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1. Introduction

The motivation for this work stems from recent advances in deep learning (DL) and
the application of techniques from optimal control and mean field theory. Specifi-
cally, deep neural networks can be considered as discrete-time nonlinear dynamical
systems and their internal parameters can be recast as controls, allowing the formu-
lation of the training process as an optimal control problem. Given a set of training
data (ξ, ζ) ∈ Ω distributed according to M ∈ P(Ω) and an activation function φ,
we construct a neural network with input z ∈ Rd and output

1

n

n∑
i=1

βt,iφ(αt,iz + ρt,iζt) =

∫
Rd

βφ(αz + ρζt) ν
n
t (dα, dβ, dρ), (1)

where t denotes the index of the layer, (α, β, ρ) are the data of the neural network
and

νnt =
1

n

n∑
i=1

δ{αt,i,βt,i,ρt,i}.
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Thus, setting a = (α, β, ρ) and ψ(z, a, ζt) = βφ(αz + ρζt), the architecture of the
neural network can be written as

Xνn,ξ,ζ
tk+1

= Xνn,ξ,ζ
tk

+
∆t

n

n∑
i=1

ψ(Xνn,ξ,ζ
tk

, atk,i, ζtk),

where ∆t = tk+1 − tk. Therefore, as ∆t ↓ 0 and n ↑ ∞ (heuristically) we obtain

Xν,ξ,ζ
t = ξ +

∫ t

0

∫
ψ(Xν,ξ,ζ

r , a, ζr) νr(da)dr

and the training procedure of such a model can be recast as an optimization problem
on the Wasserstein space

min
ν

∫
Ω

g(ξ, ζ, ν,Xν,ξ,ζ
T ) M(dξ, dζ). (2)

So, looking at the minimization problem (2), in this work we aim to extend the pos-
sibility of studying neural network architectures by means of the relaxed Lagrangian
approach to the case of mean field state equation modeling, for instance, congestion
of data or sparsity constraint.
Having these models in mind, Mean Field Control (MFC) is a recent branch of
control theory that deals with the optimal control of a large number of interacting
agents. It arises when considering systems with a population of individual decision-
makers (agents), where each agent’s dynamics and objectives depend not only on
their own states and actions but also on the aggregate behavior of the entire popu-
lation. From a variational viewpoint, a general MFC problem of first order (having
deterministic dynamics) can be written as a minimization problem of the following
type

inf
γ̇

∫ T

0

L(γ(t), γ̇(t),m(t)) dt+ uT (γ(T )),

where m ∈ C([0, T ],P(Ω)) is the probability distribution of all agents and L is the
Legendre transform of H. Here, the Lagrangian L is convex in the control variable γ̇.
We consider the MFC problem with general nonlinear controlled dynamics, whose
state equations directly depend on the distribution of players, of the form

min
u:[0,T ]→Rn

∫ T

0

L(γ(t), u(t),m(t)) dt subject to γ̇(t) = f(γ(t), u(t),m(t)), (3)

where the Lagrangian L : Td × Rn × P(Td) → R is non-convex with respect to the
control variable u(t) ∈ Rn. The convexity assumption of the Lagrangian function,
with respect to the control, is needed even if this is not always the case when
considering some real life applications such as biological modeling, pricing dynamics,
multi-agent reinforcement learning and deep learning ([13, 17, 18, 20, 22, 23, 26]).
For the case that L is convex, such a problem is classically solved by using the
so-called Lagrangian approach, see for instance [7, 9, 19, 24]. In case of stochastic
systems, such an analysis has been developed in [2, 12, 13, 14, 15]. However, to
the best of the authors’ knowledge, no direct results are available for the first-order
case.



C. Mendico, K. Wang, Y. Xu / Relaxed Lagrangian Approach ... 105

We address this challenge by generalizing the Lagrangian approach to non-convex
mean field optimization problems taking inspiration from the well-known relaxed
control approach [4, 5, 6]. The relaxation method, we propose here, transforms
the non-convex optimal control problem (3) into an optimal control problem over
probability measures on the control space (6). In particular, once the Nash equilibria
is found we have, consequently, constructed the optimal neural network architecture
for the data we are interested in.

1.1. Relaxation method

Here, we proceed to show the relaxation procedure on Wasserstein space.
Fix a time horizon T > 0. Let m0 ∈ P

(
Td

)
denote the initial distribution of all

agents. Denote by M([0, T ] × Rn) the space of all Borel measures on [0, T ] × Rn.
Define the set PU by

PU :=
{
µ ∈ M([0, T ]× Rn)

∣∣∣ ∃ (µt)t∈[0,T ] ⊂ P (Rn) , s.t. µ = L[0,T ] ⊗ µt

}
,

where µ = L[0,T ] ⊗ µt means that for any Borel map g : [0, T ]× Rn → [0,+∞], the
following holds ∫

[0,T ]×Rn

g(t, u)µ(dt, du) =

∫ T

0

∫
Rn

g(t, u)µt(du)dt.

Similar to (3), we consider the following relaxed state equation:{
γ̇(t) =

∫
Rn f (γ(t), u,m(t))µt(du), t ∈ [0, T ]

γ(0) = x, x ∈ Td
(4)

where µ ∈ PU represents the strategy and m ∈ C([0, T ],P(Td)) is the distribution of
all agents with m(0) = m0. Therefore, the aim of each agent is to choose a strategy
such that the cost function attains the minimum, which is defined by

Jm(γ, µ) =

∫ T

0

∫
Rn

L (γ(t), u,m(t))µ(dt, du).

Define

ΓT :=

γ ∈ AC
(
[0, T ],Td

) ∣∣∣∣∣∣∣
∃ (x, µ)∈Td×PU ,∃m∈C

(
[0, T ],P

(
Td

))
with m(0) = m0, s.t. γ is the
solution of the state equation (4)

 .

Let ΓT be endowed with the uniform norm ‖ · ‖∞. Let m ∈ C
(
[0, T ],P

(
Td

))
be the

map such that m(0) = m0, and let P ∈ P (ΓT × PU) be the probability measure
such that every state-measure pair (γ, µ) ∈ spt(P ) satisfies

γ̇(t) =

∫
Rn

f (γ(t), u,m(t))µt(du). (5)

The total cost of all agents is defined by

J (m,P ) :=

∫
ΓT×PU

Jm (γ, µ)P (dγ, dµ) .
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Since the map m represents the state distribution of all agents while the support of
P is the state processes and the strategies of all agents, the MFC problem is

inf
P
J
(
(et♯π1♯P )t∈[0,T ] , P

)
, (6)

where the infimum is taken over all the measures P ∈ P (ΓT × PU) such that any
state-measure pair (γ, µ) ∈ spt(P ) satisfies (5). See Appendix A for details of the
evaluation map et and the push-forward measure π1♯P ∈ P(ΓT ).

1.2. Assumptions

From now on, fix two constants p, q ∈ R with q > p ≥ 1.
Let L(x, u, ν) : Td × Rn × P

(
Td

)
→ R be a Lagrangian satisfying the following

assumptions.
(L1) For any ν ∈ P

(
Td

)
, the function (x, u) 7→ L(x, u, ν) is of class C2.

(L2) There is a modulus function ω : [0,+∞) → [0,+∞) such that

|L (x, u, ν1)−L (x, u, ν2) | ≤ ω (d1(ν1, ν2)) , ∀(x, u)∈Td×Rn, ∀ν1, ν2∈P(Td).

See Appendix A and B for details of the modulus function ω and the Kan-
torovich-Rubinstein distance d1.

(L3) There is a constant C1 ∈ R such that

|L (x, u, ν)| ≤ C1 (1 + |u|q) , ∀(x, u, ν) ∈ Td × Rn × P(Td).

(L4) There is a constant C2 ∈ R such that∣∣∣∂L
∂x

(x, u, ν)
∣∣∣ ≤ C2 (1 + |u|q) , ∀(x, u, ν) ∈ Td × Rn × P(Td).

Let f(x, u, ν) : Td×Rn×P
(
Td

)
→ Rd be a continuous map satisfying the following

assumptions.
(F1) There is a constant C > 0 such that

|f(x, u, ν)| ≤ C (1 + |u|p) , ∀(x, u, ν) ∈ Td × Rn × P(Td).

(F2) For any (u, ν) ∈ Rn×P
(
Td

)
, the map x 7→ f(x, u, ν) is Lipschitz continuous

and
Lipx(f) := sup

u∈Rn, ν∈P(Td)
x1 ̸=x2∈Td

|f (x1, u, ν)− f (x2, u, ν)|
|x1 − x2|

< +∞.

(F3) For any (x, u) ∈ Td×Rn, the map ν 7→ f(x, u, ν) is Lipschitz continuous and

Lipν(f) := sup
x∈Td, u∈Rn

ν1 ̸=ν2∈P(Td)

|f (x, u, ν1)− f (x, u, ν2)|
d1 (ν1, ν2)

< +∞.
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1.3. Main results

Let R be a positive constant. Define the compact subset PR
U ⊂ PU by

PR
U :=

{
µ ∈ PU

∣∣∣∣ ∫ T

0

∫
Rn

|u|qµ(dt, du) ≤ R

}
,

where q is the positive constant defined as in Section 1.2. Define the metric d̃1 on
PU by

d̃1 (µ1, µ2) := d1

(
µ1

T
,
µ2

T

)
, ∀µ1, µ2 ∈ PU .

For any (x, µ) ∈ Td × PR
U and any m ∈ C

(
[0, T ],P

(
Td

))
such that m(0) = m0, we

denote by γ the solution of the state equation (4). By Lemma 2.1, there exists a
positive constant K, independent of x, µ and m, such that

‖γ̇‖Lq/p(L[0,T ])
:=

(∫ T

0

|γ̇(t)|q/p dt
)p/q

≤ K.

Since q > p ≥ 1, there exists a positive constant r > 1 such that p/q + 1/r = 1.
Define the subset Mr ⊂ C

(
[0, T ],P

(
Td

))
by the space of 1/r-Hölder-continuous

maps with Hölder seminorm K, i.e.,

Mr :=

{
m ∈ C

(
[0, T ],P(Td)

) ∣∣∣∣∣ sup
t1 ̸=t2∈[0,T ]

d1 (m(t1),m(t2))

|t1 − t2|1/r
≤ K, m(0) = m0

}
.

Define the metric d̂1 on C
(
[0, T ],P

(
Td

))
by

d̂1
(
m1,m2

)
:= sup

t∈[0,T ]

d1
(
m1(t),m2(t)

)
, ∀m1,m2 ∈ C

(
[0, T ],P(Td)

)
.

By Lemma 2.3, Mr is a compact subset of C
(
[0, T ],P

(
Td

))
with respect to the

d̂1-topology.
Define the subset ΓR

T ⊂ ΓT by

ΓR
T :=

{
γ ∈ AC

(
[0, T ],Td

) ∣∣∣∣∣ ∃ (x, µ,m) ∈ Td × PR
U ×Mr, s.t. γ is

the solution of the state equation (4)

}
.

Let ΓR
T also be endowed with the uniform norm ‖ · ‖∞. By Lemma 2.4, ΓR

T is a
compact subset of ΓT . We denote by γ = γ (·;x, µ,m) ∈ ΓR

T the solution of the state
equation (4) with the initial value x ∈ Td, the measure µ ∈ PR

U and the function
m ∈ Mr.

Definition 1.1. Let m ∈ Mr. Define PR(m) by the set of probability measures
P ∈ P

(
ΓR
T × PR

U

)
satisfying the following conditions.

(i) e0♯ (π1♯P ) = m0.

(ii) For any (t, v) ∈ [0, T ]× Rd and any open set N ⊂ ΓR
T × PR

U ,∫
N

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)

〉
P (dγ, dµ) = 0. (7)
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For any m ∈ Mr and any P ∈ PR(m), define the MFC functional by

J (m,P ) :=

∫
ΓR
T×PR

U

Jm (γ, µ)P (dγ, dµ) ,

where Jm (γ, µ) :=

∫ T

0

∫
Rn

L (γ(t), u,m(t))µ(dt, du).

Define the associated minimization problem by

R∗(m) := argmin
P∈PR(m)

{J(m,P )} , ∀m ∈ Mr.

Definition 1.2. Given m0 ∈ P
(
Td

)
, we say that P is a relaxed MFC equilibrium

for m0 if
P ∈ R∗

(
(et♯ (π1♯P ))t∈[0,T ]

)
and e0♯ (π1♯P ) = m0.

The relaxed MFC equilibrium is well defined since (et♯ (π1♯P ))t∈[0,T ] ∈ Mr for any
P ∈ P

(
ΓR
T × PR

U

)
. See Remark 2.6 for details.

The first main result can be stated as follows.

Theorem 1.3. Assume (L1)–(L4) and (F1)–(F3). There exists at least one relaxed
MFC equilibrium.

For any (x,m) ∈ Td × Mr and any ux : [0, T ] → Rn such that
∫ T

0
|ux(t)|q dt ≤ R,

denote by γux
x := γux

x

(
·;x,L[0,T ] ⊗ δux(t),m

)
the solution of the state equation (4).

Define a probability measure ηu ∈ P
(
ΓR
T

)
by

ηu(A) :=

∫
Td

δ{γux
x }(A)m0(dx), ∀A ∈ B

(
ΓR
T

)
. (8)

Following Lemma 3.1, ηu is the unique measure such that the probability measure
P u := ηu ⊗ δ{L[0,T ]⊗δuγ(0)(t)

} belongs to the set PR(m).

Definition 1.4. Given m0 ∈ P
(
Td

)
, we say that P is a strict relaxed MFC equilib-

rium for m0 if it satisfies:
(i) P is a relaxed MFC equilibrium for m0.

(ii) There exists a map u : [0, T ]× Td → Rn such that
∫ T

0
|u(t, x)|q dt ≤ R and

P = ηu ⊗ δ{L[0,T ]⊗δu(t,x)},

where ηu is defined as in (8).

The second main result is stated as follows and, as a consequence, we immediately
obtain that Theorem 1.3 encompasses the classical existence result for MFC equi-
libria.
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Theorem 1.5. Let m ∈ Mr and P ∈ R∗ (m). For any (t, x) ∈ [0, T ]× Td, the set

L (t, x) :=

{
(λ,w, v) ∈ Rd+2

∣∣∣∣∣ ∃ u ∈ Rn, s.t. λ ≥ L (x, u,m(t)) ,

w ≥ |u|q, v = f(x, u,m(t))

}
(9)

is convex. Then the following statements hold.
(1) For any x ∈ Td there exist maps u∗x : [0, T ] → Rn such that the probability

measure P0 := ηu
∗ ⊗ δ{

L[0,T ]⊗δu∗
γ(0)

(t)

} ∈ R∗(m), where {u∗x}x∈Td is the optimal
control for

inf
u

∫
Td

∫ T

0

L (γux(t), u(t),m(t)) dtm0(dx),

subject to the state equation{
γ̇u(t) = f (γu(t), u(t),m(t)) , t ∈ [0, T ]

γu(0) = x, x ∈ Td
(10)

where the infimum is taken over all the maps ux : [0, T ] → Rn such that∫ T

0
|ux(t)|q dt ≤ R for any x ∈ Td.

(2) There exists at least one strict relaxed MFC equilibrium.

Remark 1.6. In synthesis, according to Theorem 1.3 and Theorem 1.5, we have
that all the information of the neural network architecture described in (1) and (2) is
captured by the relaxed MFC equilibrium. In particular, it is on the second marginal
of a relaxed MFC equilibrium that we can find the parameters of the neural network
that minimize the suitable loss function with respect to the analyzed data.

Structure of this paper. In Section 2, we establish the existence of relaxed
MFC equilibria. In Section 3, we demonstrate that these relaxed equilibria possess
some suitable structures and that under the classical convexity assumption, the new
equilibria coincide with the classical MFC equilibria. Moreover, we introduce some
notations in Appendix A, recall well-known results from measure theory which will
be used throughout this paper in Appendix B and complete the proof of Proposition
3.2 in Appendix C.

2. Existence of relaxed MFC equilibria

2.1. Proof of the properties of PR(m)

Lemma 2.1. There exists a constant K > 0 such that for any (x, µ) ∈ Td × PR
U

and any m ∈ C
(
[0, T ],P

(
Td

))
, the solution γ of the state equation (4) satisfies

‖γ̇‖Lq/p(L[0,T ]) :=

(∫ T

0

|γ̇(t)|q/p dt
)p/q

≤ K.
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Proof. Since γ is the solution of the state equation (4), we have

∫ T

0

|γ̇(t)|
q
p dt =

∫ T

0

∣∣∣∣∫
Rn

f (γ(t), u,m(t))µt(du)

∣∣∣∣ q
p

dt

≤
∫ T

0

∫
Rn

|f (γ(t), u,m(t))|
q
p µt(du)dt

≤
∫ T

0

∫
Rn

C
q
p (1 + |u|p)

q
p µt(du)dt

≤ 2
q
p
−1TC

q
p + 2

q
p
−1C

q
pR.

Here, the second line holds by Jensen’s inequality, the third one holds by (F1)
and the last one holds by the convexity of xq/p. Let the constant K equal to(
2

q
p
−1TC

q
p + 2

q
p
−1C

q
pR

) p
q . The proof is complete.

Remark 2.2. For any (t, x, µ) ∈ [0, T ] × Td × PR
U and any m ∈ C

(
[0, T ],P(Td)

)
,

denote by γ the related solution of the state equation (4). We have∫ t

0

∫
Rn

|u|p µ(ds, du) ≤
(∫ t

0

∫
Rn

|u|q µ(ds, du)
) p

q

T
1
r ≤ R

p
qT

1
r

and
∫ t

0

∫
Rn

|f (γ(s), u,m(s)) |µ(ds, du) ≤ CT + CR
p
qT

1
r .

Lemma 2.3. Mr is a compact subset of C
(
[0, T ],P

(
Td

))
with respect to the d̂1-

topology, where d̂1 is defined as in Section 1.3.

Proof. Since Td is compact, P
(
Td

)
is also compact with respect to the d1-topology.

Thus, Mr is uniformly bounded. By the construction of Mr, it is uniformly equi-
Hölder-continuous. By Ascoli-Arzelà theorem, Mr is relatively compact. Obviously,
Mr is closed under d̂1-topology. We conclude that Mr is compact.

Lemma 2.4. ΓR
T is a compact subset of ΓT with respect to the uniform norm ‖ · ‖∞.

Proof. Since Td is compact, ΓR
T is uniformly bounded. By Lemma 2.1, for any

s ≤ t ∈ [0, T ], we have

|γ(t)− γ(s)| =
∣∣∣∣∫ t

s

γ̇(τ)dτ

∣∣∣∣ ≤ ∫ t

s

|γ̇(τ)| dτ

≤
(∫ t

s

|γ̇(τ)|
q
p dτ

) p
q

· (t− s)
1
r ≤ K · (t− s)

1
r ,

implying that ΓR
T is uniformly equi-Hölder-continuous. Thus, ΓR

T is relatively com-
pact by Ascoli-Arzelà theorem.
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Consider a sequence {γi}∞i=1 ⊂ ΓR
T converging to some γ̃ in the uniform norm ‖·‖∞.

There exist sequences {xi}∞i=1 ⊂ Td, {mi}∞i=1 ⊂ Mr and {µi}∞i=1 ⊂ PR
U such that

γi(t) = xi +

∫ t

0

∫
Rn

f
(
γi(s), u,m

i(s)
)
µi
s(du)ds, ∀t ∈ [0, T ].

Since the sets Td, Mr and PR
U are compact, there exist x ∈ Td, m ∈ Mr and

µ ∈ PR
U such that the sequences {xi}∞i=1, {mi}∞i=1 and {µi}∞i=1 converge to x, m and

µ respectively. Define γ(t) := x +
∫ t

0

∫
Rn f (γ(s), u,m(s))µs(du)ds. We claim that

γ = γ̃. Indeed,

|γi(t)− γ(t)| ≤ |xi − x|+
∫ t

0

∫
Rn

∣∣f (γi(s), u,mi(s)
)
− f (γ(s), u,m(s))

∣∣µi
s(du)ds

+

∫ t

0

∫
Rn

|f (γ(s), u,m(s))| (µi
s − µs)(du)ds

, I1 + I2 + I3.

First of all, limi→∞ I1 = 0 obviously. By Proposition B.2, we have limi→∞ I3 = 0.
By (F2) and (F3),

I2 ≤
∫ t

0

∫
Rn

∣∣f (γi(s), u,mi(s)
)
− f

(
γ(s), u,mi(s)

)∣∣µi
s(du)ds

+

∫ t

0

∫
Rn

∣∣f (γ(s), u,mi(s)
)
− f (γ(s), u,m(s))

∣∣µi
s(du)ds

≤ Lipx(f)

∫ t

0

|γi(s)− γ(s)| ds+ Lipν(f)T d̂1
(
mi,m

)
.

Since d̂1 (mi,m) → 0 as i → ∞, there exists a sequence of constants {ci}∞i=1 such
that limi→∞ ci = 0 and

I1 + I3 + Lipν(f)T d̂1
(
mi,m

)
≤ ci.

By Gronwall’s inequality, |γi(t)− γ(t)| ≤ cie
Lipx(f)t ≤ cie

Lipx(f)T .
In conclusion, we have limi→∞ ‖γi − γ‖∞ = 0. Furthermore, for any i ∈ N, we
obtain that

‖γ − γ̃‖∞ ≤ ‖γ − γi‖∞ + ‖γi − γ̃‖∞ .

Let i tend to infinity. The limit γ̃ of the sequence {γi}∞i=1 is actually the curve γ we
defined above. Therefore, ΓR

T is compact.
Proposition 2.5. For each m ∈ Mr, the set PR(m) has the following properties.
(1) PR(m) is compact with respect to the narrowly convergence.
(2) PR(m) is non-empty.
(3) For any P ∈ P

(
ΓR
T × PR

U

)
, the probability measure P satisfies the condition

(7) if and only if for each state-measure pair (γ, µ) ∈ spt(P ), the pair satisfies

γ̇(t) =

∫
Rn

f (γ(t), u,m(t))µt(du). (11)
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Proof. (1) Since ΓR
T and PR

U are compact, the set P
(
ΓR
T × PR

U

)
is also compact with

respect to the narrowly convergence. Let {Pi}∞i=1 ⊂ PR(m) such that Pi converges
to some P ∈ P

(
ΓR
T × PR

U

)
narrowly. Then it is clear that e0♯ (π1♯P ) = m0.

For each (t, v) ∈ [0, T ]× Rd, define the function κ : ΓR
T × PR

U → R by

(γ, µ) 7→
〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)

〉
. (12)

We claim that the function κ is bounded and continuous. It is obviously that the
function

(γ, µ) 7→ 〈v, γ(t)− γ(0)〉

is bounded and continuous. Additionally, by Remark 2.2, the function

(γ, µ) 7→
〈
v,

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ(ds, du)

〉
(13)

is bounded as well. On the other hand, let γi → γ in ΓR
T and µi → µ in PR

U . Consider

A1 :=

∣∣∣∣∫ t

0

∫
Rn

f (γi(s), u,m(s))µi(ds, du)−
∫ t

0

∫
Rn

f (γ(s), u,m(s))µ(ds, du)

∣∣∣∣
≤
∫ t

0

∫
Rn

|f (γi(s), u,m(s))− f (γ(s), u,m(s))|µi(du, ds)

+

∣∣∣∣∫ t

0

∫
Rn

f (γ(s), u,m(s))µi(ds, du)−
∫ t

0

∫
Rn

f (γ(s), u,m(s))µ(ds, du)

∣∣∣∣
,A2 + A3.

By (F2),

lim
i→∞

A2 ≤ lim
i→∞

∫ t

0

∫
Rn

Lipx(f) ‖γi − γ‖∞ µi(du, ds) ≤ lim
i→∞

Lipx(f)T ‖γi − γ‖∞ = 0.

By (F1) and Proposition B.2, limi→∞A3 = 0. We conclude that the function κ is
both bounded and continuous.
For any open set N ⊂ ΓR

T × PR
U , we have∣∣∣∣∫

N

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)

〉
P (dγ, dµ)

∣∣∣∣
≤ lim inf

i→∞

∫
ΓR
T×PR

U

1N (γ, µ)

∣∣∣∣〈v, γ(t)−γ(0)−∫ t

0

∫
Rn

f (γ(s), u,m(s))µ(ds, du)

〉∣∣∣∣Pi(dγ, dµ)

= lim inf
i→∞

∫
N+

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)

〉
Pi (dγ, dµ)

−
∫
N−

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)

〉
Pi (dγ, dµ) = 0,
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where the sets N+ and N− are defined by

N+ := {(γ, µ) ∈ N | κ (γ, µ) > 0} ,

N− := {(γ, µ) ∈ N | κ (γ, µ) < 0} .
Since the function κ is continuous, both N+ and N− are open sets. In conclusion,
P ∈ PR(m), and PR(m) is closed. Furthermore, since PR(m) ⊂ P

(
ΓR
T × PR

U

)
and

P
(
ΓR
T × PR

U

)
is compact, the set PR(m) is also compact with respect to the narrowly

convergence.
(2) Let µ0 = L[0,T ] ⊗ δ{0} ∈ PR

U . The state equation (4) is transformed into an
autonomous ordinary differential equation{

γ̇(t) = f(γ(t), 0,m(t)),

γ(0) = x.
(14)

For any x ∈ Td, there exists a unique solution γx(t) = γx(t;x, µ0,m) of (14) by (F2).
Define the map p :Td → ΓR

T by x 7→ p(x)=γx and P := p♯m0 ⊗ δ{µ0}∈P
(
ΓR
T × PR

U

)
.

It is clear that P ∈ PR(m).
(3) Let P be the probability measure that satisfies the condition (7). Suppose there
exist (γ0, µ

0) ∈ spt(P ) and t0 ∈ [0, T ] such that

γ0 (t0)− γ0(0) 6=
∫ t0

0

∫
Rn

f (γ0(s), u,m(s))µ0 (ds, du) .

Without loss of generality, assume there exists v0 ∈ Rd such that〈
v0, γ0 (t0)− γ0(0)−

∫ t0

0

∫
Rn

f (γ0(s), u,m(s))µ0 (ds, du)
〉
> 0.

Similar to the proof of the continuity of κ, the map

(γ, µ) 7→
〈
v0, γ (t0)− γ(0)−

∫ t0

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)
〉

is also continuous. Hence, there exists an open neighborhood N of the point (γ0, µ0)
such that P (N) > 0 and∫

N

〈
v0, γ (t0)− γ(0)−

∫ t0

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)
〉
P (dγ, dµ) > 0,

which contradicts (7). Therefore, we have

γ (t)− γ(0) =

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du) , ∀ (γ, µ) ∈ spt(P ),∀t ∈ [0, T ].

Taking the derivative with respect to t on both sides gives us (11).
The other point can be easily proved by definition.
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2.2. Proof of the existence of relaxed MFC equilibria

In this section, we prove the existence of relaxed MFC equilibria by Kakutani’s
theorem.
Define a subset P0

(
ΓR
T

)
⊂ P

(
ΓR
T

)
by

P0

(
ΓR
T

)
:=

{
η ∈ P

(
ΓR
T

) ∣∣ e0♯η = m0

}
.

Obviously, P0

(
ΓR
T

)
is compact with respect to the d1-topology. Define the set-valued

map by
E :

(
P0

(
ΓR
T

)
, d1

)
⇒

(
P0

(
ΓR
T

)
, d1

)
, η 7→ E(η),

where E(η) :=
{
π1♯P | P ∈ R∗( (et♯η)t∈[0,T ]

)}
.

Remark 2.6. Let η ∈ P0

(
ΓR
T

)
. Define the map m : [0, T ] → P

(
Td

)
by m(t) = et♯η

for any t ∈ [0, T ]. It is clear that m ∈ Mr. More precisely, it is clear that m(0) =
e0♯η = m0. For any t1 6= t2 ∈ [0, T ] and any 1-Lipschitz function g : Td → R, we
obtain that ∣∣∣∣∫

Td

g(x)et1♯η(dx)−
∫
Td

g(x)et2♯η(dx)

∣∣∣∣
≤

∫
ΓR
T

|g (γ(t1))− g (γ(t2))| η (dγ)

≤
∫
ΓR
T

|γ(t1)− γ(t2)| η (dγ) ≤ K |t1 − t2|
1
r ,

where the last inequality comes from Lemma 2.1. By the arbitrariness of the function
g, we have

d1 (m(t1),m(t2)) ≤ K |t1 − t2|
1
r .

Thus, m ∈ Mr. Therefore, the set-valued map E is well-defined.

Lemma 2.7. For each m ∈ Mr,
(1) the family of functions

{
Jm (·, µ) : ΓR

T → R | µ ∈ PR
U

}
is uniformly equi-con-

tinuous.
(2) Let γ ∈ ΓR

T . If µi converges to µ narrowly, then

lim inf
i→∞

Jm
(
γ, µi

)
≥ Jm (γ, µ) . (15)

Proof. (1) Fix a sequence {γi}∞i=1 that converges to some γ in ΓR
T . For any µ ∈ PR

U ,
we have

|Jm (γi, µ)− Jm (γ, µ)| ≤
∫ T

0

∫
Rn

|L (γi(t), u,m(t))− L (γ(t), u,m(t))|µ(dt, du)

≤ ‖γi − γ‖∞
∫ T

0

∫
Rn

∫ 1

0

∣∣∣∂L
∂x

(γ(t) + λ (γi(t)− γ(t)) , u,m(t))
∣∣∣ dλµ(dt, du).

By (L4), the proof is completed since we obtain that∫ T

0

∫
Rn

∫ 1

0

∣∣∣∂L
∂x

(γ(t) + λ (γi(t)− γ(t)) , u,m(t))
∣∣∣ dλµ(dt, du) ≤ C2 (T +R) .
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(2) For any ε > 0, we obtain that∫ T

0

∫
Rn

L (γ(t), u,m(t))µi(dt, du) =

∫ T

0

∫
Rn

L (γ(t), u,m(t))

1 + ε|u|q
(1 + ε|u|q)µi(dt, du)

≥
∫ T

0

∫
Rn

L (γ(t), u,m(t))

1 + ε|u|q
µi(dt, du).

By (L1) and (L3), the map

(t, u) 7→ L (γ(t), u,m(t))

1 + ε|u|q

is bounded and continuous. Thus,

lim inf
n→∞

∫ T

0

∫
Rn

L (γ(t), u,m(t))µi(dt, du) ≥
∫ T

0

∫
Rn

L (γ(t), u,m(t))

1 + ε|u|q
µ(dt, du).

Let ε tend to 0. The proof is complete.

For any x ∈ Td, denote by Γ∗
m(x) the set of curves associated with an optimal control

µ∗, i.e.,

Γ∗
m(x) :=

{
γ∗ ∈ ΓR

T | γ∗ = γ∗(·;x, µ∗,m), Jm (γ∗, µ∗) = inf
µ∈PR

U
γ=γ(·;x,µ,m)

Jm(γ, µ)
}
.

Define the map Fm : Td → B
(
ΓR
T

)
by Fm(x) := Γ∗

m(x) for all x ∈ Td.

Lemma 2.8. Let m ∈ Mr. Let the sequence {xi}∞i=1 converge to x in Td. If there
exists γxi

∈ Fm (xi) for each i ∈ N such that the sequence {γxi
}∞i=1 converges to some

γ in ΓR
T , then γ ∈ Fm(x).

Proof. Denote by µxi
the measure such that γxi

= γxi
(·;xi, µxi

,m) for any i ∈ N.
Due to the compactness of PR

U , there exists a measure µ̄ such that d̃1 (µxi
, µ̄) con-

verges to 0 as i→ ∞. Let γ̃ = γ̃ (·;x, µ̃,m) and γ̃xi
= γ̃xi

(·;xi, µ̃,m) for any µ̃ ∈ PR
U .

Since xi converges to x in Td, we have γ̃xi
converges to γ̃ in ΓR

T . Moreover, since
γxi

∈ Γ∗
m(xi), we obtain that

Jm (γxi
, µxi

) ≤ Jm (γ̃xi
, µ̃) . (16)

Let i tend to infinity. By Lemma 2.7, we have Jm (γ, µ̄) ≤ Jm (γ̃, µ̃).
The only thing left to prove is that γ = γ (·;x, µ̄,m), i.e.,

γ(t) = x+

∫ t

0

∫
Rn

f (γ(s), u,m(s)) µ̄ (ds, du) .

Since γxi
(t) = xi +

∫ t

0

∫
Rn f (γxi

(s), u,m(s))µxi
(ds, du), the proof is complete by

(F1), (F2) and Proposition B.2.
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Proposition 2.9. For each m ∈ Mr,
(1) the set Γ∗

m(x) is non-empty for any x ∈ Td;
(2) the map Fm has a closed graph.

Proof. The non-emptiness of Γ∗
m(x) can easily be proved by using the convexity of

Jm (γ, µ) with respect to µ. See [10] for examples. Point (2) is a direct consequence
of Lemma 2.8.

Proposition 2.10. For any η ∈ P0

(
ΓR
T

)
, the set E (η) is non-empty and convex.

Proof. Let m(t) = et♯η for any t ∈ [0, T ]. By Proposition 2.9 and [8, Proposition
9.5], the map Fm is measurable. Thus, there exists a measurable selection γ̃x ∈ Γ∗

m(x)
by [16, Chapter3, Theorem 5.3]. Define the measure η̃ ∈ P0

(
ΓR
T

)
by

η̃(A) :=

∫
Td

δ{γ̃x}(A)m0(dx), ∀A ∈ B
(
ΓR
T

)
.

We claim that η̃ ∈ E (η). Define the map h :
{
γ̃x

∣∣ x ∈ Td
}
→ ΓR

T × PR
U by

γ̃x 7→ (γ̃x, µ
x) ,where ˙̃γx(t) =

∫
Rn

f (γ̃x(t), u,m(t))µx
t (du), ∀t ∈ [0, T ].

It is clear that η̃ = π1♯ (h♯η̃). Hence, we only need to verify that h♯η̃ ∈ R∗(m).
Indeed, we have h♯η̃ ∈ P

(
ΓR
T × PR

U

)
and e0♯η̃ = m0 by definition. For any pair

(γ, µ) ∈ spt (h♯η̃), the pair satisfies γ̇ = γ (·; γ(0), µ,m). By Proposition 2.5(3), we
obtain that h♯η̃ ∈ PR(m).
Regarding the minimization property of h♯η̃, we first define ΓR

T (m) ⊂ ΓR
T by

ΓR
T (m) :=

{
γ ∈ ΓR

T

∣∣ ∃(x, µ) ∈ Td × PR
U , s.t. γ = γ (·;x, µ,m)

}
.

By Proposition 2.5(3), for any P̃ ∈ PR(m), the support of P̃ satisfies the inclusion
spt(P̃ ) ⊂ ΓR

T (m)× PR
U . Thus, we obtain that

J (m,h♯η̃) =

∫
ΓR
T×PR

U

Jm (γ, µ)h♯η̃ (dγ, dµ) =

∫
Td

Jm (γ̃x, µ
x)m0(dx)

=

∫
Td

Jm (γ̃x, µ
x) e0♯

(
π1♯P̃

)
(dx) =

∫
ΓR
T (m)×PR

U

Jm
(
γ̃γ(0), µ

γ(0)
)
P̃ (dγ, dµ)

≤
∫
ΓR
T (m)×PR

U

Jm (γ, µ) P̃ (dγ, dµ) =

∫
ΓR
T×PR

U

Jm (γ, µ) P̃ (dγ, dµ) = J
(
m, P̃

)
.

Therefore, the measure η̃ ∈ E (η), which implies the non-emptiness of E (η).
The convexity can be easily proved by definition.
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Proposition 2.11. Let {ηi}∞i=1 ⊂ P0

(
ΓR
T

)
and η ∈ P0

(
ΓR
T

)
such that ηi converges

to η narrowly. If there exists η̂i ∈ E (ηi) for any i ∈ N such that η̂i converges to
some η̂ narrowly, then η̂ ∈ E(η).

Proof. For any t ∈ [0, T ], define mi(t) = et♯ηi and m(t) = et♯η. By (L2),∣∣∣Jmi

(γ, µ)− Jm(γ, µ)
∣∣∣ ≤ ∫ T

0

∫
Rn

∣∣L (
γ(t), u,mi(t)

)
− L (γ(t), u,m(t))

∣∣µt(du)dt

≤
∫ T

0

∫
Rn

ω
(
d1

(
mi(t),m(t)

))
µt(du)dt =

∫ T

0

ω
(
d1

(
mi(t),m(t)

))
dt.

Indeed, since ηi converges to η narrowly and ΓR
T is compact, we have d1 (ηi, η)→ 0.

Furthermore, we obtain that d1 (mi(t),m(t)) ≤ d1 (ηi, η) for any t ∈ [0, T ] by defini-
tion. We obtain that ∣∣∣Jmi

(γ, µ)− Jm(γ, µ)
∣∣∣ ≤ Tω (d1 (ηi, η)) . (17)

Thererfore, the function Jmi
(γ, µ) uniformly converges to the function Jm(γ, µ) as

i → ∞. By (17), the function P̃ 7→ J
(
mi, P̃

)
also uniformly converges to the

function P̃ 7→ J
(
m, P̃

)
as i→ ∞, i.e.,

lim
i→∞

sup
P̃∈P(ΓR

T×PR
U )

∣∣∣J (
mi, P̃

)
− J

(
m, P̃

)∣∣∣ = 0. (18)

For any i ∈ N, since η̂i ∈ E (ηi), there exists Pi ∈ PR (mi) such that π1♯Pi = η̂i.
Since P

(
ΓR
T × PR

U

)
is compact with respect to the d1-topology, there exists some

P ∈ P
(
ΓR
T × PR

U

)
such that d1 (Pi, P ) → 0 as i→ ∞. It is obviously that π1♯P = η̂

and e0♯π1♯P = e0♯η̂ = m0. For any (t, v) ∈ [0, T ]×Rd and any open setN ⊂ ΓR
T×PR

U ,
consider∣∣∣∣∫

N

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f
(
γ(s), u,mi(s)

)
µ (ds, du)

〉
Pi (dγ, dµ)

−
∫
N

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)

〉
P (dγ, dµ)

∣∣∣∣ ≤ B1 +B2,

where

B1 :=

∣∣∣∣∫
N

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f
(
γ(s), u,mi(s)

)
µ (ds, du)

〉
Pi (dγ, dµ)

−
∫
N

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)

〉
Pi (dγ, dµ)

∣∣∣∣ ,
B2 :=

∣∣∣∣∫
N

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)

〉
Pi (dγ, dµ)

−
∫
N

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)

〉
P (dγ, dµ)

∣∣∣∣ .
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Similar to the proof of Proposition 2.5(1), we have limi→∞B2 = 0. At the same
time, since

B1 =

∣∣∣∣∫
N

〈
v,

∫ t

0

∫
Rn

f (γ(s), u,m(s))− f
(
γ(s), u,mi(s)

)
µ(ds, du)

〉
Pi (dγ, dµ)

∣∣∣∣
≤

∫
N

|v|
∫ t

0

Lipν(f)d1 (ηi, η) dsPi (dγ, dµ) ≤ |v|Lipν(f)Td1 (ηi, η) ,

we have limi→∞B1 = 0. Since Pi ∈ PR (mi), we obtain that P ∈ PR(m).
Consider

J
(
mi, Pi

)
−J (m,P ) =

(
J
(
mi, Pi

)
− J (m,Pi)

)
+(J (m,Pi)− J (m,P )) , B3+B4.

By (18), limi→∞B3 = 0. Since the function (γ, µ) 7→ Jm (γ, µ) is bounded and lower
semi-continuous by Lemma 2.7, it follows from Corollary B.4 that lim infi→∞B4 ≥ 0.
In conclusion, for any P̂ ∈ PR(m), we have

J (m,P ) ≤ lim inf
i→∞

J
(
mi, Pi

)
≤ lim inf

i→∞
J
(
mi, P̂

)
= J

(
m, P̂

)
.

Due to the arbitrariness of P̂ ∈ PR(m), we complete the proof.
Corollary 2.12. For any η ∈ P0

(
ΓR
T

)
, the set E (η) is compact.

Proof. By Proposition 2.11, the set-valued map E has a closed graph, which ensures
that E (η) is a closed set. Furthermore, E(η) is contained within the compact set
P0

(
ΓR
T

)
. Consequently, E (η) is also compact.

Proof of Theorem 1.3. Combining Proposition 2.10 and Corollary 2.12, the set
E (η) is non-empty, convex and compact for any η ∈ P0

(
ΓR
T

)
. Furthermore, P0

(
ΓR
T

)
is non-empty and compact. By Proposition 2.11, the set-valued map E has a closed
graph, which indicates the continuity of the map. Consequently, there exists a
measure η̄ ∈ P0

(
ΓR
T

)
, such that η̄ ∈ E (η̄) by Kakutani’s theorem. Thus, there

exists P ∈ P
(
ΓR
T × PR

U

)
such that η̄ = π1♯P and P ∈ R∗((et♯η̄)t∈[0,T ]

)
. Therefore,

the probability measure P belongs to the set R∗( (et♯π1♯P )t∈[0,T ]

)
, indicating that

P is a relaxed MFC equilibrium.

3. Existence of strict relaxed MFC equilibria

Lemma 3.1. Fix m ∈ Mr. For any x ∈ Td and any ux : [0, T ] → Rn such that∫ T

0
|ux(t)|q dt ≤ R, denote by γux

x = γux
x

(
·;x,L[0,T ] ⊗ δux(t),m

)
the solution of the

state equation (4). Define a probability measure ηu ∈ P0

(
ΓR
T

)
by

ηu(A) :=

∫
Td

δ{γux
x }(A)m0(dx), ∀A ∈ B

(
ΓR
T

)
.

For any η ∈ P0

(
ΓR
T

)
, define Pη := η ⊗ δ{L[0,T ]⊗δuγ(0)(t)

}. Then, Pη ∈ PR(m) if and

only if η = ηu. Denote P u := ηu ⊗ δ{L[0,T ]⊗δuγ(0)(t)

} ∈ PR(m).
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Proof. Obviously, P u ∈ PR(m) by definition.
Suppose η ∈ P0

(
ΓR
T

)
and Pη ∈ PR(m). For any γ ∈ spt(η), by Proposition 2.5(4),

there exists x ∈ Td such that γ(0) = x and γ = γux
x . By e0♯η = e0♯η

u = m0, for any
g ∈ Cb

(
ΓR
T

)
,∫

ΓR
T

g(γ)η(dγ) =

∫
ΓR
T

g(γ
uγ(0)

γ(0) )η(dγ) =

∫
Td

g(γux
x )m0(dx) =

∫
ΓR
T

g(γ)ηu(dγ).

Thus, η = ηu.

Proposition 3.2. Fix m ∈ Mr and P ∈ R∗ (m). There exists a map
q̂ : [0, T ]× Td → P (Rn)

such that P̂ := π1♯P ⊗ δ{L[0,T ]⊗q̂t,γ(t)} ∈ R∗(m), where we denote q̂t,x = q̂ (t, x) for
convenience.

Proof. Define a measure η on [0, T ]× Td × Rn by

η (C) :=
1

T

∫
ΓR
T×PR

U

∫ T

0

∫
Rn

1C (t, γ(t), u)µ (dt, du)P (dγ, dµ) ,

for all C ∈ B
(
[0, T ]× Td × Rn

)
. Define η̂t := et♯ (π1♯P ), which is a probability

measure on Td. Define η1,2 := 1
T
L[0,T ] ⊗ η̂t(dx), which is a probability measure on

[0, T ]× Td. By Theorem B.5, construct the map q̂ by

η (dt, dx, du) = η1,2(dt, dx)⊗ q̂t,x(du).

Define the measure P̂ by P̂ := π1♯P ⊗ δ{L[0,T ]⊗q̂t,γ(t)} ∈ P
(
ΓR
T × PR

U

)
. Then, we

obtain that P̂ ∈ PR(m) by Appendix C. Furthermore,

J(m, P̂ ) =

∫
ΓR
T

∫ T

0

∫
Rn

L (γ(t), u,m(t)) q̂t,γ(t) (du) dt π1♯P (dγ)

=

∫ T

0

∫
Td

∫
Rn

L (x, u,m(t)) q̂t,x(du) et♯ (π1♯P ) (dx) dt

= T

∫ T

0

∫
Td

∫
Rn

L (x, u,m(t)) η (dt, dx, du)

=

∫
ΓR
T×PR

U

∫ T

0

∫
Rn

L (γ(t), u,m(t))µ(dt, du)P (dγ, dµ) = J(m,P ).

Therefore, we have P̂ ∈ R∗(m).

Proof of Theorem 1.5. (1) Define the map q̂ : [0, T ]×Td → P (Rn) by Proposi-
tion 3.2. By the convexity condition, for any (t, x) ∈ [0, T ]× Td, we have∫

Rn

(L (x, u,m(t)) , |u|q, f (x, u,m(t))) q̂t,x(du) ∈ L (t, x) .
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By [21, Theorem A.9], there exist negative measurable functions
z1 : [0, T ]× Td → R− and z2 : [0, T ]× Td → R−

and a measurable map α̂ : [0, T ]× Td → Rn such that

L (x, α̂(t, x),m(t)) =

∫
Rn

L (x, u,m(t)) q̂t,x(du) + z1(t, x),

|α̂(t, x)|q =
∫
Rn

|u|q q̂t,x(du) + z2(t, x),

f (x, α̂(t, x),m(t)) =

∫
Rn

f (x, u,m(t)) q̂t,x(du).

Define the probability measure P0 := π1♯P ⊗ δ{L[0,T ]⊗δα̂(t,γ(t))} ∈ P
(
ΓR
T × PR

U

)
. The

measure P0 is well-defined since for any γ ∈ spt (π1♯P ), we have∫ T

0

|α̂(t, γ(t))|q dt =
∫ T

0

∫
Rn

|u|q q̂t,γ(t)(du)dt+
∫ T

0

z2(t, γ(t))dt

≤
∫ T

0

∫
Rn

|u|q q̂t,γ(t)(du)dt ≤ R.

It is clear that e0♯ (π1♯P0) = e0♯ (π1♯P ) = m0 and P0 ∈ PR(m). Besides,

J (m,P0) =

∫
ΓR
T

∫ T

0

∫
Rn

L (γ(t), u,m(t)) δα̂(t,γ(t)) (du) dt π1♯P (dγ)

=

∫
ΓR
T

∫ T

0

L (γ(t), α̂ (t, γ(t)) ,m(t)) dt π1♯P (dγ)

=

∫
ΓR
T

∫ T

0

∫
Rn

L (γ(t), u,m(t)) q̂t,γ(t)(du) dt π1♯P (dγ)

+

∫
ΓR
T

∫ T

0

z1 (t, γ(t)) dt π1♯P (dγ) ≤ J
(
m, P̂

)
= J (m,P ) .

In conclusion, P0 ∈ R∗(m). Since P0 ∈ PR(m), for any γ ∈ spt (π1♯P ), it satisfies
γ̇(t) = f (γ(t), α̂ (t, γ(t)) ,m(t)) . (19)

Denote by γα̂x the solution of (19) with γα̂x (0) = x. For any x ∈ Td we define the
maps u∗x(t) := α̂

(
t, γα̂x (t)

)
. Then, by e0♯π1♯P = m0, it is clear that

J(m,P0) =

∫
Td

∫ T

0

L
(
γu

∗
x

x (t), u∗x(t),m(t)
)
dtm0(dx),

where γ̇u
∗
x

x (t) = f
(
γu

∗
x

x (t), u∗x(t),m(t)
)
, γu

∗
x

x (0) = x.

Following Lemma 3.1, for any x ∈ Td and any map ux : [0, T ] → Rn such that∫ T

0
|ux(t)|q dt ≤ R, we have P u = ηu ⊗ δ{L[0,T ]⊗δuγ(0)(t)

} ∈ PR(m). Thus,∫
Td

∫ T

0

L (γux
x (t), ux(t),m(t)) dtm0(dx) ≥

∫
Td

∫ T

0

L
(
γu

∗
x

x (t), u∗x(t),m(t)
)
dtm0(dx).
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(2) By Theorem 1.3, there exists a relaxed MFC equilibrium P ∈ R∗(m), where
m(t) = et♯ (π1♯P ) for any t ∈ [0, T ]. As a consequence of the point (1) of this
theorem, P0 ∈ R∗ (m). Define m0(t) := et♯ (π1♯P0) for any t ∈ [0, T ]. By the
definition of P0, we have m(t) = m0(t) for any t ∈ [0, T ]. Thus, P0 ∈ R∗ (m0), which
means P0 is also a relaxed MFC equilibrium, and it is strict obviously.

A. Notations

We list some notations which are used in this paper as follows.
(1) For any set A, denote by B(A) the family of Borel subsets of A, by P(A) the
family of Borel probability measures on A, by M(A) the family of Borel measures
on A. The support of a measure P ∈ M(A), denoted by spt (P ), is a closed set
defined by

spt (P ) := {x ∈ A | P (Vx) > 0 for every open neighborhood Vx of x} .

(2) Denote by R the set of real numbers, by R− the set of negative real numbers, by
Z the set of integers, by N the set of positive integers. For any n ∈ N, denote by Rn

the n-dimensional real Euclidean space, by 〈·, ·〉 the Euclidean scalar product in Rn,
by | · | the usual norm in Rn. Denote by Tn = Rn/Zn the standard n-dimensional
flat torus. Let P

(
Td

)
be endowed with the narrowly convergence. It is convenient

to put a metric, i.e., the Kantorovich-Rubinstein distance d1 on P
(
Td

)
.

(3) Fix a constant T > 0. For any absolutely continuous map γ : [0, T ] → Rd,
denote by ‖γ‖∞ the uniform norm of the map γ, i.e.,

‖γ‖∞ = sup
t∈[0,T ]

|γ(t)|.

Denote by L[0,T ] the Lebesgue measure on [0, T ]. For any constant 1 ≤ α < +∞,
denote by ‖γ‖Lα(L[0,T ]) the Lα norm of the map γ with respect to the measure L[0,T ],
i.e.,

‖γ‖Lα(L[0,T ]) =

(∫ T

0

|γ(t)|α dt
) 1

α

.

(4) Let ΓT be a set of absolutely continuous maps γ : [0, T ] → Td. For any t ∈ [0, T ],
denote by et the evaluation map, i.e.,

et(γ) = γ(t), ∀ γ ∈ ΓT .

(5) The function ω : R+ → R+ is a modulus function if it is a nondecreasing and
upper semi-continuous function such that lim

r→0+
ω(r) = 0.

(6) Let A be a set. For any subset B ⊂ A, denote by 1B : A→ {0, 1} the indicator
function of B, i.e.,

1B(x) =

{
1 x ∈ B,

0 x /∈ B.

Let x ∈ A. Denote by δ{x} the Dirac mass at point x.
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(7) For any sets N1, N2 and any P ∈ P (N1 ×N2), denote by π1 : N1 × N2 → N1

the canonical projection of the first variable. Define the push-forward measure
π1♯P ∈ P(N1) by

π1♯P (B) := P
(
π−1
1 (B)

)
, ∀B ∈ B (N1) .

We consider a probability measure η ∈ P(N1) and a family of probability measures
(νx)x∈N1

⊂ P(N2). We write P = η ⊗ νx if these measures satisfy∫
N1×N2

g(x, y)P (dx, dy) =

∫
N1

∫
N2

g(x, y)νx(dy)η(dx),

for all Borel maps g : N1 ×N2 → [0,+∞]. Similarly, consider a probability measure
ν ∈ P(N2) and a family of probability measures (ηy)y∈N2

⊂ P(N1). We write
P = ηy ⊗ ν if these measures satisfy∫

N1×N2

g(x, y)P (dx, dy) =

∫
N2

∫
N1

g(x, y)ηy(dx)ν(dy),

for all Borel maps g : N1 ×N2 → [0,+∞].
(8) For metric spaces ([0, t], dA) and (B, dB) with t > 0, denote by AC ([0, t], B)
the space of absolutely continuous maps from [0, t] to B. For metric spaces (A, dA)
and (B, dB), denote by C (A,B) the space of continuous maps from A to B. Denote
by C (A) the space of continuous functions on A. Denote by Cb (A) the space of
bounded and continuous functions on A. Denote by Ck (A) the space of k-times
continuously differentiable functions on A.

B. Measure theory

In this section, we recall some results from measure theory that will be useful in this
paper. Throughout this section, the space (M,ρ) is a separable metric space.
For a sequence {µn}∞n=1 ⊂ P(M), µn narrowly converges to some µ ∈ P(M) as
n→ ∞ if

lim
n→∞

∫
M

f(x)µn(dx) =

∫
M

f(x)µ(dx), ∀f ∈ Cb (M) .

For each p ∈ [1,+∞), the Wasserstein space of order p is defined by

Pp(M) :=

{
µ ∈ P(M)

∣∣∣∣ ∫
M

ρp (x0, x)µ(dx) < +∞
}
,

where x0 ∈M is an arbitrary point. The Monge-Kantorovich distance on Pp(M) is
defined by

dp (µ1, µ2) := inf
η∈Π(µ1,µ2)

(∫
M2

ρp(x, y)η (dx, dy)

)1/p

, ∀µ1, µ2 ∈ Pp(M),

where Π(µ1, µ2) is the set of Borel probability measures on M2 with the properties
η (A×M) = µ1(A) and η (M × A) = µ2(A) for any Borel set A ∈ B(M).
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As for the distance d1, which is often called Kantorovich-Rubinstein distance, can
be characterized by a useful duality formula (see, for instance, [11]) as

d1(µ1, µ2) = sup

{∫
M

g(x)µ1(dx)−
∫
M

g(x)µ2(dx)

}
, ∀µ1, µ2 ∈ P1(M),

where the supremum is taken over all 1-Lipschitz functions g :M → R.
We now recall the relations between the narrowly convergence and the dp-convergence.
See [1, Theorem 7.1.5] and [25, Theorem 7.12] for examples.

Proposition B.1. If a sequence of measures {µi}∞i=1 ⊂ Pp(M) converges to some
µ ∈ Pp(M) in dp-topology, then µn converges to µ narrowly.
Conversely, if

⋃∞
i=1 spt{µi} is contained in a compact subset of M and µi converges

to µ narrowly, then µi converges to µ in dp-topology.

Proposition B.2. Let µ ∈ Pp(M) and {µi}∞i=1 ⊂ Pp(M). The following statements
are equivalent.
(1) dp (µi, µ) → 0.
(2) µi converges to µ narrowly. There exists x0 ∈M such that

lim
r→+∞

sup
i∈N

∫
{x | ρp(x,x0)≥r}

ρp (x, x0)µi(dx) = 0.

(3) For each continuous function f :M → R satisfies that there exist x0 ∈M and
c > 0 such that

|f(x)| ≤ c (1 + ρp (x, x0)) , ∀x ∈M,

we have lim
i→∞

∫
M

f(x)µi(dx) =

∫
M

f(x)µ(dx).

The next theorem reveals the relation between the narrowly convergence and the
almost surely convergence. See, for instance, [3, Theorem 6.7].

Theorem B.3. (Skorokhod’s Representation Theorem) Let {µi}∞i=1 ⊂ P(M) be a
sequence of probability measures such that µi converges to some µ ∈ P(M) narrowly.
There exist M-valued random variables {Xi}∞i=1 and X, whose distributions are
{µi}∞i=1 and µ respectively. Then, Xi converges to X µ-almost surely.

Based on Theorem B.3, we can easily derive Corollary B.4.

Corollary B.4. Let {µi}∞i=1 ⊂ P(M) be a sequence of probability measures such
that µi converges to some µ ∈ P(M) narrowly. For any lower semi-continuous and
bounded function g :M → R, we have

lim inf
i→∞

∫
M

g(x)µi(dx) ≥
∫
M

g(x)µ(dx).

Finally, we recall the disintegration theorem. See, for instance, [11, Theorem 8.5].
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Theorem B.5. (Disintegration Theorem) Let X and Y be Radon separable metric
spaces. Let µ be a Borel probability measure on X. Let π : X → Y be a Borel
map. Define ν = π♯µ ∈ P(Y ). Then, there exists a µ-almost everywhere uniquely
determined family of Borel probability measures {νy}y∈Y ⊂ P(X) such that

νy
(
X\π−1(y)

)
= 0, for µ− a.e. y ∈ Y,∫

X

g(x)µ(dx) =

∫
Y

(∫
π−1(y)

g(x)νy(dx)

)
ν(dy)

for every Borel map g : X → [0,+∞].

C. Completion of the Proof of Proposition 3.2

Define the function g : ΓR
T → R̄ by

γ 7→
∫ T

0

∫
Rn

|u|q q̂t,γ(t) (du) dt,

which is a positive measurable function. For any Borel subset V ⊂ ΓR
T × PR

U , there
always exists a measure µV ∈ PR

U such that∫
ΓR
T×PR

U

∫ T

0

∫
Rn

1V (γ, µ) |u|q µ(dt, du)P (dγ, dµ)

≤ P (V )

∫ T

0

∫
Rn

|u|q µV (dt, du) ≤ P (V )R.

Moreover, we have∫
ΓR
T

1π1(V )(γ) g (γ) π1♯P (dγ)

=

∫
ΓR
T

∫ T

0

∫
Rn

1π1(V )(γ) |u|q q̂t,γ(t) (du) dt π1♯P (dγ)

= T

∫ T

0

∫
Td

∫
Rn

1π1(V )

(
e−1
t (x)

)
|u|q q̂t,x(du) η1,2(dt, dx)

= T

∫ T

0

∫
Td

∫
Rn

1π1(V )

(
e−1
t (x)

)
|u|q η(dt, dx, du)

=

∫
ΓR
T×PR

U

∫ T

0

∫
Rn

1π1(V )(γ) |u|q µ(dt, du)P (dγ, dµ) ≤ RP (V ),

indicating that g is integrable. By Vitali-Carathéodory theorem, for any ε > 0,
there exists a lower semi-continuous function ĝ : ΓR

T → R with g(γ) ≤ ĝ(γ) for
π1♯P -a.e. γ ∈ ΓR

T such that∫
ΓR
T

ĝ(γ)− g(γ) π1♯P (dγ) ≤ ε.
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For γ0 ∈ spt (π1♯P ), there exists a unique measure µ0 ∈ PR
U such that the pair

(γ0, µ
0) ∈ spt(P ) by Proposition 2.5(3). Denote by V the open neighborhood of

(γ0, µ
0), we have P (V ) > 0 and

g(γ0) ≤ ĝ(γ0) ≤ lim inf
V→(γ0,µ0)

1

P (V )

∫
V

ĝ(γ)P (dγ, dµ)

≤ lim inf
V→(γ0,µ0)

1

P (V )

∫
V

g(γ)P (dγ, dµ) + ε ≤ R + ε.

Let ε tend to 0. We conclude that L[0,T ] ⊗ q̂t,γ(t) ∈ PR
U for π1♯P -a.e. γ ∈ spt (π1♯P ).

Let L[0,T ] ⊗ q̂t,γ(t) equal any measure that belongs to PR
U when γ belongs to the null

set. We can conclude that P̂ ∈ P
(
ΓR
T × PR

U

)
since the difference in the null set has

no influence on the following analysis by (F1) and (L3).

It is clear that e0♯
(
π1♯P̂

)
= e0♯ (π1♯P ) = m0. Moreover, for any t ∈ [0, T ] and any

open set N ⊂ ΓR
T × PR

U , we can deduce that∫
ΓR
T

∫ t

0

∫
Rn

1π1(N)(γ)f (γ(s), u,m(s)) q̂s,γ(s) (du) ds π1♯P (dγ)

=

∫ t

0

∫
Td

∫
Rn

1π1(N)

(
e−1
s (x)

)
f (x, u,m(s)) q̂s,x(du) es♯ (π1♯P ) (dx) ds

= T

∫ T

0

∫
Td

∫
Rn

1π1(N)

(
e−1
s (x)

)
1[0,t](s)f (x, u,m(s)) η(ds, dx, du)

=

∫
π1(N)×PR

U

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ(ds, du)P (dγ, dµ) .

Based on this equality, for any v ∈ Rd, we have∫
N

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)
〉
P̂ (dγ, dµ)

=

∫
ΓR
T×PR

U

1N (γ, µ)

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)

〉
P̂ (dγ, dµ)

=

∫
ΓR
T

1π1(N) (γ)
〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s)) q̂s,γ(s) (du) ds
〉
π1♯P (dγ)

=

∫
π1(N)×PR

U

〈
v, γ(t)− γ(0)−

∫ t

0

∫
Rn

f (γ(s), u,m(s))µ (ds, du)
〉
P (dγ, dµ) = 0.

Thus, we obtain that P̂ ∈ PR(m).
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