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1. Introduction and preliminaries

The primary objective of this paper is to provide methods for identifying (maximal)
n-monotone operators using convex analysis, following the framework outlined in
(7,8, 10], where n € NU{oc}, with n > 1, denoted as n € 1,00 := {1,2,...} U{oo}.

In particular contexts, e.g., under reflexivity and when the operator’s domain or
range is convex, maximal cyclic monotonicity coincides with maximal monotonicity
(see, e.g., [9]). There is a substantial body of literature addressing maximal mono-
tonicity in reflexive spaces. Consequently, our focus is on the general context of dual
systems that may not necessarily stem from reflexive spaces or dualities between a
space and its topological dual. Our main contribution is a functional characteriza-
tion of (maximal) n-monotonicity in this broad setting (see Theorems 2.1, 2.2, 2.7,
3.1, 3.5, 3.13 below).

This work intersects several previous lines of research (see, e.g., [1, 2, 4, 5]). What
distinguishes our approach is not only the breadth of context and results, but also
the introduction of new functions and operators closely linked to n-monotone oper-
ators. These innovations offer fresh insights and strengthen the link between convex
analysis, n-monotonicity, and applications (see, e.g., Theorems 2.11, 3.9, Corollary
3.11, and Example 4.6).

Throughout this paper, we use standard logical abbreviations; in particular, “iff”
means “if and only if”.

In what follows, we adopt the following concepts and notations: for a multi-valued
operator (or multi-function) 7' : X = Y we associate it with its

values: T(x) C Y,z € X, graph: GraphT = {(z,y) e X x Y |y € T(2)},
inverse: T~ .Y = X, Graph(T') = {(y,2) | (z,y) € Graph T},

domain: D(T) :={x € X | T(z) # 0} = Prx(GraphT),
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range: R(T):={y €Y |y € T(x), for some z € X} = Pry(GraphT),

direct image: for A C X, T(A) = UpeaT(z) C Y,

inverse image: for BCY, T Y(B)={x e X | T(x)N B # 0} C X.

Here Prx(z,y) := x and Pry(x,y) := v, (z,y) € X XY are the canonical projections.
We do not identify an operator with its graph. A subset S C X x Y is said to have

a certain property if the associated operator T': X = Y with GraphT = S has that
property, and conversely.

For a topological vector space (E, i), A C E, and f,g: E — R we denote by:

E* - the topological dual of E;

cl, A~ the p-closure of A; x € cl, Aiff z; £ 2, for some net (x;); C A. Here by
denotes the convergence of nets in the u topology;

conv A — the convez hull of A; x € conv A iff (z,1) = 7 A(zy, 1) for some
(M )retn CRT:=[0,+00) = {r e R|r >0}, (z)petn C A4

Epif :={(x,t) € ExR| f(z) <t} C E x R — the epigraph of f;

cl, f — the p-lower semicontinuous hull of f, which is the greatest p-lower semi-
continuous function majorized by f;

Epi(cl, f) = cluxr (Epi f), where 75 is the usual topology of R;

conv f — the convex hull of f, that is, the greatest convex function majorized by f,

(conv f)(x) :=inf{t € R | (z,t) € conv(Epi f)};

cl, conv f — the p-lower semicontinuous convex hull of f, which is the greatest pu-
lower semicontinuous convex function majorized by f;

Epi(cl, conv f) := cl,x-, conv(Epi f).

The set [f < g :={z € E| f(z) < g(z)}; the sets [f =g, [f <g], [f > g], [/ = 4]

are similarly defined; f < (<,>,>)g means [f < (<,>,>)g| = E, or, equivalently,

for every x € E, f(x) < (<,>,>)g(x).

A(E) — the class of proper convex functions f : E — R. Recall that f is proper
if domf := {z € E | f(r) < oo} is nonempty and f does not take
the value —oo; f is convez if, for every z,y € E, t € [0,1], we have

fltz+ (1 —t)y) < tf(xr) + (1 —t)f(y) while observing the conventions:
o0 —00=00,0-4+0c0=0.

I',(E) — the class of functions f € A(E) that are p-lower semicontinuous.
We avoid using the p-notation when the topology is implicitly understood.

A dual system is a triple (X, Y, ¢), where X, Y are vector spaces, and ¢ is a bilinear
map ¢ = (-,+) : X x Y — R. The weakest topology on X, for which all linear forms
{X 32— (z,y) | y € Y} are continuous, is denoted by o(X,Y") and it is called
the weak topology of X with respect to the duality (X,Y,c). The weak topology
o(Y,X) on Y is defined in a similar manner. The spaces X and Y are regarded as
locally convex spaces, endowed with their respective weak topologies.

Given a dual system (X,Y,(-,-)), S C X, and f: X — R. Then

e f*:Y — R is the conver conjugate of f : X — R with respect to the dual
system (X, Y, (-, ), f*(y) == sup{(z,y) — f(2) | v € X} for y € V; similarly,
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the convex conjugate of g : Y — R is g*(x) := sup{(z,y) — g(y) | y € Y} for
reX;

o Of(w) is the subdifferential of f : X - R at v € X;

Of(@) ={yeY [Vwe X, (w—uzy)+ flz) < flw)} (1)
for z € X with f(z) € R; 0f(x) := () whenever f(z) ¢ R. Note that for an
improper f we have Graph(df) = 0.

e 7 := X xY forms naturally a dual system (Z, Z,-) where

z-w:=(x,v) + (u,y), 2= (x,y) € Z, w=(u,v) € Z. (2)

e Sti={yeY |Vxzels (x,y) =0} is the orthogonal of S, o5(y) := 15(y) =
sup,cg(®,y), y € Y is the support functional of S; note that o5 = 15 whenever
S isalinear subspace of X. Here 15(2) =0, for z€ .S, and tg(2) =-+00 otherwise.

The space Z is endowed with a locally convex topology p compatible with the
natural duality (7, Z,-), meaning that (Z,u)* = Z. For example u = o(Z,Z) =
o(X,Y) x o(Y, X). All notions associated with a proper function f : Z — R are
similarly defined as above. Furthermore, with respect to the natural dual system
(Z,Z,-), the conjugate of f is

f7:Z =R, ) =sup{z- 2 — f(2)]| 2 € Z}. (3)
By the biconjugate formula, f25 = clconv f, whenever f (or clconv f) is proper
(see e.g. [6]).

We use distinct notations for conjugates to reflect both the domain and the under-
lying duality: f* denotes the conjugate with respect to a general duality, while f-
denotes the conjugate with respect to the natural dual system associated with that
duality.

To A C Z we associate cq : Z — R, cq := ¢+ 14, where 14(2) = 0, for z € A,
ta(z) = +oo, otherwise. The Fitzpatrick function of A is

pa:Z =R, pa(z) = c4(2) = sup{z - w — c(w) | w € A},

and Y4 : Z = R, 9y = ¢ = &”. The functions o4, 14 were first introduced by
Fitzpatrick in [7].

In particular when ¢4 is proper (or clconv cy is proper),
Ya = clconvey, o4 =5,

Similarly, for a multifunction 7' : X = Y we define ¢r := cGraph 1, Y7 = VGraph T,
and the Fitzpatrick function of T', o1 := @craphr. By convention we have gy = —o0,
cp = convcy = Yy = +0o0 in agreement with the usual conventions of infy = +o0,
supy = —00.

In expanded form, for 7: X = Y and z = (z,y) € Z,
or(2) =sup{z-w — c(w) | w € Graph T},
or(z,y) = sup{{x — u,v) + (u,y) | (u,v) € GraphT}. (4)

Let (X,Y,(:,-)) be a dual system and let n € N, n > 1.
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An operator T: X = Y is
s n-monotone (in (X,Y,(-,-))) if, for every {(zs,¥i)}ict; C GraphT with
Tpi1 = X1, We have

n

Z<$i—$i+17yz’> = (w1 —22,p1)+. . .+ (Tno1— T, Y1)+ (T — 1, Yn) > 0. (5)
i1

Equivalently, reversing the order of the pairs, T' is n-monotone iff, for every
{(zs,9i) iets € Graph T with zg = z,,,

(Tp—Tp_1,Yn) + ...+ (T2 — 21, 92) + (X1 — Zp, Y1)

= Z(%H—k = Tty Ynt1-k) = Z(% — Zi-1,¥;) = 0.

k=1 i=1
o cyclically (or co-)monotone if, for every k € N, k > 2, T is k-monotone.
e maximal n-monotone if T is n-monotone and it does not allow for a proper

n-monotone extension in terms of graph inclusion. Here n € 1, 00 := N*U{o0}.

Every operator is inherently 1-monotone, and Z = X x Y is the only maximal
1-monotone set. The term “monotone” typically refers to 2-monotone operators.
For n,m € 2,00, with n < m, every m-monotone operator is also m-monotone.
Moreover, an operator that is both m-monotone and maximal n-monotone is also
maximal m-monotone. The prototype for cyclically monotone operators is given by
the convex subdifferential, as described in [8, Theorem 1, p.500] or Theorem 2.10
below.

Definition 1.1. For n € 1,00, the n-th Fitzpatrick function associated with the
operator T': X = Y is denoted as ($T : X x Y — R and is defined as follows:

<g10>T(x, y) = or(z,y) = sup{{x — u,v) + (u,y) | (u,v) € GraphT'}; (7)

for 2 <n < oo:

(n)
SOT(fL",y) L= sup {<$—I1,y1>+<$1—$2,y2>+...—|—<xn_1—xn7yn>+<wmy>};
{(zi,i)};er CGraph T .
= sup {<37_$1>y1> +Z<IL’Z‘_1 _Iuyz> + <5L‘n’y>}, (8)
{(#i,9i)};c77 CGraph T i—2
(o0) (n)
and = 521? O (9)

Note that <<,10>T =c?. Forn € N, n > 2, after using a reversed pair order,

(n) =
pr(,y) = sup (T = T Yn) + D (Tngamk — Tnti—ks Yns1-k) + (@1,9)}
{(®k:yK)} geT CGraph T k=2
n—1
= sup {<$ - l'myn> + <l‘z‘+1 — Iy, yz> + <$17 y)} (10)

{(Ii,yi)}ieHCGrapllT i=1



M. D. Voisei / General Monotonicity 71

For n,m € 1,00, with n < m, it follows that <<,75>T < <$)T. As a result we obtain
(o0) (n)

©p = limy, 0 Q.

In general, for n € N, n > 1, and x € D(T), y € Y, if we pick (z;,4;) = (x,v),

i € 1,n, for some v € T(z), then, from (7), (8), <(,Z>T(ZL‘, y) > (z,y). Therefore
GraphT'C (D(T) x Y)U (X x R(T)) C [B > | [P 1 > d. (11)

forall T : X = Y and for all n € 1,00. Note also that for all n € 1, oo,

(n) (n)
SOT(:L‘ y) - (pT—l(yw/E)a S X7 Yy e Y. (12)

— m _
Definition 1.2. For n € 1,00, ¥, : X x Y — R is the convex conjugate of the
n-th Fitzpatrick function, defined as

vr= (1) (13)
relative to the natural dual system (Z, Z, -).

- (n) _
Definition 1.3. For n € 1,00, consider X7 : X x Y — R given by

(1) (2)
Hr = cp, Xp(z,y) = inf{(z1,y) + (x —21,02) | 21 €T (), 2 € T(2)}, (14)

for3<n<oo:

n—1
{n) JI, + i Li— 7z+x_xn—7n
Kr(r,y)=nf{ " Z b b | . (15)
1 €T (y), yn €T (), {(zs, i) bzt € GraphT
(o0) (n)
and Hor(z,y) = H>1fi Ho(z,y). (16)

1 .
Note that dom X = GraphT and, for n € 2, oo,

(n) (n)
dom X = [Xp < o0] = D(T') x R(T).

Lemma 1.4. Let (X,Y,(-,-)) be a dual system, let n € 1,00, and let T : X =Y.
_ (n (n) (n) (n)
Then vn e oo, P =00, wp = (06n)™> (17)
) m (n) (n)
and, whenever @ or clconv(Xy) is proper, 1 = clconv(Hrp).

- (m) (n)
Forn,m e 1,00, withn < m, Xp < Xp;in particular

_ (n) L () (n)
Vn e l,00, ¥y < XHp < Hp=ecr, GraphT C [HXp <] C [V < (]. (18)

Proof. For (17) we use (7), (8), (9), (14), (15), (16) followed by the biconjugate
formula.
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2
For every (z,y) € GraphT, pick x; = x or yo = y in the definition of X to get

2 )
)’(T S Cr = }(T-

Let n,m € N be such that 2 < n < m. For every (x,y) € D(T) x R(T) and every
1 € THY), ym € T(z), {(2i, ¥i) }iezm— C Graph T, we have

-1

3

(m)
}(T<x>y) S <5C1,y>+ <$i—xi,1,yi>+<:C—:Cm,1,ym>-

i

[|
N

For k € n,m — 1 take (g, yx) = (Tn_1,Yn—_1) to get

V(z,y) € D(T) x R(T), Va1 € T (y), Yyn € T(x), Y{(2i,y:) }iezmmt C GraphT,

[y

(m) -
Hop(x,y) < (x,y) + (Ti — T, Yi) T — Tp1, Yn)-

i

I
V)

Pass to infimum over z1 € T7'(y), yn € T(x), {(2i, ¥i) }ico=1 C GraphT to find

Wz.y) € D(T) x R(T), Sr(e.y) < Sr(z.1).

(m) (n)
Since elsewhere X r(z,y) = Hp(z,y) = +oo the proof is complete. O
Lemma 1.5. Let (X,Y,c) be a dual system, and let f € A(X X Y) be such that
f>c. Then -
[f = clfr=d. (19)
Proof. For every z,w € Z=X xY and ¢t > 0, z-w = }(c(z + tw) — ¢(2)) — te(w).

Let z € [f = ¢|. Since f > c and f is convex, for every w € Z,

Zow= lti%l%(c(z +tw) — ¢(2)) < ltlﬁ)l%(f(z +tw) — f(z))

=inf 1(f(z +tw) — f(2)) < f(z+w) — f(2),

>0
which shows that z € df(z). Hence f(2) + f2(z) = 2 - 2 = 2¢(z) and so,
ze[fF=d. O

2. n-Monotonicity

Theorem 2.1. Let (XY, (-,)) be a dual system and let n € 1, 0.

(n)
The operator T : X =Y is n-monotone iff X7 > c.

(n) (n)
In this case, Graph T C [X7 = | and, whenever GraphT # 0, X1 is proper.
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1)
Proof. If n = 1 or Graph T = (), then the conclusion is straightforward, as Xp = cp.
Otherwise, suppose that n € 2,00 and T : X = Y has GraphT # ().

Assume first that n is finite. If 7" is n-monotone then, for every (x,y) € D(T)x R(T)
and every 21 € T™(y), yn € T(2), {(2i,4i)}iean=1 C Graph T, the n-monotonicity
of T on the pairs (xlv y)7 (I’, y’rL)? (:En—17 yn—1)7 R <m2a y?) pI‘OVideS

n—1

<[E1 - 'Iay> + <'T - l‘n—layn> + Z(xl - xi—17y7ﬁ> Z 0.
i=2
Pass to infimum over zy € T'(y), yn € T(z), {(2i,¥i) }iean—1 C Graph T to obtain

(n) (n)
(X —c)(x,y) > 0. Therefore Xy > c.

(n)
Conversely, suppose that X7 > c. For every {(z;, %) }ict;; C GraphT,
i (n)
Z(% — Ti1,Yi) + (21— Tn, y1) > (K = ¢)(T0, 1) > 0.

i=2
According to (6), T is n-monotone.

The case n = oo follows directly as a consequence of the cases where 1 < n < oo.

_ ) (n)
In general, for every n€ 1,00, Xr < Xg = ¢p which implies Graph T C [Xr < ¢].

(n) (n)
When T is n-monotone, meaning that Xy > ¢, we obtain GraphT C [Xp =¢]. O

Theorem 2.2. Let (X,Y,(-,-)) be a dual system and let n,m € 1,00. The operator
T:X =Y is (n+ m)-monotone iff one of the following conditions holds:

Loy () {m) ) m)
1) wr < X, (ii) ¢ ¢ < conv X, (iil) ¢ < o

In this case,
® (k) ®) (k)
Vk e 1,n+m — 1, GraphT C [, = c]N]Xr = c]N[conv Xp = |N[v r = ¢], (20)

K (k) (k) (k) I
and, whenever Graph T # (), <g0>T, Y, conv Xp, Xp are proper, k€ 1,n+m — 1.

n (m) (m) (m)
Proof. If GraphT = (), then <g0>T = —o00, Xp =conv Xy = ¢, = 400, and the

conclusion follows. Otherwise, suppose that Graph T # ().
Assume that 7" is (n + m)-monotone, where m > 1, n > 1 are finite integers.
For every (z,y) € D(T) x R(T), o, € T '(y), v, € T(z) and every

{(@i,0) Vet U2}, 9)) }jezm— € GraphT,
the (n + m)-monotonicity condition (5) for the pairs
(xna yn)7 (mn—h yn—l)a ) (1717 y1), (l‘, y;n)J (I;nfh y;n71)7 ct (33/2, yé)? (*T/lv y)

provides

n

m—1
Z(xi_xi—lvyi>+<x1_$’y1>+<x Lop— lvym +Z j lvyj +<17,1—l'n,y> Z 07
=2 j=2
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and
n m—1
(95—951,91>+Z<$i—1—Ii,yz‘>+<$my> < <x,17y>+Z<I;_‘T;‘—1ay;'>+<x_x;n—17y;n>’
i—2 =2

Pass to supremum over {(zx,¥x)}rern C GraphT on the left hand side and to
infimum over 2} € T7'(y), v, € T(x), {(},9})};czzn—t C GraphT on the right

n (m) (m)
hand side to get <30>T(:U,y) < Hop(x,y). Since Xp = +o0 outside D(T') x R(T),
we infer that (i) is true. In particular, GraphT C [@T = ¢ N[ X7 = ¢, since,

n {m) n
according to (11), (18), GraphT C [<g0>T >N [ X <c], and <g0>T is proper.
Assume that (i) holds. For every { (7, vi) }icts U {(%}, ¥))}jetm C GraphT

- () (m)
(5, — 21, 91) + Z(Ii—l — i, ¥i) + (@n,y1) < P (@, vi) < Hrlag,, y1)
i=2
m—1 m
— mlayl +Z ZE _:E] lay] +<x;n_'r;n—17y:n> = (:L"l,yi)+z<m;—x;_1,y;>,
j=2 Jj=2
which leads to
Z(xz — L1, yi) + (21 — 2, 91) + Z@; — 1,y + (2] — zay1) 20,
i=2 j=2

i.e., the (n + m)-monotonicity condition for the pairs

/ /

(:En) yn)7 (xn—17 yn—l)v ceey (:El) yl)v (xma y;n)a (xm—la %/71_1)7 R (xlla yi)a

holds. Therefore T' is (n + m)-monotone.
m) (m)  (m)
(i) < (ii) < (iii) are plain, 1 4, conv X p, X7 are proper, and (20) is true in this
n n (m) (m) (m) (m)

case, since <g0>T e I'(Z) and <g0>T < ¢ =cleonv( X 7) < conv Xp < Hop.

In case m = oo (or n = oo0) we use the above argument for any finite integer
1 <m< oo (1 <n<oo)and pass to infimum (supremum) over m > 1 (n > 1) to
conclude. ]

Corollary 2.3. Let (X,Y,(-,-)) be a dual system and let n € 1,00. The operator
T:X =3Y is (n+1)-monotone iff one of the following conditions holds:

(i) <$T <er, (ii) GraphT C [<$T <, (ili) Graph T C [<$T = ¢|.

Proof. We use Theorem 2.2 for m = 1 to infer that 7" is (n + 1)-monotone iff

" )
<90>T < Xr = er, that is, (i) holds; (i) < (ii) is plain; and (ii) < (iii) follows with

the aid of (11). O
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Definition 2.4. Given (X,Y,(:,-)) a dual system,n e Nyn>2 and T: X 3 Y,
the pair (z,y) € X x Y is n-monotonically related (m.r. for short) to T if, for every
{('1'“ yi)}iel,nfl C Graph T7

(T = Tn-1,Y) + (Tn-1 — Tn-2,Yn—1) + ...+ (T2 — 21,92) + (¥1 —z,91) > 0. (21)

The pair (z,y) € X x Y is cyclically (c0)-monotonically related (m.r. for short) to
T if, for every n > 2, (z,y) is n-m.r. to 7T

For n € 2,00, provided that 7' is n-monotone, (z,y) is n-m.r. to T if and only if
GraphT'U {(z,y)} is n-monotone.

Theorem 2.5. Let (X,Y, (-,+)) be a dual system, letn € 2,00, and letT : X =Y.
Then

(n—1)

(i) [ o'r<c=A(z,y) € X XY | (x,y) is n-m.r. to T};

(n—1)

(ii) T is n-monotone iff GraphT C [<n¢1>T <] iff GraphT C [ ¢ ' =]

Proof. (i) From (8), (21), it is easily checked that, for n € N, n > 2, (z,y) is n-m.r.
to T iff (x,y) € [<ng51>T < ¢]. As a consequence the same holds for n = co.

(ii) This fact has already been observed in Corollary 2.3. Alternatively, it follows
from (i) and (11). O

The concept of (2-)monotonicity has been extensively studied in [10, 11, 12, 13, 14,
16, 17, 18] with the key findings summarized in the following theorem.

Theorem 2.6. Let (X,Y, (-,-)) be a dual system and let T : X =Y. The operator
T:X =2Y is (2-)monotone iff one of the following conditions holds:

Here Graph(T%) = [<<,10>T < and TT* = (TH)" .

(i) GraphT C [pr =¢|, (v) conver > ¢,
(ii) <<BT <ecr, (vi) there is he A(Z) with h > ¢ and GraphT C [h = ¢],
(1)
(iii) ¢r < r, (vii) e > ¢
)
(iv) ¥, >, (viii) Tt is monotone.
]

Theorem 2.7. Let (X,Y,(-,-)) be a dual system and let T : X =Y. The oper-
ator T : X ==Y s cyclically monotone iff one of the following conditions holds:

o (00)
(i) GraphT C [P (<) =d, (iv) ¥y >,
(o0) (o0)

(ii) <22>T < X, (v) conv Xp >,

. (o) )
(iii) <¢>T < Y, (vi) there is h € A(Z) such that ¢ < h < Xp.

Proof. We may assume that Graph T # (), otherwise the argument is plain.

() (o0)
. ) L (c0)
In this case and under any of the given conditions, ¢, ¥ -, X are proper.

The equivalences of T" being cyclically monotone with (i), (ii), (iii) are consequences
of Theorems 2.5, 2.2 for n = m = cc.
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(iii) = (iv) For every z € Z,

Dp(2) 2 30 p(2) + Fr(2) = M(F0)P) + Fal2)) 2 2 2 = c(2).

(o0) (o0) (o0)
(iv) = (v) follows from ¢ ; = clconv X < conv Hr.

(o)

(v) = (vi) is straightforward with h = conv X .
If (vi) holds then T is cyclically monotone due to Theorem 2.1. O

Notice that condition (vi) in both Theorems 2.6, 2.7 shares the same structure,

)
because h > ¢ and GraphT C [h =] iff ¢ < h < ¢p = Hp.

Remark 2.8. For n € 2,00, let T} : Z = Z be defined by

Graph(T,) = "¢ < .

i.e., z € Graph(T,)) iff z is n-m.r. to T, and let T,F " = (T;7)}.
For any operator T, we have GraphT' C Graph(T| ++) However, for n € 3, 00, it is
generally not true that Graph T C Graph(7,/"). More precisely,

3T :R* = R Vn € 3,00, GraphT ¢ Graph(T,[ ™). (22)
Take T : R? = R? given by GraphT = {(0,0), (5,5)}. Then

{(1,1),(2,0.32)} C Graph(T) = N2, Graph(T"),
because

Graph T U {(1,1)} C Graph(d(32?)) = {(z,z) | z € R},
GraphT' U {(2,0.32)} C Graph(d(ti52")) = {(z, 3z2°) | z € R}
However, for every n € 3,00, we have (0,0) € GraphT ~. Graph(7/*), since
Graph(Z,/") C Graph((T%),) C Graph((T.)3),

and (0,0) € Graph((T)3), i.e., (0,0) is not 3-m.r. to T, as evidenced when we

verify (21) for (x,y) = (0,0), (x1,y1) = (2,0.32), (z2,92) = (1,1). Indeed, in this
case

(2
(x —z2)y + (29 — 21)y2 + (1 — )y = —0.36 < 0.

Definition 2.9. Let (X,Y,(,-)) be a dual system. Then, for T : X = Y and
w = (x9,yo) € Graph T define Rockafellar’s antiderivative i : X — R as
n—1

rf(@) =sup{(z =2, yn)+ Y (Tis1—20,yi) [0 > 1 {(21,9:) Yierm C Graph T}, (23)
i=0

It is worthwhile to recall Rockafellar’s result [8, Theorem 1, p.500], which charac-
terizes the convex subdifferential as a template for cyclically monotone operators.

We provide a proof for the sake of completeness and in light of the broader context,
particularly with regard to equation (25) below.
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Theorem 2.10. Let (X,Y,(:,-)) be a dual system. Then T : X =Y is cyclically
monotone iff there is h : X — R (h € I'5(xy)(X)) such that Graph T C Graph(oh).
In this case,

Vw = (xg,yo) € Graph T, r7(xg) =0, GraphT C Graph(9ry), (24)
and, for every x € X,
r¥(x) = min{h(z) | h: X — R, h(x¢) =0, GraphT C Graph(dh)}

25
= min{h(z) | h € I'sx,y)(X), h(zo) =0, GraphT C Graph(dh)}. (25)

Here “07 represents the convex subdifferential taken with respect to (X,Y, (-, -)).

Proof. Assume that Graph T C Graph(dh) for some h : X — R. For every integer
n > 2 and {(2i,¥i) }ictn C Graph T, with z,,1 = 71, we have

n

Z(iﬂz = Ti1,Yi) 2 Z h(z;) — M(xig1) = 0,

i=1 =1
that is, T" is cyclically monotone.

Let T' be non-empty cyclically monotone and let w = (xg, o) € GraphT. For every
(z,y) € GraphT, n > 1, {(%s,¥:) }iet € GraphT we have from the cyclic mono-
tonicity of 7" on the family {(z;, ¥:)}ico71 € Graph T, where (2,11, Yns1) = (2,9)

—_

n—

<l‘i — xi+1,yi> + <5Un - :C,yn> + <$ - x07y> > Oa

-
I
o
—

n—

(SE - xm’yn> + <$i+1 — Xy, yi> < (35 — To, y>. (26)

7

I
)

After passing to the supremum in (26) over n > 1, {(zi, %) }iet; C GraphT, we
get that, for every (z,y) € GraphT, r¥(z) < (x — xo,y) < oo. This shows that
D(T) C dom(r¥) and ¥ (zo) < 0.

Take n =1 and (x1,41) = (%0, yo) in the definition of 7% to find r¥(z) > (x — x0, yo),
from which 7% (zo) > 0, and so, 7 (xo) = 0. Note that 7§ € I'y(x y)(X) since it is a
supremum of continuous affine functions.

Arbitrarily fix x € X and (Z,7) € GraphT. For every n > 1, {(2i, i) }ictn C
Graph T, from the definition of 7 used for {(z;,¥:)}icrmms € GraphT, where
(-Tn—i—layn—i-l) = (57 y)a we find

n—1
() > (@ =T 9) + (T — T ya) + D (T — T ).
i=0
Pass to supremum over n > 1, {(24, ¥;) };et; C GraphT to get

rr(z) = (x = 7,9) +r7(T),

that is, (7,7) € Graph(dr¥). Therefore Graph T C Graph(or¥).
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Let h: X — R be such that h(z¢) = 0 and Graph T C Graph(dh).

For every {(zi, ¥:) }iets C GraphT we have (i1 — 24, y:;) < h(wi1) —h(2), 1 € 1,n
and so

Z(xi-i-l — 23, Yi) < Z[h(:piH) — h(z;)] = h(xy,).

Together with (x — z,, yn) < h(x)

|
=
—

x,) one gets that for every x € X

n—1

(x — Ty, Yn) + (Tip1 — 24, y3) < h(z).

Hence 7 < h. O

Il
=)

Theorem 2.11.  Let (X,Y,(-,-)) be a dual system, let T : X =Y, and let
w = (x9,yo) € GraphT. Then, for every x € X,

X0, (o0)
r (@) = B o 90) = (o, o). (27)
Proof. Relation (27) is an immediate consequence of (9), (10), and (23). O

Corollary 2.12. Let (X,Y,(-,)) be a dual system and let T : X =Y be cyclically
monotone. Then,

Vo € D(T), Yyo.yh € T(xg), rio%) = rfro ), (28)
FEquivalently, for all x € X, for all xo € D(T), and for all yo,y} € T(x0),
Pl y0) = (z0.90) = @) — {xo,v5). (29)
For every h : X — R such that Graph T C Graph(0h) we have
Vo € X, V(xo,yo) € Graph T, h(x) > h(xg) + T(Tmo’yo)(x). (30)

Proof. Relations (28), (30) are direct consequences of (25). According to (27), (29)
is equivalent to (28). O

Theorem 2.13. Let (X,Y,(-,-)) be a dual system and let T : X =Y. Define the

operator
Kr:DKy)=D(T)xR(T)CZ=XxY=Z

as Kr(z,y) =T ' (y) x T(x), (z,y) € Z, or, equivalently
((z,y), (u,v)) € Graph Ky < (x,v), (u,y) € GraphT. (31)
Then T is cyclically monotone in (X,Y,(-,-)) iff Ky is cyclically monotone in
(Z,Z,-) iff D(T) x R(T) C dom % iff
Graph Kr C Graph(c?(z;)T) (32)
iff Graph Kr C Graph(9v 7). (33)

Here “07 represents the convex subdifferential taken with respect to (Z,Z,-).
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Proof. We may assume that GraphT # (), otherwise the argument is straightfor-
ward. Fix ((z,v), (u,v)) € Graph K7, that is, fix (x,v), (u,y) € GraphT'. For every
n > 1, {(@s, i) et € Graph T, use (8), the definition of <ng22>T, on the pairs
(xa U)? (‘rﬂn yn>7 ) (Ila y1>7 (U, y)
to get that, for every (a,b) € Z,
(n+42)

—1
) T(CL b) <Cl — 'T,U> + $n,yn Z Lit1 — %»yz + <£L’1 - U,y> + <U,b>

Pass to the supremum over {(z;,¥;)};c1;; € GraphT to find for all (a,b) € Z,

(n+2)

(n)
v r(a,0) = (a—z,0) + or(z,y) + (u,0 —y).
Therefore, for all (z,v), (u,y) € GraphT and all (a,b) € Z,
(n 2) (n)
pr(a.b) = (uw,v) - ((a.b) = (2.9)) + Pr(z,9)- (34)
Pass to the supremum over n > 1 to obtain for all (z,v), (u,y) € GraphT and all
(a,0) € 2, (c0) (c0)
SOT(aab> Z (U,’U) ((CL?b) _<I>y))+ QOT(xay) (35)
From (35),
D(T) x R(T) € dom @'y & W(x,v), (u,y) € GraphT, (u,v) € 9% p(z,y)
< Graph Kp C Graph(8<$>T). (36)
Conditions (32) and (33) are equivalent because

- (oo)
(a<80>T>_1 =04 pand (Kp)™' = Kr.

Assume that T is cyclically monotone. According to Theorem 2.2, <§2>T < <§?T. In
particular we have D(T') x R(T) = dom %?T C dom <$>T. From (36) we conclude
Graph K C Graph(8<$>T).

Assume that Graph K C Graph(8<§°2>T). Then K7 is cyclically monotone, since so
is 9% . Also, D(T) x R(T) = D(Kr) C dom % .

Pick b =y in (35) to get v € 3<§.5>T(-,y)(x); whence, according to (27),

Graph T C Graph(0'Q 1 (-,y)) = Graph(ar{*”): (37)
in particular T is cyclically monotone.

Assume that K7 is cyclically monotone. For every finite integer n > 2 and for every
{(z5,v8) biet UL (us, ¥i) b € Graph T, the n-monotonicity condition of K7 on the
set {((@s, i), (Ui, vi)) }ierm € Graph K translates into

D (@) = (@oens i) - (i vs) = D= @i vs) + ) (s g = yara) = 0, (38)

i=1 =1 i=1

where ('T'n+17 Ynt1, Un41, Un+1> = (xlu Y1, U1, vl)-
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For some ¢ € 1,n we take (u;,y;) = (u,y) a fixed element of GraphT to obtain
Yo {@i—ip1,v;) >0, Le., T is n-monotone. Therefore T is cyclically monotone. [

Remark 2.14. As we have seen in (37), we note that (24) is a consequence of (32)
via (35). More precisely, given T cyclically monotone and w = (xg, yo) € Graph T,

w (00
TT(fBO) = ¢ (20, %0) — (0, %0) = 0,

because, according to Theorem 2.7 we have GraphT' C [<$>T = c|. ]

Remark 2.15. It has been observed in several places (see e.g. [7, Theorem 3.4]
or [3, Theorem 3.3]) that 7" : X == Y is monotone in (X,Y,(-,-)) if and only if
Ar :={(z,2) | z € Graph T} is (cyclically) monotone in (Z, Z, -), mainly, because,
for every n > 1 and {z1,...,2,} C Z, 2,41 = 21, we have

n n

Z c(zi — zig1) = Z[C(zz‘) + c(zi41) = 2 - Zi]

n n

- Z[Qc(zz) — 2 zip] = Z(zz — Zit1) " % (39)

i=1 i=1

Although A7 cannot differentiate between various types of monotonicities, its ex-
tension K7 can, namely, for n € 2, 0o

T is n-monotone in (X,Y,(-,-)) < Kr is n-monotone in (Z, Z,-). (40)
Indeed, the converse implication in (40) is established within the proof of Theorem
2.13.
Directly, if T' is n-monotone then so is 71,
For every {(xi,v:)}ietn U {(wi, ¥i) bietn C Graph T, with
(xn+layn+17un+1avn+1) = (xlaylaulavl>7

S (i — xiv1,v;) > 0 because T is n-monotone, Y i (u;, Y — Yir1) > 0, since T
is m-monotone, and so, (38) holds, that is, Kr is n-monotone. Il

Analogous to Theorem 2.13, the following variant of Theorem 2.10 can be estab-
lished.

Theorem 2.16. Let (X,Y,(-,-)) be a dual system. Then T : X =Y is cyclically
monotone iff one of the following conditions holds

V(@ € R(T), D(T) C dom 7 (-, 0), (41)
V(o € R(T). GraphT C Craph(dP'r (- 0)). (42)
V(I)w = (z0,y0) € Graph T, GraphT C Graph(9ory). (43)

Here “07 represents the convex subdifferential taken with respect to (X,Y, (-,-)).
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Theorem 2.17. Let (X,Y,(-,-)) be a dual system, let n € 1,00, let T : X =3 Y,
and let Kp : Z = Z be defined as in (31). Then

(n) (n) (n)
QDKT(x’yfuaU): @T(xav)_}_(pT(uvy)a l’,UEX, yaU€Y7 (44)
(n) (n) (n)
¢KT($’y7uaU) = ¢T($,U) + ¢T(u7y)a .T,U € X7 yav € Y7 (45)

i D @) = o (@) + R ),

(z,y) € X XY, (20, v0), (o, y0) € Graph T,

(46)

and T is (mazximal) n-monotone (in (X,Y,(-,-))) iff Kr is (mazimal) n-monotone
If T is cyclically monotone in (X,Y,(-,-)) then, for every (z,y) € X XY, every
(xo,v0) € GraphT, and every (ug,yo) € GraphT,

PO () < (5T () — () (o), (47)

(o0) (o0) (c0) (o0)
@ (x,v0) + @ (U0, y) — (To,v0) — (U0, yo) < @ r(2,y) — @ 7(T0, Yo)- (48)

Proof. For every finite integer n > 1, for every (z,v), (u,v) € X x Y and for every

[((2ir93), (s, 03)) boers © Graph Ko, i.e., {(z1,v) ey U {(ts, ) baers © GraphT
we have

—

n—

(7, y) = (Tn, Yn)) - (Un, v0) + (i1, Yirr) — (i, yi) - (wiy vi) + (21, 91) - (u,v)

=1

n—1 n—1
= (90—%,Un>+z<l‘z‘+1—$i,Uz‘>+<$1,v>+<umy - yn>+z<ui7yi+1_yi>+<u>y1>'
i=1 i=1

After we pass to the supremum over {(zi, vi)}ictn U {(wi, ¥i) Yietn € GraphT, we
find that

(n) (n) (n) (n) (n)

@k (@,y,u,0) = ©p(2,0) + ©paly,u) = @@, 0) + ©r(u,y).
Let n — oo to complete (44). Relation (45) is obtained from (44) by convex conju-
gation.
The equality in (46) is similarly verified or it is yielded by (44), (27), (12).
If n = 1 then T is maximal 1-monotone in (X,Y,(-,-)) iff GraphT = X x Y iff
Graph Kt = Z x Z iff Kr is maximal 1-monotone in (7, Z, -).
Assume that 7" is maximal n-monotone in (X, Y (-, -)), for some n € 2, 00. According
to Theorem 3.1 below, [<n951>T < ¢] € GraphT and <ng51>T > c. Similarly, since 71
is maximal n-monotone, [<ng51>T_1 < ¢] C Graph(T™') and <n951>T_1 > c. After using
(44), (12), and 0" > ¢, 9" 71 > ¢, one finds that [WQDUKT < C] C Graph Kr.

Here C(z,w) = z-w, z,w € Z. Therefore, again from Theorem 3.1, K is maximal
n-monotone in (Z, Z, ).

Conversely, if K7 is maximal n-monotone then [w&l) Kk, < C] C Graph Kr, which

yields, after considering (44), that [<ng51>

monotone.

r < ¢ C GraphT, i.e., T is maximal n-
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If T is non-empty cyclically monotone then, for every (zg,vy) € GraphT, we have
GraphT C Graph(@r? 0’UO)). Therefore Graph Kt C Graph(df), where

f(x,y) = rgfjo’m)(x) + (r?o’%))*(y), reX,yey.
Using (25) for K7 yields that, for every x € X, y € Y, (x¢, v0), (uo, y0) € Graph T,

r%ﬁo,yo)v(uomo))(x’ y) — ré?o,vo)(x> + r%}_o,luo)(y) < f(l’, y) B f(x07y0)

=7 (@) + () () = ) (o),
from which (47) follows.

Similarly, from Graph K C Graph(8<:5>T) we get

0,Y0),(uo,v 0,V U (o0) (c0)
rier oot (g y) = 1700 (@) + 1 (y) < G, y) — @ (@o, vo)
which provides (48) via (27). O

Proposition 2.18. Let (X,Y, (-,-)) be a dual system and let h € I'y(x y)(X). Then
K@h - af7 where f(x,y) = h([[‘) + h*(y); LS X7 yE Y.

Proof. It suffices to note that Graph(dh*) = Graph(dh)~'. O

3. Maximal n-monotonicity

Theorem 3.1. Let (X,Y,(-,-)) be a dual system and let n € 2,00. The operator
T: X =Y is maximal n-monotone iff one of the following conditions holds:

(n—1)

(i) GraphT = (D)[ ¢ 't <(];

(n—1)

(ii) (ngBDT > ¢ and GraphT = [ ¢ = ¢|;

(iii) <n<,51>T > c and T is n-representable, which is defined as T is n-monotone and

(n—1

S eT(2), e < f<max{"p" g b 4}, GraphT = [f = dl: (49)

(iv) T is n-representable and, for every (x,y) € X xY, condition C,(z,y) holds,
where

Cg(ﬂf,y) : El(xlayl> € GraphT7 <$ - $17y1> + <$1 - x,y) Z Oa (50)
3{(Iiayz‘)}i6m C GraphT,
For 3<n<oo, C,(z,y) : ol (51)
(x—xl,y1>+z<xi,1—:zi,y¢>+<xn,1—$,y> 2 07
=2

Cx(z,y): ImeN, m>2, Cp,(x,y) holds. (52)
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Proof.  Assume that T is maximal n-monotone. Every (x,y) € [<ng51>T < (] is
n-m.r. to T" which is n-monotone. Hence GraphT U {(z,y)} is n-monotone and
contains Graph 7', from which (z,y) € GraphT. We proved [<n<,51>T < ¢] C GraphT.
Using Corollary 2.3 or Theorem 2.5, we deduce the converse inclusion from the

n-monotonicity of T, thus completing the proof of (i).

Suppose that (i) holds. Let M be any n-monotone extension of 7. Then every
(xz,y) € Graph M is n-m.r. to T, because M is n-monotone and contains 7. From
Theorem 2.5 (i) we know that (z,y) € [<n951>T < ¢] € GraphT. We proved that
Graph M C GraphT. Therefore T is maximal n-monotone.

(n—1)

(i) = (i) is plain, since "¢ 7 > ¢ provides [0 p < ] = [y = ¢].

(i) = (ii) According to (11), [<ng51>T < ¢ C GraphT C [<n951>T > ¢|. Hence we have

(n—1)

[<n<pl r<c=01ie, <ng51>T > ¢, and GraphT = [ ¢ 7 = ¢].

(ii) = (iii) is straightforward from Theorem 2.5 (ii) with f = <ng51>T.
n (n—1)
() = ) Lot "5y o= mas( "6y, 0 )

Since T' is n-monotone we know from Theorem 2.5 (ii) that GraphT" C [(TEUT = c|.

Conversely, let z € ["p", = ¢]. Then T is non-empty, ¢ 5 € ['(Z), and, according

(n-1) e
to Lemma 1.5, z € [ ¢ = ¢|; whence z € [< 71>T =c|] C[f =¢ C GraphT.

(iii) = (iv) Assume that n is finite. If (z,y) € Graph T then we take (x;,y;) = (z,y),
1 € 1,n — 1, for which

—

n—

<33—1'17y1>+<331 —$7y> = <a:—$1,y1>+ <37i—1—$i,3/i>+<$n 1 — ?/> = 0.

i

[|
¥

If (z,y) € Graph T then, since T is maximal n-monotone, {(x,y)} U Graph T is not
n-monotone. Hence, there is {(z;,¥;)}e1—1 C GraphT such that

<ZE - xn—17y> + <xn—1 - xn—Quyn—1> +...+ <ZL’2 - CClay1> + <ZL’1 - C(],y1> < 0.

n—1
In both cases we get (r —x1,y1) + Z(a:i_l — x4, Yi) + {(xn_1 —x,y) > 0.

i=2
When n = oo and (z,y) € Graph T, {(x,y)} U Graph T is not co-monotone. There-
fore, for some m € N, m > 2, {(x,y)} UGraph T is not m-monotone and we proceed
as above.

iv) = (iii) It suffices to prove that o>
YT

For every (z,y) € X x Y let m € N,m > 2 and {(2, ¥i) };ctm—1 C Graph T be such
that (52) holds, with m = n when n is finite. According to C,(z,y), we have

m—1
(n—1)

o r(wy) > "0 (2, y) > (= wy) + Z@TH = i, Yi) + (Tm-1,y) = (2,y). O

=2
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Remark 3.2. In the specific cases where n € {2, 00},

n—1)

< —
T is n-representable iff 3f € I'(Z), ¢ < f < ¢ 4, GraphT =[f =¢];  (53)

because, in this case, according to Theorems 2.6 and Theorem 2.7, T" is n-monotone

(n—1) (n—1) (n—1)
ift v > ¢ piff ¥ > c In particular

Vn € {2,00}, (T is n-representable = T is n-monotone). (54)
(n-1) (n—1)
Because f € I'(Z), we canrelax f < 7 in (53)to f < Hp ,and GraphT = [f = (|
(n—1) (n—1) U]

to GraphT D [f = ¢] because from ¢ < f < ¢ < X ¢ < Xp = ¢p we know
that Graph T C [f = ¢]. More precisely, for all n € {2, 00},

(n—1)
T is n-representable iff Af € I'(Z), ¢ < f < X p, GraphT D [f =¢|.  (55)

The 2-representability definition aligns with that in [10], i.e.,

T is 2-representable iff 3f € I'(Z), f > ¢, GraphT = [f = (], (56)

)
since, from GraphT' C [f = ¢|, we obtain f < ¢y = Xp. Consequently, the condition

(1
f < ¢4 is redundant.

Note also that, for n € 2, 00
T is oo-representable = T is n-representable = (49) = T is 2-representable. (57)

Indeed, the penultimate implication is plain, and the final implication follows from
(56). For the first implication we assume that 7" is oo-representable, i.e., we assume

(00)
GraphT = [f = ¢], for some f € I'(Z) with ¢ < f < 4 ;. Since T' is co-monotone,
for every n € 2, 00, we know that 7' is n-monotone and

n—1) (00) (o0) (n—1)
e r0r <Y< Y o

(

(n-1) oty (D)
Therefore f < ¢ = max{< g01>T, ¥ 5} and so T is n-representable. ]

Theorem 3.3. Let (XY, (-,-)) be a dual system, letn € {2,00}, andletT : X =Y
be such that GraphT # (). _— )

n—1
Then T is n-representable iff ¢ p > ¢ and GraphT(D) = [ ¢ , = ¢| iff T is

(n—1)
n-monotone and GraphT (D) =[ ¢ = ¢|.

Proof. The second equivalence is plain due to Theorems 2.6 and %n7_1

The converse implication in the first equivalence is plain; take f = v , (see also
(18)). Assume that T’ <ins_3—1rep1resentable, that is, GraphT D [f = ¢], for some
fel(Z)withe< f< ¢ ;.
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(n—1)
Together with (18) we conclude that GraphT = | ¢ ; = ¢], since

(n—1) (n—1) (n—1)

[ Y r=d C[f=c(C)=GraphT C[ ¢ <] =[ ¢ p=. O

Proposition 3.4. Let (X,Y,(-,-)) be a dual system and let h : X — R. Then

W(a.y) € X XY, Kon(ey) > (h+ pem)(@) + (0 + mon) (). (58)
V(z,y) € X XY, % ah(x y) < (W + trem)"(x) + (b + tpew) (). (59)

If, in addition, h € To(xy)(X) then Oh is cyclically representable.

<OO> [o'e)
Proof. If Graph(0h) = ) then Xy, = +o0, <go>ah = —oo, and so (58), (59) are

true.

Assume that Graph(0h) # (). For every n € N, n > 3, every (z,y) € D(0h) x R(dh),

and every

z1 € (0h) " (y), yn € Oh(x), {(%:, i) }eam=r C Graph(dh),

n—1

we have (x1,y) + Z(flf@ — T 1, Yi) +{T — Too1, Yn)

1=2
n—

2 hiza) +07(y) + p_h(wi) = h@ia)] + h(@) + h*(Yn) = (Znr, Yn)

= h(x1) + 2*(y) + [W(zn—1) — h(z1)] + h(z) + 2 (Yn) — (Tn-1, Un)
= h(z) +h"(y) + M(zn_1) + 1" (Yn) = (Tn-1,yn) = h(z) + " (y).

Pass to the infimum over 1 € (0h) "' (y), yn € Oh(x), {(2i,yi)}czm=1 C Graph(dh)

to get
()
V(z,y) € D(0h) x R(0h), Vn €N, n >3, h(z) + h*(y) < Hon(z,y),

(n) (o0)
V(z,y) € D(Oh) x R(Oh), h(z)+ h*(y) < 111r>11; Hon(z,y) = Hon(z,y).

(00)
Since dom( X 5,) = D(0h) x R(0h), (58) holds; (59) is obtained by convex conju-

gation.

If, in addition, h € I'y(xy)(X), then let f(z,y) = h(z) + h*(y), z € X, y<€>Y.
Clearly, f € I'(Z), Graph(0h) = [f = ], and, according to (58), ¢ < f < X gp.
Hence Oh is oco-representable (see (55)). O

Theorem 3.5. Let (X,Y,(-,-)) be a dual system and let T : X =2Y be cyclically
monotone. The following statements are equivalent:

(i) T is mazimal cyclically monotone,
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(ii) T = Oh, for some h € I'yxy)(X), and, for every (z,y) € X XY, there are
n €N, n>2 and {(zi,¥:)} et C Graph T such that

n—1

(x — x1,y1) + Z(%‘q — 23, Yi) + (Tno1 — 2,y) >0, (60)
=2

where for n = 2 the previous inequality reads (x — x1,y1) + (x1 — z,y) > 0.
(iii) T = Oh, for some h € I'y(xy)(X), and <$>T > c.

(iv) T = Oh, for some h € T'y(xy)(X), and T admits a unique mazimal cyclically
monotone extension.

Proof. (i) = (iv) is plain; (i) = (ii) is a consequence of Theorems 2.10, 3.1.
(ii) = (iii) and (iii) = (i) follow from Proposition 3.4, Theorem 3.1.

(iv) = (iii) It suffices to prove that <?2>T > ¢. Assume by contradiction that there
exists zyp € [<$>T < ¢]. Let f(z,y) = h(z) + h*(y), (z,y) € Z. Then f € I'(Z),
f=f">c and f > <<,0>T, since (58) provides f = f& < Xp.

Assume that M is the unique maximal co-monotone extension of Graph 7. Accord-

ing to Theorem 2.5 (i), every z € [<ZB>T < ¢] is co-m.r. to T which is co-monotone.
Hence Graph T'U {2} is co-monotone. From Zorn’s Lemma, Graph 7'U {2} admits a
maximal oo-monotone extension which is also a co-monotone extension of Graph T,
so, every such extension coincides with M. In particular z € M. We proved that

[<Z5>T < ¢ C M. In particular [<$>T < ¢] is (2-)monotone.
We claim that dom f C {z}T :={z€ Z | c¢(z — 29) > 0}.
Indeed, if there isa z€dom f (C dom <Z5>T) such that ¢(z—zp) < 0 then z ¢ [<§.2>T <,
since [<§.5>T < ¢] is monotone and zy € [<€2>T < ¢]. Hence z € [<$>T > ¢] N dom <ZZ>T.
From the continuity of a : [0,1] — R, a(t) := (@?T —¢)(tz 4+ (1 — t)zp) together
with «(0)a(1) < 0, we infer that there exists s € (0,1) N [a = 0], that means,
w:=sz4+ (1 —8)z € [<ZZ>T = ¢]. It follows that c(w — 29) = s*c(z — z) < 0, which
contradicts the monotonicity of [<$>T < ¢]. Our claim is proved.
Therefore, for every z € dom f

f(z) > c(z) >c(z) —c(z — 20) = 2+ 20 — c(20) = c(20) > 220 — f(2).
We find that zy € [fY = ¢] = GraphT C [<§2>T = ¢] a clear contradiction. Hence
<<;°2>T > c. ]

Remark 3.6. Note the power of the condition T" = 0h, for some h € I'y(x y)(X).
In its presence the argument in the proof of Theorem 3.5 actually shows that

[<§.5>T < ¢| monotone

= GraphT = [<$>T <c]= [<Z2>T = c| is mazimal co — monotone. (61)
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Example 3.7. Let T : D(T) = [0,+00) C R — R, T(x) = 0. For every n € 2, 00,

r,y € R
{ 0, y<0

(2, y) = SUpuY = t(—o00)(y) =
T\ (—00,0] +oo, y>0 "’

u>0

(n) m \O Lo4o00)(T), ¥y =0
T,Y) = T,Y) = su TU+Uuy) = ’ ,
Vale) = Bl = sup (woug) = { 010 120
(00) (00)
T is oo-representable, since 1 , > ¢ and GraphT = [¢¥ ; = ¢|, and T is not

. (c0) . . .
maximal co-monotone, because ¢ ; ? c¢. Consequently, T" is neither a maximal
monotone operator nor the subdifferential of any proper, convex, and lower semi-
continuous function. O

Let (X,Y,(-,-)) be a dual system and let h: X — R. To h we associate

hY: X =R, h°(x) : = (W + tgeon))*(x) = sup{(z,y) — h*(y) | y € R(Oh)} (62)
= sup{(z — u,y) + h(v) | (u,y) € Graph(0h)},
he .Y =R, h%(y) - = (b + tpn) " (y) = sup{(z,y) — h(z) | = € D(dh)} (63)

= sup{(z,y —v) + h*(v) | (x,v) € Graph(0h)},

Proposition 3.8. Let (X,Y,(-,-)) be a dual system and let h : X — R. Then

(i)  hY < K™, h® < h*; for x € D(Oh), h¥(x) = h**(x) = h(z) = h®*(z), and, for
y € R(Oh), h=*(y) = h*(y) = h*(y),

(ii) A" is proper iff Graph(oh) # 0 iff h® is proper. In this case h” € T'y(x y)(X),
h® e FJ(YX) (Y)

(iii) For everyn € N, n > 1, h"Y = h”, where
W' () w= sup{(z—x1,y1) +(T1 =22, 92) + - . +(Tn1—Tn, Yn) +H(2) |
{(zi,4i) Yietn C Graph(0h)}.
(iv) Graph(0h) C Graph(dh”) N Graph(oh®)™!
Here h®* := (h®)*, h* .= (hY)*.

(64)

Proof. (i) hY < h** follows directly from h* + tpon) > h* or the definition of Oh.
Similarly, h + tpan) > h implies that h® < h*.

If x € D(0h) then pick u = x in the definition of h”(z) to get h(x) = h(z).
Together with A < h*™* < h®* = (h + tp@n)™ < h+ tpen) that yields h¥(z) =
h**(x) = h(x) = h®**(x). In a similar fashion, for y € R(0h), h* € I'(Y'), because
Graph(dh)™' C Graph(9h*), h®(y) = h*(y), after we take v = y in the definition
of h¥, and h® < h* = h** < WY = (h* + tran))™ < h* + trean) provides h*(y) =
h*(y) = h®(y).

(i) If Graph(Oh) = 0 then h” = —o0, h® = —oo. Conversely, if Graph(oh) # 0
then h is proper, h* € T'(Y'). Using h” < h we see that h" is proper. Similarly, from
h® < h* we get that h® is proper.
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(iii) Let (u,y) € Graph(dh). If we pick (x;,9;) = (u,y), i € 1,n, in the definition
of K™ and pass to supremum over (u,y) € Graph(dh), then we obtain h™” > h".
Conversely, for every {(zi, %) }iet; € Graph(dh)

[y

n—1

(Ti = Tig1, yir1) < Z h(xi) = h(xiv1) = h(z1) — h(zn),

1 i=1

n—

%

from which A" < hV.

(iv) For every (x,y) € Graph(dh), w € X, we have h”(x) = h(x) and, from the
definition of h”(w), (w — z,y) + h(xz) < h*(w). Hence (z,y) € Graph(oh®).

Analogously, for every (z,y) € Graph(dh), ¢ € Y, we have h*({) = h*({) and, from
the definition of h*((), (z,{ —y) + h*(y) < h®((). Hence (y,x) € Graph(oh®). O

Theorem 3.9. Let (X,Y,(-,-)) be a dual system and let h : X — R. For every
(x,y) € X X Y} (‘T07y0) € Graph((?h)

Fonlw,y) = () + B2 (), 0 onle,y) = B (@) + B (y) (65)
P (@) = B(x) — h(ze), ) (x) = h*(y) — b (yo). (66)

Proof. If Graph(dh) = () then (65), (66) are trivially verified with
(90><9h =h” =h® = réﬁo’yo) = —o0, and ¥4, = h¥ =h%* = +o0.

Assume that Graph(0h) # (). According to Proposition 3.8 (ii), we have h” € I'(X)
and h® € T'(Y). Let us now prove that, for every x € X, y € Y,

sup @ gu(2,v0) — h*(vo) = h™(x), sup @ g,(uo,y) — h(uo) = h¥(y). (67)
voER(Oh) uo€D(Oh)

According to (11), for every z € X, vy € R(0h), <$>ah($,vo

~—

> (x,vg), and so
(o) . .

SUDy,er(on) P on (T, v0) — h*(vg) > SUD 0 R(0h) (x,v9) — h*(vg) = h”(x). The converse

inequality is a consequence of (59) and h* = h*® on R(0h), or h® < h*. We proceed

similarly for the second part in (67).

We use (48) for x € X, (xo,v9), (ug, yo) € Graph(dh) C [%
get that, for every x € X, yo € R(0Oh), (x¢,vo) € Graph(dh)

®

>8h =c|, and y =y to

(o0) (o0) (c0)
© an(@,90) = 0 an(T0,y0) + © a1,(,v0) — (20, v0)
(o0

= [T on(@, v0) — 1* (v0)] + [T on (@0, y0) — hlo)].

Pass to the supremum over (zg,vy) € Graph(dh) to obtain, according to (67), (59),
that, for every x € X, yo € R(0Oh),

(o) R
# on(,yo) = h7(x) + h*(yo) = h™(x) + h* (o). (68)
Similarly, for every y € Y, xyp € D(0h),

<:2>8h(x07 y) = h(xo) + 1% (y). (69)
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For every (z,y) € X x Y, we use (48) for (zg,v9) = (uo, yo) € Graph(oh) to get

)

(c0) (o0
SOah(xay) - <x0,y0> = Qon(z,y) — 908h<1707y0>

(

> @ah(%%) + <$>8h(u07 y) — (o, v0) — (Uo, Yo)
)
)

50 P on(x,y) > BU(x) + h®(y).

The first equality in (65) follows from (59). The second equality in (65) is obtained
by convex conjugation from the first part. For (66) we use (27), (65), (12), and
Y = h on D(9h), h® = h* on R(9h). O

Corollary 3.10. Let (X,Y,(-,-)) be a dual system and let h : X — R. Then

Vo € D(Oh), h(z) = min {oc(x) Graph(da) C Graph(dh)

a: X =R, azy) = h(xo),} (70)

Vyo € R(Oh), h¥(y) = min {5(9) Graph(98) C Graph(dh)™

B:Y =R Blw) = (v), } @

Proof. Relations (70), (71) are translations of (25) with the aid of (66). O

Corollary 3.11. Let (X,Y,(-,-)) be a dual system and let h,g € I's(x,y)(X). Then
Oh = dg iff <$>3h = <:2>8g iff hY — g° = h® — ¢®* is a constant function.

Proof. The conclusion is straightforward if Graph(dh) = 0 or Graph(dg) = (); in
<22>8g = —oo and hY — g = h®* — ¢®* = 0.

Assume that Graph(dh) # 0 and Graph(dg) # 0; this implies h”, ¢" € T'(X),
h®, g% e I'(Y).

: (00)
which case ¢ 5, =

If Oh = Og then <§2>8h = <$>ag- From (65) we get that h” = g¢” + k, where
k= 9%(wo) — h®(wo) = 9"(yo) — P*(v0) € R, for any fixed yo € R(Oh) = R(9g).
Similarly, h® = ¢® + h, for some h € R. Again <:2>6h = <22>8g shows that h = —k,
and so, h®* — ¢®* = k.

Conversely, if h¥ —g” = h®* —¢®* =k € R then h® = ¢® —k, <$>8h = <22>ag, followed

(o0) (o0)

by ¥ g, = ¥ 4, According to Proposition 3.4, dh, dg are oo-representable. From
Theorem 3.3, we find that

(o0)

Graph(0h) = [9 g, = ¢] = [ ¥ g, = ] = Graph(dg).
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Remark 3.12. Whenever i : X — R has Graph(dh) # () we have
R =h", h*=h¥ & " =LY & A =h". (72)

Indeed, for the first equivalence, if h** = h” and h* = h® then, by conjugation,
h” = h*®*. Conversely, if h¥ = h®*, we know from A" < h** < h®* that h** = h¥ =
h®* and h* = h®, since h*, h® € I'(Y). The second equivalence follows again from
the biconjugate formula applied for A” € T'(X) and h® € I'(Y).

Theorem 3.13. Let (X,Y,(-,-)) be a dual system and let h € Ty(xy)(X). The
following statements are equivalent:
(i)  Oh is mazimal cyclically monotone,
(ii) hY = h®,
(i) V(z,y) € X x Y, Bypla,y) = h(2) + h*(y),
(iv) V(x,y) € X x Y, V(xg,v9) € Graph(dh),
ron ™ (x) = hx) = ho), g™ (y) = 1" (y) = B* (o).
(v) V(z,y) € X XY, Vxo € D(Oh), Yyo € R(Oh),

(oo

) . (o) «
@ on(T,90) = h(z) + B (o), ¢ on(wo,y) = h(zo) + A" (y),
(vi) V(z,y) € X xY, I(xg,yo) € Graph(dh)
(o0) * (o0) *
@ on(T,y0) = h(z) + A" (yo), ¥ on(@0,y) = h(zo) + A" ().
Proof. (i) = (ii) Since dh is maximal co-monotone, we know that Graph(oh) # 0,
and so, h” € I'(X), h® e I'(Y).
For every z € X and y = 0 we use Theorem 3.5 to obtain n € N, n > 2 and
{(zi,y:) }ietm—t C Graph(0h) such that

n—

(x —x1,y1) + (i1 —xi,y:) >0,

i

—_

I
I\

where for n = 2 the previous inequality reads (z — z1,y;) > 0.

Therefore, for every x € X

n—1
h(z) > b (x) = h""(2) > (2 — 21, 41) + Z(%’A — i, Yi) + h(zn-1)
=2
> h(x,—1) > inf h >infh,
D(dh) X

and so, infy h = infpap) h = infx AY or h¥(0) = h~*(0).

But 0h maximal co-monotone implies (is equivalent to) that d(h — y) is maximal
oo-monotone, for every (some) y € Y; where (h — y)(z) := h(z) — (z,y), * € X,
because Graph(d(h — y)) = Graph(dh) — (0,y). Hence we have for every y € Y,
(h = y)="(0) = (h = y)*(0).

Note that, forz € X, y,v € Y, (h—y)"(z) = h(z)—(z,y), (h—y) *(v) = h’*(y+v),
(h—vy)®(v) = h®(y +v). Set v =0 to get h”* = h® and, by conjugation, h” = h®*.



M. D. Voisei / General Monotonicity 91

For an alternative argument for this implication, we use Theorem 3.5 and (73) below.
(ii) = (iii) follows from (65) (see also Remark 3.12).

(iii) = (i) is a direct consequence of Proposition 3.4, and Theorem 3.1 or Theorem
3.5.

(iv) and (v) are equivalent due to (27), Oh* = (0h)~!, and (12).

(ili) = (v) = (vi) are plain.

(vi) = (iii) For every (z,y) € X x Y, let (zg,40) € Graph(dh) be such that

T on(@,y0) = h(@) + h*(yo), D on(x0.y) = hlwo) + h*(y).

We use (48) for (xg,vo) = (ug, yo) € Graph(dh) to get
(o0) (00) (o0)
@ on(,y) — (2o, y0) = @ an(,y) — © on(T0, Yo)

> <$>ah($71}0) + <Zz>ah(uoa y) — (o, o) — (o, Yo)
= h(x) + h*(vo) + h(ug) + h*(y) — (x0, vo) — (o, Yo)
= h(z) + h*(y) — h(zo) — " (yo),

(00) .
S0 @ gnl(T,y) > h(z) + h*(y).

Together with (65) and h” < h, h® < h* we find <$>ah(x,y) = h(z) + h*(y) and
(ii). O
Corollary 3.14. Let (X,Y,(-,-)) be a dual system and let h,g € I'y(x,y)(X) be such

that Oh is mazimal cyclically monotone. Then Oh(C) = g iff h — g is a constant
function.

Proof. The converse is plain. For the direct implication, given that Oh = dg are
both maximal cyclically monotone, from Theorem 3.13 and Proposition 3.8 (i) or
Remark 3.12, we infer that h¥ = h®* = h, ¢ = ¢®* = ¢, and use Corollary 3.11 to
conclude. [

Remark 3.15. Given a dual system (X, Y, (-,-)), T : X = Y is maximal cyclically
monotone iff I" = Oh, for some h € I'y(x y)(X) such that (h*+igon))* = (h+tpon))**
(see Theorems 2.10, 3.13). O

We end this section with some conclusive remarks concerning the maximal cyclic
monotonicity of Ok, where h: X — R is a general function.

If Oh is maximal cyclically monotone then, since Graph(dh) C Graph(dh**), we
infer that h** € T'v(xy)(X), h* € Iy, x)(Y), and Oh = Oh** is maximal cyclically
monotone. According to Theorem 3.13, h**Y = h*®* = h**. The converse is not
true, since one can find h : X — R such that Graph(dh) C Graph(dh**) and Oh** is
maximal (cyclically) monotone, e.g., when X is a Banach space and h = ¢, where
C C X is open convex.

Note that, in all of the arguments above, the condition h € I'y(x,y)(X) is essential
only in establishing the cyclical representability of Oh.

Similar computations show that, in general, for h: X — R
<22>6h >c & hP(>)=h"(=h") = Oh™ is marimal co — monotone.  (73)
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Indeed, from (65), we know that <:2>8h(x,y) = h(z) + h¥(y), v € X,y € Y.
Therefore <§°2>8h > ¢ is equivalent to h”Y > h®*. However, h¥ < h** < h®*,

If <22>Bh > ¢, then by Theorem 3.1, any cyclically representable extension of dh, such
as Oh**, is maximal cyclically monotone.
Similarly, for h,g: X — R:

(00) (c0)

Pon= ¥ dg (74)

< (b + LR(ah))* —(g" + LR(ag))* =(h+ LD(8h)>** — (g9 + LD(ag))** 1s constant.
4. Examples

Example 4.1. (Monotone subset of R?) If T : R = R is monotone, then T is cycli-
cally monotone. Consequently, 7" is maximal monotone iff 7" is maximal cyclically
monotone.

Proof. We prove by induction over n € N, n > 2 that T" is n-monotone. Note that
the base case is provided. Assume that 7' is n-monotone, for some n € N, n > 2.

Let {(zi,¥:) }ictnys C Graph T bearbitrarily chosen with 15 =1. Pick k€1, n+1
such that x; = min;y,772; and define (mg,yé) = (@ (j+h—1)mod ns Y(j+k—1)modn) for
:j € 1,n+1. T}qen {(x;,yé)}jew C GraphnT, a:’} = rflinjew x/;, and,/belcause T
is monotone, y; = min;c 77 yj. We have 377, (2] — 2,1 )y + (2], — 25)yp,1 > 0,
since T' is n-monotone, and so

n+1 n+1

Z(% — Ti1)Y = Z(:c; — Ty

i=1 j=1

= (¥} = 25) (Y1 — Yni1) + Z i)Y + (T — 25) Vg1 = 0,

because ] < w5, y; < Y- Therefore T is (n 4 1)-monotone, and so, T is oco-
monotone.

If T' is maximal monotone then, since it is co-monotone, 7" is maximal co-monotone.
Conversely, if T' is maximal oo-monotone then, for some h € T'(R), T = 0Oh is
maximal monotone, since R is a Banach space. O

Theorem 4.2. Let (X,Y,(-,-)) be a dual system, let T : X =Y, and let n € 1, o0.

(n+1) (n)
Then Xop(x,y) = inf {HT(I',U) + (u,y — U>}

ueT—1(y),veR(T)

— inf {QTW,y)ﬂx—u,w}; (75)

weD(T)weT(x)

(n+1) (n)
Prwy) = s B o)+ wy—v)}
(u,v)eGraph T
(n)
= sw {Brwy) -0}, (76)

(u,v)€Graph T
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Proof. For n =1, (75) is directly verified. For n = 2

(3)
He(z,y) = inf {1, 9) + (22 — 21, 92) + (¥ — 22, 43) }
z1€T(y), y3€T(x),
(z2,y2)EGraph T

= inf ( inf
z2€D(T), “w1€T~1(y),
y3€T(z) y2€T (z2)
‘ @)
- inf {HT(any) + <I_$27y3>}~
z2€D(T)

y3€T ()

[ ) + (22 = 21,020} + (@ = 22,19))

For n € N, n > 3 the second equality in (75) holds analogously, as follows

(n+1) . xl Z/ + Z - Ti— 173/1 + <5U _$n>yn+1> ‘
X p(x,y) = inf

r €T l(y), Ynt1 € T(x), (i,¥i)}iezy C Graph T

n—1
+ i Li— yz + Tp — Tp—1,Yn
= inf [inf ZZQ v < et | (T =T, Ynt1)
zn€D(T),
yn+1€T (@) 1 €T (), yn €T (22), (24, 9i) }icznms C Graph T

(n)
= inf {}(T(mnvy) + <m_$nayn+1>}‘
zn€D(T),
yn+1€T(CE)

The equalities in (76) and the first equality in (75) follow similar reasoning. Alter-
natively, in both (75) and (76), we first prove one equality, and then use it for T
replaced with 7!, which then translates into the other equality for T.. Also, (75)
implies (76) via convex conjugation.

If we pass to infimum over n > 1 in (75) we obtain the corresponding (75) for n = oo;
similarly with supremum for (76). O

In what follows, we apply mathematical induction and the recurrence relations in
(n)
(75), (76) to derive closed forms for the n-th Fitzpatrick function goT and Xp. These

closed forms are then employed to verify or refute (maxnnal) n-monotonicity with
)
H7 being more convenient for establishing monotonicity and goT for demonstrating

maximality.

Example 4.3. (Normal cone) Let (X,Y,(:,-)) be a dual system and let C' C X.
Then
G re(@,y) = tow(@) + 00(y), v € X, yeY. neT oo

(n) —
ch(xay) = LCICOHVC(QZ) +UC#(y)7 X e X? Yy € Y7 ne 17007 (77)
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(n)
Hg (2, ) = te(x) + oc(y) + trive) (y)

_ [ (@) +ocly), ye R(Neo)
B { +o0, otherwise = L€ X,y €Y, ne2o0, (78)

where, for A C X, 04(y) := sup,c4(u,y), and
C#* = {x € X | V(u,v) € Graph N¢, (z —u,v) <0}

is the portable hull of C' which is the intersection of all the supporting half-spaces
that contain C' and are supported at points in C' (see [15]).

As a consequence, N¢ is maximal cyclically monotone iff C' = C# iff N is maximal
monotone.

Proof. If C = () then
(n) (n) (n)
PN = 0C = —O%0, C# = X7 lo# = 0, wNC = lelconv C = }(Nc = 100, Og# = L{o};

whence (77), (78) hold due to the convention oo — 0o = oo. Assume that C' # ().
Forn e N;n>2 and (z,y) € X XY

(n)
P ne () = sup {(z—z1,00) + Y (w1 — 2, u) + (@, 9)}
{(%i,9i)};e77 CGraph N¢ =2

< sup  {{z —a1,y1)} + sup (zn,y) = tox(2) + o0(y);
(z1,y1)€Graph N¢ zn€C

the inequality is verified similarly for n = 1 and, as a consequence, holds for n = oo.

For every n € 1,00, (x,y) € dom <g75>Nc C dom <<,pl@>NC we have

Va € C, n* € No(a), (& —a,n*) + (a,y) < Py, (z,y) < +00.

Since, for every a € C, N¢(a) 1S 8 cone, we ﬁnd that € C#. Because, for every
a € C, 0 € N¢(a) we infer that goNc(x y) > gch(x y) > oc(y). Hence we obtain
O no(7,y) > te#(x) + 0c(y). Therefore the first part in (77) holds. The second part
in (77) follows by convex conjugation.

To prove (78) we use induction over n > 2. According to (14),

(2)

Hy.(x,y) = inf r1,y) + (x — 21, .
Nc( Y) re(Ne)-L(y), yQENC(z)ﬂ LY) + 1, Y2) }

(2)
To complete the basis step, it suffices to prove that Xy, (z,y) = oc(y) when = € C,
y€ R(N¢). To this end note that, when x € C, for every yo € No(x), (x —x1,y2) > 0,
because x1 € C. Therefore, since 0 € Ne(z), infy,eng@)(® — 21,y2) = 0 and so

>_<Nc(x y) f961€(Nc) L(y) <x1,y> = O'C(y)
Assume that ){NC (2, y)=1tc(x)+0c(y)+irnvg) (y), for someinteger n > 2. From (75)

(n+1)

H ne(2,y) = 0c(y) + trive) () + inf (2 —w,v) = 10(x) +0c(y) +Lrwe) (Y),
ueC,weN¢c ()

since, for € C, inf,ecveny (@) {{x —u,v)} = 0. The inductive step is complete.
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Hence (78) holds for every n € N, n > 2 and also for n = oc.

Assume that N is maximal cyclically monotone.

Since Graph(N¢) C Graph(Neconv o), we know that C' is closed convex. According
to Theorem 3.13,

Low = Lo = 18" = 15 = 10,
that is, C* = C. Hence, for every x € X, y € Y, we have

Yo (2.y) = to(x) + 00(y) > (2,9).

We conclude that N¢ is maximal monotone with the aid of Theorem 3.1 (ii). [
Lemma 4.4. Let (H,-) be a Hilbert space with induced norm ||-||. For everyv € H,
—aalvl?, a<o0
sup{aflul® £u-v} =S (), a=0,
ucH
00, a>0

_iHU‘Pa a>0
in}{{{oz“u”2 tu-v}=< —to(v), a=0 . (79)
ue

—00, a<0

\

Proof. Note that, for a # 0, u,v € H, we have

al|lull* £ u - v—aHuj: ’UH2 HUH2 O

Example 4.5. (Identity) Let (H,-) be a Hilbert space with induced norm || - || and
let I: H— H, I(x)=x. For every x,y € H

(n) n
@1($,y):m”$—yH2+$'y> n =1 (80)

(1) (1) (n) (n)
1/)1(I,y) - }(I =Cy, ¢[($,y) = )’([(l’,y) = ﬁ”l’ _yH2 +T-y, n > 27 (81)

(o0) oo
o 1(z,y) = Xale,y) = slll® + 3yl (82)
and [ is cyclically and maximal monotone.

Proof. For (80) we use induction on n > 1. From (79), for every z,y € H

8 1(wy) =sup{ (a—u) oy} = sup{ —|ull*+u- (o)} = Flatol*= oyl +ay.
ue

(n)

Assume that, for every z,y € H, ¢ ,(z,y) =
n > 1. From (76), (79) we get

sl — Yl + 2 -y, for some finite

(n+1) n . 2 ) . .
¥ i) = sup { sl =l ey o )

weH

—lm{(JHNMF+@+U%y+@—y—w-@+Uﬁ

ueH

o . n 4+ 2 2 ) o Do — n+1 . 2 )
= sup { ALl s (o= ) bty = e =yl o,




96 M. D. Voisei / General Monotonicity

This completes the inductive step and proves (80).
We proceed similarly to prove, by induction on n > 2, that

(n)

Hr(z,y) = |z —yl* + -y (83)

2(n—1)

(2)
By a direct computation X;(z,y) = ||z]|*+ [y =z -y =z =y + 2 - y.
Assume that (83) is true for some finite integer n > 2. Use (75), (79) to get

weH

(nt1) . n ) )
X r(z,y) = inf m”w —ylIFtw-(y— )+ [z

. n 2 . . . 2 .
= inf { gl e =) 4 = gl oy

+1
Pyl oy =" ey ey

()
Note that X; € I'(H), e.g. because its Gateaux derivative

(n)

VXi(z,y) = (nz —y,ny —x), v,y € H,

1
(n—1)
is linear and monotone with

(n) 1
<V>{I('x>y)7 (xay»HXH = HxHQ + Hy”2 + m”a: - ZJH2 > Oa xr,y € H>

(n) (n)
Hence ¢ ; = X; and the proof of (81) is complete. O

Example 4.6. (Rotation) Let Ry be the counterclockwise vector rotation in R? by
an angle of 0 € [—m, 7], i.e., Ry : R* = R?,

Rolz) = cos(d) —sin(f)\ (z1\  [x1cosf — xysinb (T
ot = sin(6)  cos(f) 25) ~ \arsind+acosf) T \ay)-

For v,y € R®, n € N, n > 1,

([ siiglly— Re(@)|+ -y, 0=0
sin(nf) 2
" — R +x-y, 0 € , 0
<¢>Re<x’y) _ 2sin((n+1)0) Hy 9( )H Yy ( n+1 n+1) { } : (84)
CRy (CL’, y)7 0= n+1
L +00, 06[_ 7_n_+1) U (nLH,T(]
1 2,1 2
(o) shizll® =+ 3llyll*, =0
,Y) = : 85
# r (@) { +o00, 6 e [~ ]~ {0} (85)

(2)
}(Rg('r’y) = COSQHy - R@(I)HZ +a- Y, 0 e [_ﬂ-?ﬂ-]; (86)
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Forn e N, n > 3,

(stplly — Re@I?+a-y, =0
sin(nf) 2 s s
(n) s |ly — Rg(2)||* + 2y, 0€(— =,-"=)~{0
}(Rg (l’,y) — 2sin((n—1)0) Hy 9( )H Yy ( :Lr_l n— ) { } , (87)
€= L{y=Ry(a)} 0=+5
. —0Q, 0 e P_W7__H§T)LJ(E§T7W]
Lil12 o Llol12
. il + yl2, 0 =0
X Ry (x7 y) = ? ? : (88)
—00, 0 € [—m, 7~ {0}
Forn € N, n > 2, Ry is (maximal) n-monotone iff § € [~7 Z]; Ry is n-monotone and
not (n + 1)-monotone iff 6 € [—7, —-7=) U (75, 7]; and Ry is (maximal) cyclically

monotone iff 8 = 0.

Proof. We repeatedly use the fact that both the norm and inner product in R?
are invariant under any rotation, namely, ||Ry(x)| = ||z| and Ry(z) - Ry(y) = x - y,
z,y € R% By direct computation we get x - Ry(z) = cos 0||z||* and so, together with
Ry =R,'=R_y,

oy (,4) = Roo(y) -y + (¢ — R_g(y)) - Ra(z)
— (y — R(2)) - Roly — Ro(x)) + -y = cosblly — Ro(a)|> +z .

Therefore, according to Theorem 2.1, Ry is (2-)monotone iff § € [—7,7]; in this

case, it is maximal (2-)monotone because it is monotone and defined on R2.

Alternatively, Ry is maximal monotone for § € [—%, 2], since cg, € I'(R?), which

) )
implies that ¢¥p = Xg, = cgr, > c¢. Hence Ry is 2-representable, due to the

(1) (1)
relations Graph Ry = [z, = ] and ¢, > ¢ (see Theorem 3.3). In addition, from
(84), <g10> R, = C- Theorem 3.1 completes the argument.

We restrict ourselves to 6 € (0, 7|, since Ry = I is covered in Example 4.5 and we
can extend our conclusions to 6 € [-m,0) via Ry = R,' = R; and the equalities

) () () (n)
SDRQ(:C? y) = ¢R,9<y7x)7 HR0($, Z/) = XR,Q(Zﬁm)'
According to (75), (79)

(3) (2)

(o) = i, { Xyl 0) 4 B30 (- )}

veER?

= inf {cosBlv — Ry(x)|I* +v - (x — Ry (y)) +y - Roly)}
‘ ) . )

= 15{2 {cosO|ul® + u- (x — Ry ()} + Hgy(2,y)

= ian {cosé’||u||2 +u-(z— Rg_l(y))} +cos ||y — Ro(x)||* +x -y
u€R?

(cosf — 40(1)89)||y — Ro()||* + -y, cosh >0
= C— L{y—Ry(z)}s cos =0

—00 cosf <0
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in (360 -
255111 26) ||y R@( )||2+xy7 96 (055)

= C = L{y—Ry(2)}> 0= E )
o 0 € (5,7
sin(39).  Hence the base case for an induction

after we used the identity cos 0 — ;- — = = Sem(an)"
argument on n > 3 used for (87) is complete.

Assume that (87) holds for some finite integer n > 3. From (75)

veER2

5 paery) = int {3<< W)+ Ry ) <y—v>};

(n+1)

from which > g, (z,y) = —oo, whenever 0 € [-"=, 7]. Therefore, for 6 € (0, 7<)

<n>f<1> . sin(nd 2 -1
o) = inf {55 o — Ro(@)|? + v (@ = Ry '(5) +y - Roly)

2 sin(

: sin(nf) 2 -1 &
= inf {52l + w2 — By ()} + X )

((cos 6 — B0y — Ro(a)|P + -y, oy > 0
=< €= Uy—Re(@)}s sin(nd) =0
[ ¢ ety <0
’ —>r|y Ro(x)|? +z-y, 0€(0,7)
= — Uy—Ry(2)}> =5
[ —¢ o€z )

sinlln (nlo))g) — Sig(s(iz(fe))e) is used and, since 6 € (0

sin((n —1)0) > 0, we know that the sign of Sms(mé—nﬁ))e)

T _
' n—1

where the identity cosf —

), i.e.,
is given by the sign of sin(nf).
Hence (87) holds for every finite integer n > 3.

We establish (84) by applying a similar argument. For n = 1

@, (@,y) = sup {(z — u) - Ro(u) + u-y} = sup{—cos||ul? +u- (y + Ry(x))}

u€R?2 weR?
( 40(1)SG||y + R;(I)“Q? cosf >0
=4 oy (y+Ry(x)),  cosh =0
\ 100, cosf <0

( 403359Hy - R@(Q?)H2 +x- Y, 0 S (O; g)
= CRg(xay)a 0 = 1
o e 5o

since Ry(x) + Rj(x) = (2cos0)zx, R: = R_z = —Rz, and sinf

Lcosh 2 sin(20)
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Assume that (84) holds for a finite integer n > 1. From (75)

(nt1) (n)
? po(T:Y) = sup {soRe(u,y) +(z—u) Re(u)} ;
ue
from which <ng21>39 (z,y) = 400, whenever 6 € [Z5, 7.
For 0 € (0, %5, sin((n + 1)0) > 0. According to (75), (79) and the identity
in(no) o in((n+2)60)
2siZ((n+1)0) —cosf = _QSsin((n+l)9)
we have
(n+1) in
B 0.0) = g { e ()~ R+ Role) + - (3~ Rolu)}
ue
= sup { s = - Rof) + - (3 = Rofw)}
ue
= sup { et ol —v- Ro(w) +v- (y = Rofa)) +-
ve
sin(nf
= sup { (attty — cos ol - (v = Ro@) |+
= sup {0 (- Rafo)} oy
( sin((n+1)0) .
%Hy Ro(z)|?+x -y, sin((n+2)0) >0
=< oy — Ro(x)) + 2 -y, sin((n +2)8) =0
| +o0 sin((n +2)0) <0

( sin((n+1)0 s
25111(((7;:—2) 9))”?/ RQ( )H2 +x-y, e (07 ﬁ)

CRy (T, Y), = ni2

00 0c (i )

\

and the inductive step is complete. Therefore (84) is true.

(n)
Note that, from (87), for n € N, n > 3, Ry is n-monotone iff X g, > ¢ which comes
to 0 € (——1 ~7-) and either § = 0 or sin(nf) > 0, that is, 0 € [T, T]. O

A subset A of Z = X XY is a double-cone if RA = A, ie., forevery A€ R, z € A
we have A\z € A. A subset A of Z is called non-negative if, for every z € A, ¢(z) > 0,
and skew if, for every z € A, ¢(z) = 0.

For A C Z we set
A=Az = (r,y) € Z|-z:= (2, —y) € A},
L={/€eZ|Vz€ A, z-2 =0}, and
Note that =4 # —A = (=1)A, AL = (clo(z,2) lind)t, At = cly(z,7)linA, Al isa

o(Z,Z)-closed linear subspace of Z, and —(A*) = (=A)+. Here lin A is the linear
hull of A.
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Example 4.7. (Skew Double-Cone) Let (X,Y,(:,-)) be a dual system and let
D C Z := X x Y be a skew double-cone. Then

. (1) W )

(i) Hp=1tp, ¢p =tps, Yp=tpis, (89)

D is monotone iff D C D*; D is representable iff D = DY+ iff D is a o(Z, Z)-
closed linear subspace of Z; D is maximal monotone iff D is a 0(Z, Z)-closed linear
subspace of Z and =D+ is monotone.

.. (@)
(i) op(x,y) = sup tpi(u,y) + L(Pry(D))l(it)? (z,y) € Z; (90)
u€Prx (D)

where Pryx(z,y) := = and Pry(z,y) := vy, (z,y) € X x Y are the projections of
X xY onto X and Y, respectively.

(iii) D is 3-monotone iff Pryx (D) C (Pry (D))t iff, for every (z,y) € Prx (D) x Pry (D),
(z,y) = 0iff D C S x S+, for some S a o(X,Y)-closed linear subspace of X iff D
is cyclically monotone.

(iv) D is maximal 3-monotone iff D = S x S+, for some S a o(X,Y)-closed linear

subspace of X iff D is maximal cyclically monotone. In this case ‘53 D= <$> D = LgxgL-

(1)
Proof. (i) Since D is a skew double-cone, we have X = ¢p = tp, and

<910>D(z) =sup{z-2' —c() |2 €D} =sup{z-2' | Z € D} =1p.(2), z € Z

(1)
- (1)
Because D+ is a linear subspace of Z we get ¢, = (¢ p)” =15, =opr = tpir.

(1)
According to Theorem 2.2, D is monotone iff 1p1 = u<p>D <Xp=1piff D C D+

(1)
According to Theorem 3.3, D is representable iff ¢, = tpii > cand D = [1pr1 = ¢].
Clearly, since D is skew, if D = D+ then D is representable.
Conversely, assume that D is representable, that is, for every
z € L:= D" =clyz21lin D, we have ¢(z) <0, and D = [1;, = ¢].

It suffices to prove that L is skew, since, in that case, [t = ¢] = L. To this end note
that, because D is skew monotone (recall (54)), for every z,w € D, we have

c(z—w)=cz)+c(w)+z-w=2z-w>0.

Since —z € D, we know that z - w = 0. Therefore, because =D is skew, for every
u,v € 7D

clu—v)=c(u)+c) —u-v=-u-—w=0,
in particular, =D is a skew monotone double-cone. According to (89) and Theorem

m
2.6, ¥_p = t(-pyrr = t-r > ¢, which comes to, for every z € =L, ¢(z) < 0. Hence,

for every z € L, ¢(z) = —c(—z) > 0, and so, L is skew.

: ) . e (U .
According to Theorem 3.1, D is maximal monotone iff ¢, = tp1. > c and D is
representable. Because D' is linear, tp. > ¢ is equivalent to =D is monotone.
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(ii) From (76) and the fact that D is a skew double-cone, we find that

(2)
op(r,y) = sup {tpr(u,y)+ (x —u,v)} = sup {epr(u,y)+ (z,v)}
(u,w)eD (u,v)€D

= sup  tpe(u,y) + Opry (D) (2)
uEPrX(D)

= sup ipL(u,y)+ L(Pry(D))J-<x>) (z,y) € Z,
u€Prx (D)

because Prx (D) is a double-cone.

(iii) According to Theorem 2.2, D is 3-monotone iff <2g0> p < QD = ¢p iff, for every
ze D, <g20>D <0.
If Prx(D) C (Pry(D))4, i.e., for every (z,y) € Prx(D) x Pry(D), {(x,y) = 0, then,
for every (z,y) € D, u € Prx (D), we have

(u,y) € D+ and x € Prx(D) C (Pry(D))*.
Hence <2gz>>D(x,;g) = 0, that is, D is 3-monotone.
Conversely, assume that D is 3-monotone, i.e., for every z = (x,y) € D, <2<p> p <0.

Since tp1 > 0, in particular, that yields ¢p,, (py)+(2) < 0, namely, x € (Pry(D))*.
We proved Prx (D) C (Pry(D))*.

In this case D C S x St = Graph(dig) is cyclically monotone, where S = Pry(D)*+
is linear o(X,Y")-closed.

(iv) The direct implications are plain due to (i), (iii). Conversely, assume that D is
maximal co-monotone. In particular, D is 3-monotone. As previously seen in (iii),
D C S x S*, where S = Prx(D)**. Since S x St is co-monotone, we infer that
D =8 x St = Graph(dts) = D+ is maximal co-monotone. But, according to (90)
and Theorem 3.13,

(2) (c0)
Poxst (@, y) = 1s(x) + 152 (y) = @ sxsr(@,y), (z,y) € Z.
We conclude that D is maximal 3-monotone with the aid of Theorem 3.1, after we

note that D = [@D = ] and ? > O

Corollary 4.8. Let (X,Y,(-,-)) be a dual system and let A: D(A) C X =Y be a
multi-valued linear skew operator, that is, for every x € D(A), y € A(z), (z,y) = 0.
Then

(i) A is mazximal monotone iff Graph A is o(Z, Z)-closed in Z and A* : X =Y
is monotone, where the adjoint A* is defined by Graph(A*) = —(Graph A)*,
o (x,y) € Graph(A*) < V(u,v) € Graph A, (z,v) = (u,y). (91)

(ii) A is 3-monotone iff A is cyclically monotone iff R(A) C D(A)*.

(iii) A is maximal 3-monotone iff A is mazimal cyclically monotone iff D(A) is
closed convexr and R(A) = D(A)*.

Proof. We use Example 4.7 for D = Graph A, for which D(A) = Prx(D) and
R(A) = Pry(D). O
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