﬂpw—muw+xy
(%

sin 0
sup {~ SRR o] + 0 (y — Ro(x))] +x -y
veR?

sin((n+1)0)
2sin((n+2)0)

ly — Ro(x)|* +x -y, sin((n+2)6) >0

=1 yoy(y —Re(x)) +x -y, sin((n +2)0) =
+00 sin((n +2)0) <0
S D ly — Ro)IP +x -y, 0 €(0,555)

= CRg(xr y), 0= m
oo 0 € (s 1

and the inductive step is complete. Therefore (84) is true.
()

Note that, from (87), for n € N, n > 3, Rg is n-monotone iff (g, > ¢ which comes to 0 € (--Z5, -5) and
either 0 = 0 or sin(n0) > 0, thatis, 0 € [T, I]. O

A subset A of Z = X XY is a double-cone if RA = A, i.e., for every A € R, z € A we have Az € A. A subset
A of Z is called non-negative if, for every z € A, c(z) > 0, and skew if, for every z € A, c(z) =
For A c Z we set

—mA={z=x,y)eZ|-z:=(x,-y) € A},
t:={z"€Z|Vz€A, z-2/ =0}, and

Note that =A # —-A = (-1)A, At = (cly(z,z)linA)*", A = clyz,z)linA, At is a 0(Z, Z)-closed linear
subspace of Z, and —(A*) = (—A)*. Here lin A is the linear hull of A.

Example 4.7. (Skew Double-Cone) Let (X,Y,(:,-)) be a dual system and let D € Z := X X Y be a skew
double-cone. Then

o 1)
(i)Xp =tp, (pD = 1IpL, ¢D = [pLL, (89)
D is monotone iff D ¢ D+; D is representable iff D = D+ iff D is a 6(Z, Z)-closed linear subspace of Z; D
is maximal monotone iff D is a 0(Z, Z)-closed linear subspace of Z and =D+ is monotone.

@)
(11)(pD(xr y) = sup Ip:t (ul 1/) + L(Pry(D))* (X), (xl y) €Z; (90)
uEPrx(D)
where Prx(x, y) := xand Pry(x, y) := y, (x, y) € XXY are the projections of X XY onto X and Y, respectively.
(iii) D is 3-monotone iff Prx (D) c (Pry (D))~ iff, for every (x, y) e Prx(D)xPry(D), (x, y) = 0iff D c SxS+,
for some S a 0(X, Y)-closed linear subspace of X iff D is cyclically monotone.

(iv) D is maximal 3-monotone iff D = S >< S+, for some S a o(X, Y)-closed linear subspace of X iff D is

(o)
maximal cyclically monotone. In this case (p D= Qp = Lsxst-
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o
Proof. (i) Since D is a skew double-cone, we have Xp = c¢p = (p, and

<(1p>D(z) =sup{z-z' —c(z’) |z’ € D} =sup{z -z’ |z’ € D} = ip:(z), z € Z.

. . ) )
Because D+ is a linear subspace of Z we get ¢, = (<(1pD)D =D, = 0pL = LpiL.
(1)
According to Theorem 2.2, D is monotone iff ip: = <(1p>D <Xp =1piff D c D*.
(1)

According to Theorem 3.3, D is representable iff ) ;; = ip1r > cand D = [ip11 = c]. Clearly, since D is
skew, if D = D+* then D is representable.

Conversely, assume that D is representable, that is, for every

zelL:=D* = ¢l linD,
0(Z,2)

we have ¢(z) < 0,and D = [ip = c]. It suffices to prove that L is skew, since, in that case, [, = ¢] = L. To
this end note that, because D is skew monotone (recall (54)), for every z, w € D, we have

cz-—w)=c(z)+c(w)+z-w=z-w >0.

Since —z € D, we know that z - w = 0. Therefore, because —D is skew, for every u,v € =D

cu—v)=cu)+c(w)—u-v=-u--v=0,

o
in particular, =D is a skew monotone double-cone. According to (89) and Theorem 2.6, {_p = t(-pys =

t-1, > ¢, which comes to, for every z € =L, c(z) < 0. Hence, for every z € L, ¢(z) = —c(-z) > 0, and so, L is
skew.

According to Theorem 3.1, D is maximal monotone iff <(1p>D = (pt > c and D is representable. Because
D+ is linear, tp1 > c is equivalent to =D+ is monotone.

(i) From (76) and the fact that D is a skew double-cone, we find that

Ppe,y) = sup {ips(u,y)+(x—u,0)} = sup {ips(u,y)+(x,0)}

(u,0)eD (u,v)eD

= sup LDL(U, y) + GPry(D)(x)
uEPrx(D)

= sup LDL(U, y) + l(er(D))L(X), (x, y) e/,
uEPrx(D)

because Prx(D) is a double-cone.
)
(iif) According to Theorem 2.2, D is 3-monotone iff %D < Xp = p iff, forevery z € D, %)D <0.

If Prx(D) c (Pry(D))*, i.e., for every (x,y) € Prx(D) x Pry(D), (x,y) = 0, then, for every (x,y) € D,
u € Prx(D), we have
(u,y) e D and x € f)’(r(D) C (Pl’/r(D))L.

Hence %D(x, y) =0, that is, D is 3-monotone.

Conversely, assume that D is 3-monotone, i.e., for every z = (x,y) € D, <g20)D < 0. Since (pr > 0, in
particular, that yields ((p,, (py): (x) < 0, namely, x € (Pry(D))*. We proved Prx(D) C (Pry(D))*.

In this case D € S x S+ = Graph(dts) is cyclically monotone, where S = Prx(D)** is linear o(X, Y)-
closed.

(iv) The direct implications are plain due to (i), (iii). Conversely, assume that D is maximal co-monotone.
In particular, D is 3-monotone. As previously seen in (iii), D ¢ S x S+, where S = Prx(D)**. Since S x S+
is co-monotone, we infer that D = S X S* = Graph(dis) = D+ is maximal co-monotone. But, according to
(90) and Theorem 3.13,

%stl(x,y) =15(x) +151(y) = <(O;?SXsL(x,y), (x,y) e Z.

We conclude that D is maximal 3-monotone with the aid of Theorem 3.1, after we note that D = [<(2p>D =]

@)
and ¢ > c. m]
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Corollary 4.8. Let (X,Y,(:,-)) be a dual system and let A : D(A) € X 3 Y be a multi-valued linear skew operator,
that is, for every x € D(A), y € A(x),{x,y) = 0. Then

(i) A is maximal monotone iff Graph A is 0(Z, Z)-closed in Z and A* : X 3 Y is monotone, where the adjoint A*
is defined by Graph(A*) = =(Graph A)*, or

(x,y) € Graph(A*) & V(u,v) € Graph A, (x,v) =(u,y). 91)
(ii) A is 3-monotone iff A is cyclically monotone iff R(A) ¢ D(A)*.
(iii) A is maximal 3-monotone iff A is maximal cyclically monotone iff D(A) is closed convex and R(A) = D(A)*.
Proof. We use Example 4.7 for D = Graph A, for which D(A) = Prx(D) and R(A) = Pry(D). O
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