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Abstract: We address the existence of equilibria for mean field type control problems of first-order with
non-convex action functional. Introducing a relaxed Lagrangian approach on the Wasserstein space to
handle the lack of convexity, we prove the existence of new relaxed Nash equilibria and we show that our
existence result encompasses the classical Mean Field Control problem’s existence result under convex
data conditions.
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1. Introduction

The motivation for this work stems from recent advances in deep learning (DL) and the application of techniques from
optimal control and mean field theory. Specifically, deep neural networks can be considered as discrete-time nonlinear
dynamical systems and their internal parameters can be recast as controls, allowing the formulation of the training
process as an optimal control problem. Given a set of training data (&, () € Q distributed according to M € £(Q) and
an activation function ¢, we construct a neural network with input z € RY and output

LY Bz + puit) = [ pplaz +pCi) v d dp, dp), )
n = R4

where t denotes the index of the layer, (a, B, p) are the data of the neural network and

1 &
n_ _—
Ve = n 2 - 6{0¢t,i,ﬁt,i,Pr,i}‘
i=

Thus, setting a = (a, B, p) and Y (z, a, ¢) = Bp(az + p(;), the architecture of the neural network can be
written as

el t

n x n At 1 n
Xpit = Xy = i ),
i=1
where At =ty — tr. Therefore, as At | 0 and n T oo (heuristically) we obtain

t
XAt = +/ /IP(XZ"E’C,a,Cr) vy(da)dr
0

and the training procedure of such a model can be recast as an optimization problem on the Wasserstein
space

min /Q 9(E,C,v, X5 M(dE, dO) e
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So, looking at the minimization problem (2), in this work we aim to extend the possibility of studying
neural network architectures by means of the relaxed Lagrangian approach to the case of mean field state
equation modeling, for instance, congestion of data or sparsity constraint.

Having these models in mind, Mean Field Control (MFC) is a recent branch of control theory that deals
with the optimal control of a large number of interacting agents. It arises when considering systems with
a population of individual decision-makers (agents), where each agent’s dynamics and objectives depend
not only on their own states and actions but also on the aggregate behavior of the entire population. From a
variational viewpoint, a general MFC problem of first order (having deterministic dynamics) can be written
as a minimization problem of the following type

T
in / Ly(8), y(8), m(t)) dt + ur(y(T)),
Y Jo

where m € C([0, T], P(Q)) is the probability distribution of all agents and L is the Legendre transform of
H.Here, the Lagrangian L is convex in the control variable y.

We consider the MFC problem with general nonlinear controlled dynamics, whose state equations di-
rectly depend on the distribution of players, of the form

T
Quin / Ly (t), u(t), m(t)) dt  subjectto y(t) = f(y(t), u(t), m(t)), ©)
u:[0,T]-R" Jo

where the Lagrangian L : T? X R" x P(T?) — R is non-convex with respect to the control variable u(t) € R".
The convexity assumption of the Lagrangian function, with respect to the control, is needed even if this
is not always the case when considering some real life applications such as biological modeling, pricing
dynamics, multi-agent reinforcement learning and deep learning ([13, 17, 18, 20, 22, 23, 26]). For the case
that L is convex, such a problem is classically solved by using the so-called Lagrangian approach, see for
instance [7, 9, 19, 24]. In case of stochastic systems, such an analysis has been developed in [2, 12, 13, 14, 15].
However, to the best of the authors” knowledge, no direct results are available for the first-order case.

We address this challenge by generalizing the Lagrangian approach to non-convex mean field optimiza-
tion problems taking inspiration from the well-known relaxed control approach [4, 5, 6]. The relaxation
method, we propose here, transforms the non-convex optimal control problem (3) into an optimal control
problem over probability measures on the control space (6). In particular, once the Nash equilibria is found
we have, consequently, constructed the optimal neural network architecture for the data we are interested
in.

1.1. Relaxation method

Here, we proceed to show the relaxation procedure on Wasserstein space.
Fix a time horizon T > 0. Let my € P (T?) denote the initial distribution of all agents. Denote by
M([0, T] x R") the space of all Borel measures on [0, T] x R". Define the set Py by

Py = {y e M([0,T] XR”)‘ 3 (t) egory € P R"), 5.t = Lyo,7) ®Ht} ,

where 1 = Lo 1] ® u; means that for any Borel map g : [0, T] x R" — [0, +o0], the following holds

T
[ sttt = [ [ gt o
[0,T]xR" 0o Jrr

Similar to (3), we consider the following relaxed state equation:

{y‘(t) = o £ /() 1w, m(0)) pe(du), t€[0,T]

4
y(0) = x, xeT? @

where u € Py represents the strategy and m € C([0, T], P(T*)) is the distribution of all agents with m(0) =
my. Therefore, the aim of each agent is to choose a strategy such that the cost function attains the minimum,
which is defined by

T
o= [ [ Lo, m) b
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Define
A(x, W) eTxPy,ImeC ([0, T],P (Td))

— d
I'r:=qy€AC ([O, T],T ) with m(0) = mg, s.t. y is the
solution of the state equation (4)

Let I'r be endowed with the uniform norm || ||. Let m € C ([0, T], P (Td)) be the map such that m(0) = my,
and let P € P (I't x Py) be the probability measure such that every state-measure pair (y, ) € spt(P)
satisfies

70 = [ £ 00, u,m) ) ®)

The total cost of all agents is defined by

Joup)= [ Py, ).

Since the map m represents the state distribution of all agents while the support of P is the state processes
and the strategies of all agents, the MFC problem is

inf ] ((ertmiEP)erory P) (6)

where the infimum is taken over all the measures P € P (I't X Pyr) such that any state-measure pair ()/, y) €
spt(P) satisfies (5). See Appendix A for details of the evaluation map e; and the push-forward measure
Tilﬂp € P(FT).

1.2. Assumptions

From now on, fix two constants p,q € Rwithg >p > 1.
Let L(x,u,v) : T X R" X P (T?) — R be a Lagrangian satisfying the following assumptions.

(L1)  Forany v € P (T?), the function (x, u) — L(x, u,v) is of class C2.
(L2)  There is a modulus function w : [0, +00) — [0, +0) such that

IL(x,u,v1) = L(x,u,va)| < w(di(v1,va)), V(x,u)€T? x R", Vvi,vo e P(T?).

See Appendix A and Appendix B for details of the modulus function @ and the Kantorovich-Ru-
binstein distance d;.

(L3) Thereis a constant C; € R such that
IL(x,u,v)| < Ci(L+]ulT), V(x,u,v)eTxR"xP(T.

(L4) There is a constant Cy € R such that

'8—L (c,u, V)| < Ca(1+ulT), ¥(x,u,v)eTéxR"xP(TY).

ox

Let f(x,u,v): T x R" x P (T9) — R? be a continuous map satisfying the following assumptions.
(F1)  Thereis a constant C > 0 such that
|f(x,u,v)| < CA+ulf), V(x,u,v)eT?xR"xP(T).

(F2) Forany (u,v) eR" xXP (Td), the map x — f(x,u,v) is Lipschitz continuous and

Lp(f) e sp P EE S euw]

ueR”, veP(’]I‘d) |X1 - X2|
X1¢XQ€Td

(F3)  Forany (x,u) € T4 x R", the map v — f(x,u,v)is Lipschitz continuous and

Lip,(f) := sup |f (e v1) — f (%, u,v2)| <+

x€T?, ueR™ di (vl’ V2)
vi#vaeP (T7)
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1.3. Main results

Let R be a positive constant. Define the compact subset PE C Pu by

T
/ |7 p(dt, du) < R} ,
0 Rﬂ

where g is the positive constant defined as in Section 1.2. Define the metric d; on Py; by

7)5 = {yEPu

dy (1, o) == dy (%, %) , Y1, u2 € Pu.

For any (x, ) € TY X P} and any m € C ([0, T], P (T%)) such that m(0) = m, we denote by y the solution
of the state equation (4). By Lemma 2.1, there exists a positive constant K, independent of x, u and m, such
that

T rlq
1L, g = ( i |7'/(t)|q/”dt) <K.

Since g > p > 1, there exists a positive constant ¥ > 1 such that p/q + 1/r = 1. Define the subset M, C
C ([0, T], P (T9)) by the space of 1/r-Holder-continuous maps with Hélder seminorm K, i.e.,

d t1), m(t
sup 1 (m( 1) T:’L/I/E 2)) < K, m(O) =1my .
ti#t2€[0,T] |ty — to]

M, := {m eC ([0, T],P(Td))

Define the metric d; on C ([0, T], P (T%)) by

dy (mt,m?) = sup dy (m'(t), m*(t)), le,mZec([o,T],P(Td)).
te[0,T]

By Lemma 2.3, M, is a compact subset of C ([0, T], P (T%)) with respect to the d;-topology.
Define the subset FIT{ cI'r by

TR .= {y € AC ([0, T],Td)

3(x, u,m) € T X PEXM,, st.yis
the solution of the state equation (4) |

Let F? also be endowed with the uniform norm || - ||. By Lemma 2.4, T ? is a compact subset of I'r. We
denote by y = y (-; X, U, m) € I’? the solution of the state equation (4) with the initial value x € T4, the
measure U € PE and the function m € M,.

Definition 1.1. Let m € M,. Define Pr(m) by the set of probability measures P € P (I’IT{ X PE) satisfying
the following conditions.

(i) eoft (1 #P) = my.
e d R R
(ii) For any (t,v) € [0, T] X R and any open set N C I'; X P,

t
I <v, y(t) - y(0) - /0 [ £ 0@,umen s, du)> P (dy, dy) = 0. )
For any m € M, and any P € Pr(m), define the MFC functional by

](m,P):=/rR J" ) P(dy,dy),

>Pu

T
where]™ (y, u) := / / L(y(t), u, m(t)) u(dt, du).
0 JRrr
Define the associated minimization problem by

R*(m) := argmin {J(m,P)}, VYm €M,.
PGPR(H’!)
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Definition 1.2. Given mg € P (T?), we say that P is a relaxed MFC equilibrium for m if
PeR’ ((etﬂ(ﬂlﬂp))te[o,ﬂ) and eolt (m14P) = my.

The relaxed MFC equilibrium is well defined since (e:# (7t1#P));e[0,r] € M for any P € P (F? X 505) See

Remark 2.6 for details.
The first main result can be stated as follows.

Theorem 1.3. Assume (L1)—(L4) and (F1)—(F3). There exists at least one relaxed MFC equilibrium.

For any (x,m) € T? x M, and any u, : [0,T] — R" such that fOT luy(t)|7dt < R, denote by y;* :=
y* (3%, Lio1] ® Ou,(1), M) the solution of the state equation (4). Define a probability measure n* € P (F?)
by

1(A) = /}F SpyeyAmo(dx), VA€ B (TF). 8)

Following Lemma 3.1, n* is the unique measure such that the probability measure P* := n*®6 { e }
[0,T1%Cuy,0)(®)

belongs to the set Pr(m).

Definition 1.4. Given mg € P (Td), we say that P is a strict relaxed MFC equilibrium for my if it satisfies:

(i) P is a relaxed MFC equilibrium for my.
(ii) There exists a map u : [0, T] x T¢ — R” such that fOT lu(t, x)|7dt < R and
P=n"®0 i, reb.0m)

where 1" is defined as in (8).

The second main result is stated as follows and, as a consequence, we immediately obtain that Theo-
rem 1.3 encompasses the classical existence result for MFC equilibria.

Theorem 1.5. Let m € M, and P € R* (m). For any (t, x) € [0, T] X T4, the set

gio| U E R", s.t.A > L(x,u,m(t)),
L(t,x):=3(A,w,v)eR" )
w2 ull, v = f(x,u,mt))
is convex. Then the following statements hold.
(1) Forany x € T there exist maps u’; : [0, T] — R such that the probability measure Py := 1" ® 6 € R*(m),
where {u},cqa is the optimal control for {Llo'”@”;«o)“)}
T
wt [ [ Lo, a0, me) at ma),
oJrd Jo
subject to the state equation
yHE) = f o), u),m@), tel0,T] (10)
y*(0) = x, x €T

where the infimum is taken over all the maps uy : [0, T] — R" such that /OT luy(t)| dt < R for any x € T,
(2) There exists at least one strict relaxed MFC equilibrium.

Remark 1.6. In synthesis, according to Theorem 1.3 and Theorem 1.5, we have that all the information of
the neural network architecture described in (1) and (2) is captured by the relaxed MFC equilibrium. In
particular, it is on the second marginal of a relaxed MFC equilibrium that we can find the parameters of
the neural network that minimize the suitable loss function with respect to the analyzed data. m]

Structure of this paper. In Section 2, we establish the existence of relaxed MFC equilibria. In Section 3,
we demonstrate that these relaxed equilibria possess some suitable structures and that under the classical
convexity assumption, the new equilibria coincide with the classical MFC equilibria. Moreover, we intro-
duce some notations in Appendix A, recall well-known results from measure theory which will be used
throughout this paper in Appendix B and complete the proof of Proposition 3.2 in Appendix C.
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2. Existence of relaxed MFC equilibria

2.1. Proof of the properties of Pr(m)

Lemma 2.1. There exists a constant K > 0 such that for any (x, u) € T* X PR and any m € C ([0, T], P (T?)), the
solution y of the state equation (4) satisfies

T rlq
70, (210 = ( /0 |y‘(t>|Wdt) <K.

Proof. Since y is the solution of the state equation (4), we have

/0T|7'/(t)|11’dt - /OT

T q
s/o /R |f (r(t), u, m())|” we(du)dt

T ] 1
< / / Cr (1 +ulP)? ue(du)dt
0 Jre

441 4_q 4
<2r "TCr +2r "CPR.

1
Z
dt

[ 7061, m0) ot

Here, the second line holds by Jensen’s inequality, the third one holds by (F1) and the last one holds by the

convexity of x1/7. Let the constant K equal to (2%_1TC o 2%_1C5R) " The proof is complete. m|

Remark2.2. Forany (t, x, u) € [0, T]XT¢ XPE and any m € C ([0, T], P(T?)), denote by y the related solution
of the state equation (4). We have

p
t t q )
//lulpy(ds,du)s(/ / |u|qy(ds,du)) T <RIT?
0 Rn 0 R®

and/ot/Rn \f (7(s), u, m(s)) |u(ds, du) < CT + CRIT?.

Lemma 2.3. M, is a compact subset of C ([0, T], P (T?)) with respect to the d1-topology, where dy is defined as in
Section 1.3.

Proof. Since T is compact, P (T¢) is also compact with respect to the d;-topology. Thus, M, is uniformly
bounded. By the construction of M, it is uniformly equi-Holder-continuous. By Ascoli-Arzela theorem,
M, is relatively compact. Obviously, M, is closed under d;-topology. We conclude that M, is compact. O

Lemma 2.4. TR is a compact subset of Tt with respect to the uniform norm || - ||co.

Proof. Since T? is compact, I'X is uniformly bounded. By Lemma 2.1, for any s < t € [0, T], we have

[t y(t)dt

s( t|y‘<r>|%df) (t=5)T <K-(t=5)",

t

ly(t) —y(s)| = < [ Ip(oldr

2= »

implying that I'X is uniformly equi-Holder-continuous. Thus, I'} is relatively compact by Ascoli-Arzela
theorem.
Consider a sequence {y;};2; C I’¥ converging to some j in the uniform norm ||-||.,. There exist sequences

{x;}2, c T4, {mi}oil C M, and {yi}zl c PJ such that

i

t
yi(t) = x; +/0 s f (yi(s), u, m'(s)) pl(du)ds, Vtel[0,T].
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Since the sets T, M, and 7)5 are compact, there exist x € T¢, m € M, and U € 7’5 such that the sequences

{xi}72,, {mi}zl and {yi}il converge to x, m and u respectively. Define y(t) := x+f0t fR“ f(y(s), u,m(s)) us(du)ds.
We claim that y = . Indeed,

t
lyi(t) = y(H)] < |xi — x| +/0 /R |f (yi(s), u, m'(s)) = f (y(s), u, m(s))| ' (du)ds

+ /Of /R £ (/(s), 1, m(s))| (] = pus)(du)ds
= Il + 12 + 13,

First of all, lim;_,. I; = 0 obviously. By Proposition B.2, we have lim;_,« I3 = 0. By (F2) and (F3),
t
o [ 17 02610, m9) = £ (76), 0,0 s
0 n
t
[ G 6) = £ )t s
0 n

< Lip,(f) / 1yis) — y(s)\ ds + Lipy(£)Tdy (m, m)

Since d; (m',m) — 0asi — oo, there exists a sequence of constants {c;};2; such that lim;_, ¢; = 0 and
I +I5+ Lipv(f)Tal (mi,m) <.

By Gronwall’s inequality, |y;(t) — y(t)| < c;elPxH)f < ¢;eliPx(T,
In conclusion, we have lim; .« ||yi = 7||, = 0. Furthermore, for any i € N, we obtain that

1y =Vl <lly = Villo +llyi = 7l -

Let i tend to infinity. The limit j of the sequence {y;};-, is actually the curve y we defined above. Therefore,
F? is compact. m]

Proposition 2.5. For each m € M, the set Pr(m) has the following properties.
(1) Pr(m) is compact with respect to the narrowly convergence.
(2) Pr(m) is non-empty.

(3) Forany P € P (F¥ X PE), the probability measure P satisfies the condition (7) if and only if for each state-
measure pair (y, u) € spt(P), the pair satisfies

y(t) = /Rn f (), u,m(t)) u(du). (11)

Proof. (1) Since l"? and PE are compact, the set (l"¥ X 7’5) is also compact with respect to the narrowly

convergence. Let {P;};2, C Pr(m) such that P; converges to some P € P (F¥ X Pﬁ) narrowly. Then it is

clear that eoff (11 §P) = my.
For each (t,v) € [0,T] x R?, define the function « : 1"¥ X Pﬁ — Rby

t
(v, 1) = <v, y(t) = y(0) - /0 /R f(y(s),u,m(s)) p(ds, du)> : (12)
We claim that the function «x is bounded and continuous. It is obviously that the function

(7, 1) = (o, y(t) = 7(0))

is bounded and continuous. Additionally, by Remark 2.2, the function

t
(v, ) = <v/0 /R f(r(s),u,m(s)) y(ds,du)> (13)
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is bounded as well. On the other hand, let y; — y in F¥ and u' — pin 7)5. Consider

A1:=‘ [ [ rosnumenitas, = [ [ fo,ume) us, o

S/Ot/R" |f(yi(s)’“'m(s))_f(V(S)'“rm(S))Wi(du,ds)

+

t t
/ / £ (/(s), 1, m(s)) ' (ds, du) — / £ (r(s), 10, m(s)) u(ds, due)
0 R~ 0 R”
éAQ + As.

By (F2),
1—00 1—00

t
tin Az < tim [ [ Lin (1)l =yl i, ds) < i Lipg (T Iy = vl =0
0 R —00

By (F1) and Proposition B.2, lim;_,. A3 = 0. We conclude that the function « is both bounded and contin-
uous.
For any open set N C I’} x Pﬁ, we have

t
’/ <v,y(t)—y(0)—/ / f(V(s),u,m(s))u(ds,du)>P(d%dy)‘
N 0 Rn

t
<limint /ﬁw ) <v,y<t)—y(0)— /0 /R £ O/5),,m(s) u(dadu)ﬂpi(d%du)

t
~timin [ <v,y<t)—y<0)— [ nf(V(s),u,m(s))u(ds,du)>l’i (dy, dn)

t
- /N‘ <U/ V(t) - 7/(0) - ,/0 R f (V(S)z u, m(S)) U (dS/ du)> Pi (d% d!’l) = 0/
where the sets N* and N~ are defined by
N*:={(y,u) eN|x(y,u) >0},

N™:={(y,u) eN|x(y,p) <0}
Since the function « is continuous, both N* and N~ are open sets. In conclusion, P € Pr(m), and Pr(m)
is closed. Furthermore, since Pr(m) C P (1"¥ X 7)5) and P (1"¥ X 7)5) is compact, the set Pr(m) is also
compact with respect to the narrowly convergence.

(2) Let uo = Lo ® 640y € P{}. The state equation (4) is transformed into an autonomous ordinary
differential equation

() = t),0,m(t)),
{y() O (),0,m(®)) "
7(0) = x.

For any x € T¥, there exists a unique solution y,(t) = v (t; x, po, m) of (14) by (F2).

Define themap p:T? — T} by x - p(x)=y, and P:= pfimg ® 6(,,, €P (FITQ X PE)

It is clear that P € Pr(m).

(3) Let P be the probability measure that satisfies the condition (7). Suppose there exist (yo, u°) € spt(P)
and ty € [0, T] such that

yotto) =y # [ [ 0u(s)u,m(o) 0 (s .

Without loss of generality, assume there exists vy € R? such that

<vo,y0(t0)—y0(0)—/0 O/Rnf(yo(s),u,m(s))yo(ds,du)> > 0.
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Similar to the proof of the continuity of x, the map

to
0 (o0 @0 =70 = [ [ £ 06, m,ms) s, )

is also continuous. Hence, there exists an open neighborhood N of the point (yo, u°) such that P(N) > 0
and

/N<vo/7/(to)—7(0)_ /Oto /Rn f(y(s),u,m(s))[l(dsrdu)>P (dy,du) >0,

which contradicts (7). Therefore, we have

t
y(t)-y(0) = ‘/0 /Rn f (), u,m(s))u(ds,du), V(y,u)e€spt(P),Vtel0,T].

Taking the derivative with respect to t on both sides gives us (11).
The other point can be easily proved by definition. m|

2.2. Proof of the existence of relaxed MFC equilibria

In this section, we prove the existence of relaxed MFC equilibria by Kakutani’s theorem.
Define a subset Py (IX) c # (I'}) by

Po (I7) := {n € P (T7) | eofin = mo} .
Obviously, Py (TX) is compact with respect to the d;-topology. Define the set-valued map by
E:(Po(Ty),d) 3 (Po(T7),di), 1> El),
whereE(n) := {nlﬁP | P e R*( (etﬁﬂ)te[oj] )} .
Remark 2.6. Letn € Py (I'X). Define the map m : [0, T] — P (T?) by m(t) = e;fin for any t € [0, T]. It is clear

that m € M,. More precisely, it is clear that m(0) = eofin = mo. For any #; # t, € [0,T] and any 1-Lipschitz
function g : T¢ — R, we obtain that

[ gtwent@n - [ gwetna
Td T
< [ ls o) =g aanln (@)

FT

1
< [ 0= yln(y) < Kln - ol
T

where the last inequality comes from Lemma 2.1. By the arbitrariness of the function g, we have
dy (m(t2), m(t2)) < Kty — taf
Thus, m € M,. Therefore, the set-valued map E is well-defined.
Lemma 2.7. For each m € M,,
(1) the family of functions {J™ (-, u) : TR — R | u € PR} is uniformly equi-continuous.
(2) Let y € TR, If u' converges to y narrowly, then

liminf J" (y, 1) = J™ (y, ) - (15)

1—00

Proof. (1) Fix a sequence {y;}:; that converges to some y in F?. For any u € PR, we have

T
" (i) =™ (%H)|S/0 /Rn L (yi(t), u, m(t)) = L (y(t), u, m(t))| u(dt, du)

T 1
<y =yl / / /
0 R" J0

g—i () + A (yi(t) = y(t)), u, m(t))|dA u(dt, du).




86 C. Mendico, K. Wang, Y. Xu

By (L4), the proof is completed since we obtain that

[ L

(2) For any ¢ > 0, we obtain that

T i _ T L(V(t)r”rm(t)) i
[ [ rooumepana- [ [ (1+ elul?) 't du)

1+ elul?

T L(y(t),u,m) |
= /0 /n 1+ elul wiat, du).

L(y(t),u,m(t))
1+ elul?

()= y(t),u, m(t))' dA u(dt, du) < Co (T +R).

By (L1) and (L3), the map

(t,u) —

is bounded and continuous. Thus,

T
11m1£f/ / L(y(t), u, m(t)) ' (dt, du)>/ /R L(y(t)’u'm(t))y(dt,du).

1+ elul

Let ¢ tend to 0. The proof is complete. m]

For any x € T, denote by I';,(x) the set of curves associated with an optimal control i, i.e.,

T = {y e TR 1y =y Gtm), J" () = b )
ye?’
y=y(;x,u,m)
Define the map F,, : T9 — 8 (FR) by Fn(x) :=T},(x) for all x € T9.

Lemma 2.8. Let m € M,. Let the sequence {x;};-, converge to x in T%. If there exists yx, € Fp, (x;) for each i € N
such that the sequence {yx, } converges to some y in F then y € Fp(x).

Proof. Denote by u,, the measure such that y,, =  yy (;xi,py,m) for any i € N
Due to the compactness of PR, there exists a measure [i such that d; (uy;, fi) converges to 0 as i — oo.
Let 7 = 7 (s;x, i, m) and 7, = Jx, (- xi, i, m) for any fi € Pﬁ. Since x; converges to x in T, we have iy,
converges to 7 in F?. Moreover, since yy; € I';,(x;), we obtain that

]i’l’l ()/xi, [Jx ) ] (Vx,/ ) . (16)
Let i tend to infinity. By Lemma 2.7, we have J™ (y, i) < J™ (7, i)
The only thing left to prove is that y = y (-;x, i, m), i

y(t) =x +/0 /R}1 f(y(s),u,m(s)) ii(ds,du).

Since yy,(t) = x; + fot ﬁw f (yx(s), u, m(s)) px, (ds, du), the proof is complete by (F1), (F2) and Proposi-
tion B.2. m|

Proposition 2.9. For each m € M,,
(1) the set T%,(x) is non-empty for any x € T%
(2) the map F,, has a closed graph.

Proof. The non-emptiness of I}, (x) can easily be proved by using the convexity of J™ (y, u) with respect to
u. See [10] for examples. Point (2) is a direct consequence of .emma 2.8. m]

Proposition 2.10. For any 1 € P (IY), the set E (n) is non-empty and convex.
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Proof. Let m(t) = e;fin for any t € [0,T]. By Proposition 2.9 and [8, Proposition 9.5], the map F,, is mea-
surable. Thus, there exists a measurable selection 7, € I';,(x) by [16, Chapter3, Theorem 5.3]. Define the
measure ij € Py (TX) by

(A) = /T (A maldx), VA B ().

We claim that fj € E (). Define the map & : {7 | x € T} - TR x PR by

7y > (72, 1¥) , where Jx(t) = /R" f @), u, m(t)) u; (du), Vtel0,T]

It is clear that 7 = 71§ (hfif]). Hence, we only need to verify that hfiij € R*(m). Indeed, we have hiifj €
P (I’? X 505) and eofiij = mq by definition. For any pair (y, u) € spt (h#j), the pair satisfies 7 = y (-; 7(0), p, m).
By Proposition 2.5(3), we obtain that hfifj € Pr(m).

Regarding the minimization property of hiifj, we first define FIT{ (m) c F? by

TR(m):={y eTR| Ix, ) e T x P, st.y =y (sx,u,m)}.

By Proposition 2.5(3), for any P € Pr(m), the support of P satisfies the inclusion spt(P) ¢ FIT{(m) XPE. Thus,
we obtain that

Fowmg) = [ 1 o i ) = [ 17 Gt mota)

= [ Gyt P @0 = [ (7o) P aya)

xPh

< [ ) Plyda) = [T () Py, de) =], P).
I (m)xPy; IRxpR

Therefore, the measure ] € E (1), which implies the non-emptiness of E (7).
The convexity can be easily proved by definition. m]

Proposition 2.11. Let {n;}_, € Po (IX) and n € Po (TR) such that n; converges to n narrowly. If there exists
fli € E (n;) for any i € N such that f}; converges to some f} narrowly, then fj € E(n).

Proof. For any t € [0, T], define mi(t) = efini and m(t) = e;fin. By (L2),
. T .
i o =1l < [ L G@,m0) = Lo, 1)
0 JRn
T ‘ . |
< /O /R o (dy (1), m))) ottt = /O w (ds (mi(6), m(1))) dt

Indeed, since 1; converges to n narrowly and FIT{ is compact, we have d; (17;, ) — 0. Furthermore, we obtain
that dy (m'(t), m(t)) < di (n;,1) for any t € [0, T] by definition. We obtain that

7 (o) = 170 )| < To (e (1i,m)) "

Thererfore, the function J™' (v, 1) uniformly converges to the function J"(y, ) as i — co. By (17), the
function P J(m i P) also uniformly converges to the function Pr] (m, P) asi — oo, ie.,

lim sup |J(m',P) -] (m, P)|=0. (18)
I=% pep (TRxPR)
Forany i € N, since fj; € E (1;), there exists P; € Pg (m') such that 71 §P; = fj;. Since P (F¥ X 735) is compact

with respect to the d;-topology, there exists some P € P (F¥ X PE) such that dy (P;,P) = 0asi — oo. Itis
obviously that T, P = fjand eofim1 P = eoftfy = mo. Forany (t,v) € [0, T|xR? and any open set N C FIT{ XP{},
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consider

‘ / <v,y<t> 0= [ [ 766, mi) u(ds,du)> Pi (dy, dy)

SB1+B2,

- /N<Uz)/(f)_7/(0)—/0 /Rnf(V(S)/”/m(S))#(dszd”)>P(d%dH)

where
t .
B :=‘/N<v,y(t)—y(0)—/0 /Rnf(y(s),u,ml(S))u(ds,du)>1’i (dy, du)

7

- [ea0r=y0= [ [ o6, meus,an)p @y, a0

t
By := ‘/N <v,y(t) - (0) —/0 -/R" f (y(s),u,m(s))y(ds,du)> P; (dy,du)

t
—/ <v,y(t)—y(0)—/ f(y(S),u,m(S))y(ds,du)>P(dy,du)’.
N 0 R”

Similar to the proof of Proposition 2.5(1), we have lim;_,. B2 = 0. At the same time, since
t
B, = ] / <v, [ [ 5 0@ mme) = f (r66)u,mi(s) s, du>> Pi (dy, d#)‘

t
< / o / Lipy()ds (15,7) ds Pr (dy, dus) < ol Lipy(£)Tds (5,1)
N 0

we have lim;_,. By = 0. Since P; € Pg (m'), we obtain that P € Pg(m).
Consider

J (m', Pi) =] (m,P) = (] (m', Pi) = ] (m, P:)) + (J (m, P;) = ] (m, P)) = By + By.

By (18), lim;j—e B3 = 0. Since the function (y, u) — J™ (y, i) is bounded and lower semi-continuous by
Lemma 2.7, it follows from Corollary B.4 that lim inf; ,e B4 > 0.
In conclusion, for any P € Pr(m), we have

] (m, P) < liminf ] (m', P;) < hmmf](mi,ﬁ) y (mp)
1—00 1—00

Due to the arbitrariness of P € Pr(m), we complete the proof. m]
Corollary 2.12. For any n € Py (TX), the set E (n) is compact.

Proof. By Proposition 2.11, the set-valued map E has a closed graph, which ensures that E (1) is a closed set.
Furthermore, E(1) is contained within the compact set P, (I'y). Consequently, E (1) is also compact. m]

Proof of Theorem 1.3. Combining Proposition 2.10 and Corollary 2.12, the set E (1) is non-empty, convex and
compact for any 1 € P (I'¥). Furthermore, $ (I'Y) is non-empty and compact. By Proposition 2.11, the
set-valued map E has a closed graph, which indicates the continuity of the map. Consequently, there exists

a measure 1] € Py (F?), such that 7] € E (7]) by Kakutani’s theorem. Thus, there exists P € P (F? X PE)

such that 7 = P and P € R*((etﬂf_])te[o,T])- Therefore, the probability measure P belongs to the set
R*( (erfimy ﬁP)tE[O,T] ), indicating that P is a relaxed MFC equilibrium. O

3. Existence of strict relaxed MFC equilibria
Lemma 3.1. Fix m € M,. Forany x € T% and any u, : [0,T] — R" such that /OT lux(#)|"dt < R, denote by
vi© =2 (%, Lio,1) ® du, ), m) the solution of the state equation (4). Define a probability measure n* € Po (I'X)
by
nU(A) 1= / ey (Amoldz), VA € B (TR).
T4
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For any 1 € Py (I}), define Py := n ® 6{ } Then, P, € Pr(m) if and only if n = n*. Denote P* :=

L10,11%0u, 0 (1)

Y® 0 i € Pr(m).
! {£10m1®8u, 00 o)

Proof. Obviously, P* € Pr(m) by definition.
Suppose 1 € Py (I'X) and P, € Pr(m). For any y € spt(n), by Proposition 2.5(4), there exists x € T? such
that y(0) = x and y = yy*. By eolin = eofin” = my, for any g € Cy, (T}),

/r¥ §(yn(dy) = /r§ 80y In(dy) = fr 8y )mo(dx) = /r ? gy (dy).

Thus, n = n*. m]

Proposition 3.2. Fix m € M, and P € R* (m). There exists a map

§:[0,T]xT? - P (R")

such that P := myiP ® 6 (Liom®in,0) € R*(m), where we denote 4; x = 4 (t, x) for convenience.

Proof. Define a measure 1 on [0, T] X T x R" by

1 T
n(C):= T /rﬁxPS /0 /R" Lo (¢, y(t), u) u(dt,du) P (dy,du),

for all C € B([0,T] x T? x R"). Define A := e:f (m14P), which is a probability measure on T?. Define
M2 = 2 Lo 1) ® f:(dx), which is a probability measure on [0, T] x T?. By Theorem B.5, construct the map
q by

n(dt,dx,du) = ny,2(dt, dx) ® §; »(du).

Define the measure P by P = 4P ® 6{£[0 18,0} e P (F? X 735) Then, we obtain that P € Pr(m) by
Appendix C. Furthermore,

T
JonBr= [ [ [ 00 m @) e @0 demip i)

T
= /0 /Td /n L(x,u, m(t)) §e(du) e (11 4P) (dx) dt

T
= T/O /W /Rn L(x,u, m(t))n(dt,dx,du)
T
= /R R/ / L(y(t), u, m(t)) u(dt, du)P (dy,du) = J(m, P).
Ipx#; 40 Rn

Therefore, we have P € R*(m). O

Proof of Theorem 1.5. (1) Define the map § : [0,T] X T4 — P (R") by Proposition 3.2. By the convexity
condition, for any (t, x) € [0, T] X T?, we have

/n (L (x,u,m(t)),|ul?, f(x,u,mt)))§e(du) € L(t,x).

By [21, Theorem A.9], there exist negative measurable functions

z1:[0,T]xT* >R~ and z5:[0,T]xT% - R™

and a measurable map a& : [0, T] X T? — R” such that
L(x,a(t,x),m(t)) = / L(x,u,m(t))g;(du)+ zi(t, x),
RV!
6,00 = [ 1l () + 200, ),
Rn

F et 00 m@) = [ F Gt m ) ),
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Define the probability measure Py := 711 P ®0 (£ st} € P (T? X 7)5) . The measure Py is well-defined

O/T]®6
since for any y € spt (71 #P), we have

T T T
[ yentar= [ [ oo [z o

T
< / / |u|qqt,y(t)(du)dt <R.
0 R®

It is clear that egff (11 8Pg) = eolt (11 §P) = mo and Py € Pr(m). Besides,
T
o= [ [ [ 100mme) s 0 demge

T

- [ [ oo yen,mo) dmgp )
T

= [ [ 0, m ) gyt de e )

ik Jo Jrr

+L;[fzﬂhya»quwwmos]@mﬁ)=IMLP%

In conclusion, Py € R*(m). Since Py € Pr(m), for any y € spt (n1§P), it satisfies

y(t) = f (@), alt, (), mt)). (19)

Denote by y¢ the solution of (19) with y#(0) = x. For any x € T¢ we define the maps u}(t) := & (t, y%(t)).
Then, by epfiti §P = my, it is clear that

jonp= [ [ (10,1500, ) dt ot

wherey () = f (yi (), up(), m(0)), y(0) = x.

Following Lemma 3.1, for any x € T? and any map uy : [0,T] — R” such that /OT lu ()| dt < R, we have

P*=n"® 5{ } € Pr(m). Thus,

Li011®0u, 1)

/Td /OTL(V?X(t),ux(t),m(t)) dt mo(dx) > /Td /OTL(y;[;(t)/”;(t)xm(t)) dt mo(dx).

(2) By Theorem 1.3, there exists a relaxed MFC equilibrium P € R*(m), where m(t) = e;§ (71 §P) for any
t € [0,T]. As a consequence of the point (1) of this theorem, Py € R* (m). Define m®(t) := e (11 4P) for
any t € [0, T]. By the definition of Py, we have m(t) = m°(t) for any t € [0,T]. Thus, Py € R* (m°), which
means Py is also a relaxed MFC equilibrium, and it is strict obviously. m|

A. Notations

We list some notations which are used in this paper as follows.

(1) For any set A, denote by 8(A) the family of Borel subsets of A, by $(A) the family of Borel probability
measures on A, by M(A) the family of Borel measures on A. The support of a measure P € M(A), denoted
by spt (P), is a closed set defined by

spt (P) := {x € A| P(Vy) > 0 for every open neighborhood V; of x} .

(2) Denote by R the set of real numbers, by R~ the set of negative real numbers, by Z the set of integers,
by N the set of positive integers. For any n € N, denote by R” the n-dimensional real Euclidean space, by
(+,-) the Euclidean scalar product in R", by | - | the usual norm in R". Denote by T" = R"/Z" the standard
n-dimensional flat torus. Let  (T) be endowed with the narrowly convergence. It is convenient to put a
metric, i.e., the Kantorovich-Rubinstein distance d; on P (Td).
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(3) Fixa constant T > 0. For any absolutely continuous map y : [0, T] — R?, denote by ||y ||« the uniform
norm of the map y, ie.,

Vllo = sup |y (t)]-
te[0,T]

Denote by Lo 1] the Lebesgue measure on [0, T]. For any constant 1 < a < +oo, denote by ||y, (Liom) the
L, norm of the map y with respect to the measure L 1), i.e.,

) :
Yl 200 = ( /0 O dt) .

(4) Let I't be a set of absolutely continuous maps y : [0,T] — T¢. For any t € [0,T], denote by e; the
evaluation map, i.e.,

er(y)=yt), Vyelr.

(5) The function @ : R* — R* is a modulus function if it is a nondecreasing and upper semi-continuous

function such that lirél w(r) = 0.
r—0+

(6) Let A be a set. For any subset B C A, denote by 1g : A — {0, 1} the indicator function of B, i.e.,

15(x) = 1 x€B,
Y70 xes.

Let x € A. Denote by 6y, the Dirac mass at point x.
(7) For any sets N;, Ny and any P € £ (N7 X N3), denote by 71; : N; X N2 — N the canonical projection
of the first variable. Define the push-forward measure 7, §P € #(N;) by

mfP (B) := P (n;*(B)), VBeB(Nj).

We consider a probability measure 1 € (N1) and a family of probability measures (vy),cn, € P(N2). We
write P = 11 ® v, if these measures satisfy

-/I;flxNg g(x’ y)P(dx’ dy) - '/Nl /N‘2 g(x, y)Vx(dy)n(dx),

for all Borel maps g: Ny X Ny — [0, +c0]. Similarly, consider a probability measure v € (N>) and a family
of probability measures (ny)y en, C P(N1). We write P =, ® v if these measures satisfy

J o seorasan= [ [ sy,

for all Borel maps g: N; X Ny — [0, +00].

(8) For metric spaces ([0,t],da) and (B, dg) with t > 0, denote by AC ([0, t], B) the space of absolutely
continuous maps from [0, ] to B. For metric spaces (A, da) and (B, dg), denote by C (A, B) the space of
continuous maps from A to B. Denote by C (A) the space of continuous functions on A. Denote by C; (A)
the space of bounded and continuous functions on A. Denote by C¥ (A) the space of k-times continuously
differentiable functions on A.

B. Measure theory

In this section, we recall some results from measure theory that will be useful in this paper. Throughout
this section, the space (M, p) is a separable metric space.
For a sequence {“”}1:0:1 C P(M), un narrowly converges to some p € P(M) as n — oo if

i}grgofo(x)yn(dx):‘/Mf(x)y(dx), VieCy,(M).

For each p € [1, +00), the Wasserstein space of order p is defined by

Pp(M) = {y € P(M)' /M p? (xo, x) u(dx) < +oo} ,
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where xo € M is an arbitrary point. The Monge-Kantorovich distance on $,(M) is defined by
1/p
dp (1, p2) == inf ( pr(x, y)n (dx, dy)) VY, p2 € Pp(M),
nell(uy,u2) \Jpm2

where TT(u1, po) is the set of Borel probability measures on M? with the properties 1 (A x M) = p1(A) and
n(M x A) = uz(A) for any Borel set A € B(M).

As for the distance d;, which is often called Kantorovich-Rubinstein distance, can be characterized by a
useful duality formula (see, for instance, [11]) as

dlwl,yg):sup{ /M () (dx) - /M g(X)m(dx)}, Vit tts € PL(M),

where the supremum is taken over all 1-Lipschitz functions g : M — R.
We now recall the relations between the narrowly convergence and the d,-convergence. See [1, Theorem
7.1.5] and [25, Theorem 7.12] for examples.

Proposition B.1. If a sequence of measures {yi}zl C Pp(M) converges to some u € P,(M) in dy,-topology, then
n converges to u narrowly.

Conversely, if \J;2, spt{ui} is contained in a compact subset of M and u; converges to u narrowly, then u; converges
to w in d,-topology.

Proposition B.2. Let u € P,(M) and { yi}zl C Pp(M). The following statements are equivalent.
(1) dy (i, 1) = 0.

(2) i converges to p narrowly. There exists xo € M such that

lim sup/ pP (x, xo) pi(dx) = 0.
{x | pl”(x,xo)Zr}

r—+00 jeN

(3) For each continuous function f : M — R satisfies that there exist xo € M and ¢ > 0 such that

|f(x)| <c(l+p”(x,x0), VYxeM,

wehaveili_{go/Mf(x)yi(dx):/Mf(x)y(dx).

The next theorem reveals the relation between the narrowly convergence and the almost surely conver-
gence. See, for instance, [3, Theorem 6.7].
Theorem B.3. (Skorokhod’s Representation Theorem) Let { yi}zl C P (M) be a sequence of probability mea-
sures such that u; converges to some u € P (M) narrowly. There exist M-valued random variables {X;};2, and X,
whose distributions are {yi}zl and u respectively. Then, X; converges to X p-almost surely.

Based on Theorem B.3, we can easily derive Corollary B.4.

Corollary B.4. Let { yi}zl C P (M) be a sequence of probability measures such that ji; converges to some u € P (M)
narrowly. For any lower semi-continuous and bounded function g : M — R, we have

it [ gtouian> [ g,

Finally, we recall the disintegration theorem. See, for instance, [11, Theorem 8.5].

Theorem B.5. (Disintegration Theorem) Let X and Y be Radon separable metric spaces. Let u be a Borel prob-
ability measure on X. Let © : X — Y be a Borel map. Define v = nffu € P(Y). Then, there exists a u-almost
everywhere uniquely determined family of Borel probability measures {vy}yel/ C P(X) such that

vy (X\r'(y)) =0, foru-ae yey,

JLsenan= [ stomian)vian

for every Borel map g : X — [0, +00].
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C. Completion of the Proof of Proposition 3.2

Define the function g : TX — R by

T
y / / " 31,y () i,
0 Rn

which is a positive measurable function. For any Borel subset V' C TIT{ X PE, there always exists a measure
pv € PE such that

T
[ [ vl e, dwp @y, du)
Iixpl Jo  JRr

T
< P(V)/O /R lu|? py (dt, du) < P(V)R.

Moreover, we have
/r Lmm) () 8 () P (dy)

T
T
- / / / Voo 0y (@) dt 7B ()
rkJo  Jre

T
) T/ -/ ./ Luy(v) (e (0)) [ul? G x(due) 2 (dt, dx)
0 Td JRn
T
= T/ / / 1711(‘/) (Et_l(x)) |u|q T](dt, dx, du)
0 Td JR"

T
= [ Ot i d P @y, d) < RV,
Expl Jo  JRr

indicating that g is integrable. By Vitali-Carathéodory theorem, for any ¢ > 0, there exists a lower semi-
continuous function § : 1"? — Rwith g(y) < §(y) for m1§P-a.e. y € F? such that

/rR g(y) —g(y) mf#P(dy) < e.

For yo € spt (m14P), there exists a unique measure u® € P} such that the pair (yo, u°) € spt(P) by
Proposition 2.5(3). Denote by V the open neighborhood of (), u"), we have P(V) > 0 and

, AP B
g(y0) < 8(yo) < vlfﬁ,f,fo) vy ), 8P (dy, du)

1
< liminf —— P(dy,du) + e <R + ¢.
Jmint 5y /V 8(y)P (dy,du)

Let ¢ tend to 0. We conclude that Lo 1) ® §;,,() € Pﬁ for 1 §P-a.e. v € spt (11 §P).

Let L{o1] ® §t,() equal any measure that belongs to  when y belongs to the null set. We can conclude
that P € P (1"¥ X PE) since the difference in the null set has no influence on the following analysis by (F1)
and (L3).

It is clear that eof (7’(1]113) = eolf (M1 §P) = my. Moreover, for any ¢ € [0, T] and any open set N C 1"¥ X 7’5,
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we can deduce that

/rR/o /Rn Lo, (V) f (y(8), 1, m(5)) s (s) (du) ds 18P (dy)
:/0 /Td /Rn Lo, vy (egl(x))f(x,u,m(s)) §s «(du) et (11 HP) (dx) ds

T
=T [ w6 0) 061 G, mts) s, i, )

- ‘/7T1(N)><7’5 /0 /R” f (]/(S), u, m(s)) [J(ds, dM)P (d)/, d#) R

Based on this equality, for any v € R?, we have
t
[ (er-y0- [ [ ro,umenus,an)e ay,do
t
:/ 1y (7, u) <U/7/(f)—7/(0)—/ / f(V(S),u,m(S))M(dsfdu)>15(d%d}l)
TRxPf 0 JR"

= /FIT{ lnl(N) (‘)/) <U, V(t) - )/(0) - /0 /R” f (]/(5), u, m(s)) (75,7/(5) (du) dS>T(1ﬂP (dy)

- ./nl(N)xP

Thus, we obtain that P € Pgr(m).
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