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We study differentiability properties of convex operators defined on a Banach space with values
in an Lp space and of their compositions with monotonic convex functionals on this space. We
develop new tools for operators enjoying an additional feature known as the local property. The
new approach and results go beyond the classical theory of normal integrands and lattice-valued
operators. We further describe the subdifferentials of compositions of such operators with convex
monotonic functionals. The new results are applied to obtain novel optimality conditions in the
subdifferential form for a broad class of risk-averse stochastic optimization problems with risk
functionals as objectives, with partial information, and with stochastic dominance constraints.
While our analysis is motivated by the theory and methods of risk-averse optimization, it addresses
problems of a more general structure and has a potential for further applications.
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Introduction

Our study is motivated by stochastic optimization models with non-linear operators
expressing risk aversion. The area of optimization integrating risk models has devel-
oped very rapidly in the recent years due to its mathematical challenges and practical
relevance. Among the theoretical questions posed by risk models, a key question
pertains to the subdifferentiability of operators valued in Lp spaces and their com-
positions with non-linear functionals. A lot of work containing fundamental results
on subdifferentiation of integral functionals is available in the area of convex anal-
ysis. We refer to the pioneering results in [41, 42, 48, 49, 50] and to the thorough
exposition in the monographs [7, 34]. In this paper, we undertake the challenge to
address subdifferentiability of convex operators F : X → Lp(Ω,F , P ) defined on a
Banach space X and composed further with nonlinear functionals. These structures
arise in the modern directions of stochastic optimization, where further technical
difficulties are posed by the non-linearity in probability.
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Our goal is to establish subdifferentiability properties of such operators, describe
their subdifferentials, and obtain optimality conditions in subdifferential form for
stochastic optimization problems incorporating risk models as objectives and con-
straints.
More precisely, we consider the following general optimization problem:

min ϱ
(
F (x)

)
, ρt

(
G(x)

)
≤ 0, ∀ t ∈ J, x ∈ Y . (1)

Here, Y is a subset of a Banach space X, and the operators F : X → Lp(Ω,F , P )
and G : X → Lp(Ω,F , P ) assign to each decision x ∈ X the random variables
ZF = F (x) and ZG = G(x), respectively. The functionals ϱ : Lp(Ω,F , P ) → R and
ρt : Lp(Ω,F , P ) → R for all t in an interval J ⊂ R are convex and nondecreasing
with respect to the almost sure order.
We assume that the decision space X is a Banach space. Frequently, X = Rn, but
it is convenient to consider more general cases in view of applications to dynamic
models. We pay special attention to the case when X = Lp′(Ω,G, P ;Y), where
p′ ∈ [p,∞] and Y is a separable Banach space. The σ-subalgebra G ⊆ F models the
information available when the decision is made. If G = {∅,Ω) then X = Y.
The mapping F : X → Lp(Ω,F , P ), where p ≥ 1, describes the dependence of
a random “cost” in a stochastic system on the decision variables x ∈ X, that is,[
F (x)

]
(ω) is the cost associated with decision x and elementary event ω ∈ Ω. Usu-

ally, the mapping F ( ·) results from a composition of a cost function c : Y×D → R
and a random data vector D : Ω → D, where D is a space of the data vector realiza-
tions. Then

[
F (x)

]
(ω) , c(x(ω), D(ω)), ω ∈ Ω. The mapping G : X → Lp(Ω,F , P )

with p ≥ 1 may represent a performance functional so that
[
G(x)

]
(ω) measures a

relevant system’s feature for the elementary event ω ∈ Ω.
We call the functionals ϱ : Lp(Ω,F , P ) → R and ρt : Lp(Ω,F , P ) → R, which
are convex and monotonic, risk functionals. We point out that the mathematical
expectation is a special case of a risk functional and our results generalize the results
on subdifferentiability involving normal integrands.
While our results may be applicable to many areas, we note that the adopted struc-
ture accommodates optimization of coherent or convex measures of risk and risk
constraints in the form of stochastic orders, which are of particular interest to us.
Modern theory of mathematical models of risk starts with the first axiomatic pro-
posals due to [29] in the context of mean-risk models. That set of axioms does not
include the monotonicity axiom. Monotonicity with respect to stochastic dominance
was first proposed in [38]. The complete sets of axioms are due to [3] for measures de-
fined on finite probability spaces. It was extended to general spaces in [10, 24, 32, 45].
Risk measures on the space of the quantile functions were considered in [16]. Further
extensions include systemic measures of risk (see, e.g, [1, 6, 8, 21, 30, 44]) and mea-
sures on a probability space with a variable probability measure, called risk forms
[17, 18].
Risk constraints based on stochastic orders were introduced in [11] for integer orders
and further analyzed in [12]. Optimality conditions in Lagrangian form for a basic
problem formulation were established first in [11]; for the inverse formulation of the
second order stochastic dominance optimality conditions are provided in [13].
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Optimization with stochastic dominance constraints relates also to risk function-
als; another form of optimality conditions showcasing this relation is established
in [15]. For relations to chance constraints or Average (Conditional) Value-at-Risk
constraints, we refer to [14]. In this paper, we shall provide a subdifferential form of
optimality conditions for a general setting with inverse stochastic dominance con-
straints.
In successive sections, we address questions associated with the subdifferentiability
of the compositions ϱ ◦ F and ρt ◦ G as well as and their implications for the op-
timality conditions for problem (1). In the first part of our paper, we focus on
the calculation of the subdifferential of the composite risk function φ( ·) = ϱ(F ( ·)),
where ϱ : Lp(Ω,F , P ) → R is a measure of risk. In the second part of the paper, we
analyze the compositions arising in the risk constraints in (1).
In what follows we understand all equations and inequalities between elements of
the space Lp(Ω,F , P ), with p ≥ 1, in the almost sure sense.

1. Composition of a risk functional with a convex operator

First, we analyze the differentiability of the objective function and the constraint
functions in problem (1). Convex lattice-valued operators and their subgradients
were already considered by [50], and a thorough exposition can be found in the
book [34]. We recall the basic definitions and elementary properties.

Definition 1.1. A mapping F : X → Lp(Ω,F , P ) is convex if for all x, y ∈ X and
all α ∈ [0, 1] we have

F (αx+ (1− α)y) ≤ αF (x) + (1− α)F (y). (2)

For a convex mapping F : X → Lp(Ω,F , P ), at each x ∈ X and for any h ∈ X, we
can construct the differential quotients:

Qt(x;h) , 1

t

[
F (x+ th)− F (x)

]
, t > 0. (3)

They are nondecreasing (in the lattice sense) functions of t, and satisfy for t ∈ (0, 1]
the inequalities

F (x)− F (x− h) ≤ Qt(x;h) ≤ F (x+ h)− F (x).

Thus the directional derivative

F ′(x;h) = lim
t↓0

Qt(x;h), h ∈ X, (4)

is well-defined and belongs to Lp(Ω,F , P ), as the limit in the strong and the order
sense. The mapping F ′(x; ·) is convex and positively homogeneous by construction.
If F ( ·) is continuous at x, then F ′(x; ·) is continuous at 0.
Analogously to the scalar case, we define subgradients of vector-valued convex map-
pings.
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Definition 1.2. Suppose F : X → Lp(Ω,F , P ) is a convex mapping. A continuous
linear operator S : X → Lp(Ω,F , P ) such that for all h ∈ X

Sh ≤ F (x+ h)− F (x) (5)

is called the subgradient of F ( ·) at x. The set of all such operators is called the
subdifferential of F ( ·) at x and is denoted by ∂F (x).

It is evident that S ∈ ∂F (x) if and only if for all h ∈ X

Sh ≤ F ′(x;h). (6)

This characterization implies that the set ∂F (x) is convex and compact in the weak
operator topology; see [34, Lem. 1.1]. The fact that Lp(Ω,F , P ) is a topological
complete vector lattice plays a key role.
The following fundamental fact is due to [50, Thm. 6].

Theorem 1.3. Suppose F : X → Lp(Ω,F , P ) is convex and continuous at x. Then
∂F (x) 6= ∅ and for every h ∈ X we can find S ∈ ∂F (x) such that F ′(x;h) = Sh.

We proceed now to new results in the setting of Lp-spaces.
For an operator S : X → Lp(Ω,F , P ) and a function α ∈ L∞(Ω,F , P ) we define the
operator αS : X → Lp(Ω,F , P ) by

[
(αS)h

]
(ω) = α(ω)

[
(Sh)(ω)

]
, for h ∈ X, ω ∈ Ω.

If S is continuous, so is αS.

Lemma 1.4. For all x ∈ X, the set ∂F (x) is convex in the following generalized
sense: if S1, S2∈∂F (x) and α :Ω → [0, 1] is measurable, then αS1+(1−α)S2∈∂F (x)
as well.

Proof. Using (6), for all h ∈ X we obtain

[αS1 + (1− α)S2]h = [αS1]h+ [(1− α)S2]h = α[S1h] + (1− α)[S2h]

≤ αF ′(x;h) + (1− α)F ′(x;h) = F ′(x;h),

and thus αS1 + (1− α)S2 ∈ ∂F (x).

We pass now to the analysis of the composition

φ(x) , ϱ
(
F (x)

)
, x ∈ X, (7)

where F : X → Lp(Ω,F , P ) is a convex operator, and ϱ : Lp(Ω,F , P ) → R is a
risk functional. We say that a risk functional is nondecreasing, if Z ≤ V implies
that ϱ(Z) ≤ ϱ(V ). By [45, Prop. 3.1], a convex and nondecreasing risk functional
on Lp(Ω,F , P ), where p ∈ [1,∞], is subdifferentiable everywhere. It can be easily
verified that if the mapping F : X → Lp(Ω,F , P ) is convex and ϱ : Lp(Ω,F , P ) → R
is convex and nondecreasing, then the composite function ϱ ◦ F is convex. To
calculate its subdifferential, we first consider its directional derivatives.

Lemma 1.5. Suppose the operator F : X → Lp(Ω,F , P ) is convex and continuous
at x, and the risk functional ϱ : Lp(Ω,F , P ) → R is convex and nondecreasing.
Then for all x, h ∈ X

φ′(x;h) = ϱ′
(
F (x);F ′(x;h)

)
. (8)
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Proof. The proof uses a standard argument, but we provide it for completeness.
Recalling the definition (4), for all τ ≥ 0 we have

F (x+ τh) = F (x) + τF ′(x;h) + τr(τ, h),

with r(τ, h) ↓ 0 when τ ↓ 0. Furthermore, by virtue of Theorem [45, Prop. 3.1],
ϱ( ·) is continuous and subdifferentiable everywhere, and for any d ∈ Lp(Ω,F , P ) we
have

ϱ
(
F (x) + τd

)
= ϱ

(
F (x)

)
+ τϱ′

(
F (x); d

)
+ τR(τ, d),

where R(τ, d) ↓ 0 when τ ↓ 0. Suppose 0 < τ ≤ τ̄ . Since r( · , h) is nondecreasing,
the two expansions yield

φ(x+ τh)− φ(x) = ϱ
(
F (x+ τh)

)
− ϱ

(
F (x)

)
= ϱ

(
F (x) + τF ′(x;h) + τr(τ, h)

)
− ϱ

(
F (x)

)
≤ ϱ

(
F (x) + τF ′(x;h) + τr(τ̄ , h)

)
− ϱ

(
F (x)

)
= τϱ′

(
F (x);F ′(x;h) + r(τ̄ , h)

)
+ τR

(
τ, F ′(x;h) + r(τ̄ , h)

)
.

The directional derivative ϱ′
(
F (x); ·) is convex and positively homogeneous, hence

subadditive, and thus

φ(x+ τh)− φ(x)

≤ τϱ′
(
F (x);F ′(x;h)

)
+ τ

[
ϱ′
(
F (x); r(τ̄ , h)

)
+R

(
τ, F ′(x;h) + r(τ̄ , h)

)]
.

On the other hand, the convexity of both functions and the monotonicity of ϱ( ·)
imply that

φ(x+ τh)− φ(x) ≥ ϱ
(
F (x) + τF ′(x;h)

)
− ϱ

(
F (x)

)
≥ τϱ′

(
F (x);F ′(x;h)

)
.

Combining the last two inequalities and dividing by τ we obtain

0 ≤ 1

τ

[
φ(x+ τh)− φ(x)

]
− ϱ′

(
F (x);F ′(x;h)

)
≤ ϱ′

(
F (x); r(τ̄ , h)

)
+R

(
τ, F ′(x;h) + r(τ̄ , h)

)
.

After passing to the limit with τ ↓ 0, we get

0 ≤ φ′(x;h)− ϱ′
(
F (x);F ′(x;h)

)
≤ ϱ′

(
F (x); r(τ̄ , h)

)
.

As ϱ′
(
F (x); r(τ̄ , h)

)
↓ 0, when τ̄ ↓ 0, equation (8) is true.

This allows us to calculate the subdifferential of the composition. The following
result is known; we may refer here to [33], [34, Thm. 1.9], and [9]. We provide
a version suitable for our risk measure applications with a simple proof, which
improves on [45, Thm. 3.3] and [47, Thm 6.14].

Theorem 1.6. Suppose that the operator F : X → Lp(Ω,F , P ), where X is a
Banach space and p ∈ [1,∞), is convex and continuous at x, and that the risk
functional ϱ : Lp(Ω,F , P ) → R is convex and nondecreasing. Then the composite
function φ = ϱ ◦ F is subdifferentiable at x and

∂φ(x) =
∪

ζ∈∂ϱ(F (x))
S∈∂F (x)

S∗ζ. (9)
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Proof. Using Lemma 1.5 and Theorem 1.3, we obtain the equation

φ′(x;h) = max
ζ∈∂ϱ(F (x))

E
[
ζ F ′(x;h)

]
= max

ζ∈∂ϱ(F (x))
E
[
ζ ess sup

S∈∂F (x)

Sh
]
.

Since every ζ ∈ ∂ϱ(F (x)) is nonnegative, and the “ess sup” above is attained, we
can continue this chain of equations as follows:

φ′(x;h) = max
ζ∈∂ϱ(F (x))

max
S∈∂F (x)

E
[
ζ Sh

]
= max

ζ∈∂ϱ(F (x))
max

S∈∂F (x)
〈S∗ζ, h〉 = max

g∈D
〈g, h〉, (10)

where D is the set on the right hand side of (9).
We shall verify that D is convex. Therefore suppose that g1 = S∗

1ζ1 , g2 = S∗
2ζ2 ,

where ζ1, ζ2 ∈ ∂ϱ(F (x)), and S1, S2 ∈ ∂F (x). For 0 < α < 1 we verify whether
g = αg1 + (1− α)g2 ∈ D. By the convexity of ∂ϱ( ·), we have

ζ = αζ1 + (1− α)ζ2 ∈ ∂ϱ(F (x)).

Furthermore, g =
(
θS1 + (1− θ)S2

)∗
ζ, with (for ζ(ω) > 0)

θ(ω) =
αζ1(ω)

ζ(ω)
, ω ∈ Ω.

If ζ(ω) = 0, then both ζ1(ω) = 0 and ζ2(ω) = 0, and we can set θ(ω) = 0. In any
case, since ζ1, ζ2 ≥ 0, we have θ ∈ [0, 1] a.s.. The generalized convexity of ∂F (x)
(see Lemma 1.4) entails

S = θS1 + (1− θ)S2 ∈ ∂F (x),

and thus g ∈ D. Therefore, the set D is convex.
The closedness of D follows from the fact that for every h ∈ X the maximum of
〈g, h〉 over g ∈ D is attained in (10). Denote a maximizer by g(h). If a limit ḡ of a
sequence {gk}k∈N ⊂ D was not an element of D, then it could be separated from D
by a linear functional h̄:

〈ḡ, h̄〉 > 〈g, h̄〉, ∀ g ∈ D.

This would lead to a contradiction:

〈ḡ, h̄〉 > 〈g(h̄), h̄〉 = max
g∈D

〈g, h̄〉 ≥ lim
k→∞

〈gk, h̄〉 = 〈ḡ, h̄〉.

Summing up, it follows from (10) that φ′(x; ·) is the support function of a convex
closed set D, and thus D = ∂φ′(x; 0) = ∂φ(x).

Further analysis of the composition ρ ◦ F is dependent on the structure of the
mapping F ( ·). We address this issue in the next subsection.
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2. Composition of a risk functional with a convex integrand

In this section, X = Lp′(Ω,F , P ;Y), where Y is a separable Banach space, and
p ∈ [1,∞), p′ ∈ [p,∞]. We include the case of p′ = ∞ in view of the application to
the analysis in the next section. In some intermediate results, we also allow p = ∞.
We assume that the mapping F : Lp′(Ω,F , P ;Y) → Lp(Ω,F , P ) has the following
structure: [

F (x)
]
(ω) = f(x(ω), ω), ω ∈ Ω, (11)

where f : Y × Ω → R is a convex and continuous function of the first argument,
for almost all values of the second argument, and measurable with respect to the
second argument, for all values of the first argument. Such functions are called
convex integrands.
The mapping F ( ·) is convex in the sense of Definition 1.1, but our setting is more
specific because it excludes a null set before all x, y ∈ X are considered. This allows
for an explicit description of the subgradients of F ( ·).
The differential quotients (3) of the mapping (11) have a specific form: for almost
all ω ∈ Ω [

Qt(x;h)
]
(ω) =

1

t

[
f
(
x(ω) + th(ω), ω

)
− f

(
x(ω), ω

)]
, t > 0.

By the convexity of f( · , ω) we conclude that for all h ∈ X and for almost all ω ∈ Ω[
F ′(x;h)

]
(ω) = lim

t↓0

[
Qt(x;h)

]
(ω) = f ′(x(ω), ω;h(ω)). (12)

We can now establish the decomposable structure of the subdifferential.

Lemma 2.1. If L ∈ ∂F (x) then L is local in the following sense: for all B ∈ F
and all h ∈ X we have

L(1Bh) = 1BLh.

Proof. For all events B ∈ F and all h ∈ X we have F ′(x;1Bh) = 1BF
′(x;h), and

thus every L ∈ ∂F (x) satisfies the inequalities:

−1BF
′(x;−h) ≤ L(1Bh) ≤ 1BF

′(x;h). (13)

Consequently, L(1Bh) vanishes outside of B. As L is linear,

1BL(1Bh) = 1BLh− 1BL(1Bch) = 1BLh,

because the second term disappears due to (13) for Bc. Therefore, L(1Bh) coincides
with Lh on B.

The local property is essential in the following theorem. We draw the attention of the
Reader that our technique using the Radon-Nikodym theorem for vector measures,
covers the notoriously difficult case of p′ = ∞. The latter case is less difficult than
usual due to the continuity assumption about the integrand f( · , ω), which does not
take the value +∞.
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Theorem 2.2. Suppose that F : Lp′(Ω,F , P ;Y) → Lp(Ω,F , P ) is given by (11),
1 ≤ p ≤ p′ ≤ ∞, Y a separable Banach space, f( · , ω) convex and continuous at x(ω)
for almost all ω ∈ Ω. Then S ∈ ∂F (x) if and only if a function s ∈ Lr(Ω,F , P ;Y∗)
exists, with 1/p′ + 1/r = 1/p, such that we have s(ω) ∈ ∂f(x(ω), ω) for almost all
ω ∈ Ω, and for all h ∈ Lp′(Ω,F , P ;Y)[

Sh
]
( ·) = 〈s( ·), h( ·)〉, a.s.. (14)

Proof. Every operator of the form (14), with a measurable selector s(·)∈∂f(x(·), ·),
is a subgradient of F at x, because for all h ∈ X

〈s(ω), h(ω)〉 ≤ f ′(x(ω), ω;h(ω)) = [
F ′(x;h)

]
(ω),

for almost all ω ∈ Ω, and thus Definition 1.2 is satisfied. Since s ∈ Lr(Ω,F , P ;Y∗),
in view of the Hölder inequality, the operator (14) is a continuous mapping from
Lp′(Ω,F , P ;Y) to Lp(Ω,F , P ).
The difficult part is to prove that no other subgradients exist. Suppose L ∈ ∂F (x).
Consider the functional ℓ : X → R defined as

ℓ(h) = E[Lh], h ∈ X.

As L is linear and continuous, so is ℓ( ·). Due to the local property of L established
in Lemma 2.1,

ℓ(1Bh) = E
[
L(1Bh)

]
= E

[
1BLh

]
, ∀B ∈ F . (15)

Take any y ∈ Y and set a constant h = 1Ωy. Then

ℓ(1By) = E
[
1BL(1Ωy)

]
.

Since the functional y 7→ ℓ(1By) is continuous, then M(B) ∈ Y∗ exists, such that

E
[
1BL(1Ωy)

]
= 〈M(B), y〉, ∀ y ∈ Y.

It follows from the last equation that the function B 7→ M(B) is a Y∗-valued, finite,
and countably additive vector measure on F , which is absolutely continuous with
respect to P . By virtue of the Radon-Nikodym theorem for vector measures [20,
Ch. III], a measurable function v : Ω → Y∗ exists, such that

M(B) =

∫
B

v(ω) P (dω), ∀B ∈ F .

Combining the last three equations, we obtain

ℓ(1By) =

∫
Ω

⟨
v(ω),1B(ω)y

⟩
P (dω), ∀B ∈ F .

For any simple function we have h =
N∑

n=1

1Bnyn, and using the linearity of ℓ( ·) we

get

ℓ(h) =
M∑
n=1

∫
Ω

⟨
v(ω),1Bn(ω)yn

⟩
P (dω) =

∫
Ω

⟨
v(ω), h(ω)

⟩
P (dω).
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Therefore, ℓ(h) = E
[
〈v( ·), h( ·)〉

]
, ∀h ∈ X.

This, combined with (15), entails the equation

E
[
1BLh

]
= E

[
1B〈v( ·), h( ·)〉

]
, ∀B ∈ F .

Thus, for all h ∈ X, we have [Lh]( ·) = 〈v( ·), h( ·)〉, a.s..
This representation implies that the function 〈v( ·), h( ·)〉 is an element of Lp(Ω,F , P ),
for all h ∈ Lp′(Ω,F , P ;Y). Therefore, v ∈ Lr(Ω,F , P ;Y∗).
Let S =

{
s ∈ Lr(Ω,F , P ;Y∗) : s( ·) ∈ ∂f(x( ·), ·)

}
.

Suppose v /∈ S. Because S is convex and closed, by virtue of the separation theorem,
a function h̄ ∈ X and a real number ε > 0 exist, such that for all s ∈ S

E
[
〈v, h̄〉

]
≥ E

[
〈s, h̄〉

]
+ ε. (16)

Let s̄ be an element of S such that

〈s̄( ·), h̄( ·)〉 = f ′(x( ·), · ; h̄( ·)); (17)

such a function can be found, owing to the measurable selection theorem. Indeed,
for almost all ω ∈ Ω we have

f ′(x(ω), ω; h̄(ω)) = max
s(ω)∈∂f(x̄(ω),ω)

〈s(ω), h̄(ω)〉;

the maximum is attained at some s̄(ω), due to the weak∗ compactness of ∂f(x̄(ω), ω).
The relations (16)–(17) imply that

E
[
Lh̄

]
= E

[
〈v, h〉

]
≥ E

[
F ′(x; h̄)

]
+ ε.

which contradicts (6). Consequently, v ∈ S.

We can now calculate the subdifferential of the composition φ( ·) = ϱ(F ( ·)), where
ϱ( ·) is a risk functional.

Theorem 2.3. Suppose F : Lp′(Ω,F , P ;Y) → Lp(Ω,F , P ) is given by (11), with
p ∈ [1,∞) and p′ ∈ [p,∞], f( · , ω) is convex and continuous at x(ω) for almost
all ω ∈ Ω, F ( ·) is continuous at x, and Y is a separable Banach space. Further,
suppose ϱ : Lp(Ω,F , P ) → R is convex and nondecreasing. Then the composite
function φ = ϱ ◦ F is subdifferentiable at x and

∂φ(x) =
∪

ζ∈∂ϱ(F (x))

{
g ∈ Lq′(Ω,F , P ;Y∗) : g(ω) ∈ ζ(ω) ∂f(x(ω), ω), a.s.

}
, (18)

where 1/p′ + 1/q′ = 1.

Proof. We use the representation of the subdifferential established in Theorem 1.6
and the characterizations of the subgradients of F ( ·) established in Theorem 2.2.
For any h ∈ X, any ζ ∈ ∂ϱ(F (x)) and any S ∈ ∂F (x) we have

〈S∗ζ, h〉 = 〈ζ, Sh〉 =
∫
Ω

⟨
ζ(ω)s(ω), h(ω)

⟩
P (dω),

where s( ·) ∈ ∂f(x( ·), ·). This verifies (18).
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3. The Case of partial information

We now assume that X = Lp′(Ω,G, P ;Y), where Y is a separable Banach space,
and G ⊆ F represents the information available when the decision x is made. As
before, p ∈ [1,∞), p′ ∈ [p,∞]. The special case of p′ = ∞ and G = {∅,Ω} covers
the case when x is a deterministic element of Y.
The mapping F : X → Lp(Ω,F , P ) is defined by a convex integrand (11). Again, the
mapping F ( ·) is convex and we plan to analyze the structure of its subdifferential.
The directional derivatives of F ( ·) still have the form (12).
The following result extends Theorem 2.2 to the case of partial information.

Theorem 3.1. Suppose F : X → Lp(Ω,F , P ), with p ∈ [1,∞], is given by (11), Y
is a separable Banach space, f( · , ω) is convex and continuous at x(ω) for almost all
ω ∈ Ω, and F ( ·) is continuous at x as well. Then S ∈ ∂F (x) if and only if a function
s ∈ Lr(Ω,F , P ;Y∗) exists, with 1/p′ + 1/r = 1/p, such that s(ω) ∈ ∂f(x(ω), ω) for
almost all ω ∈ Ω, and for all h ∈ X[

Sh
]
( ·) =

⟨
s( ·), h( ·)

⟩
, a.s.. (19)

Proof. As in Theorem 2.2, we can verify that every operator S of the form (19) is
a subgradient of F ( ·). We need to prove that no other subgradients exist.
Our idea is to allow x and h to by F -measurable and to leverage Theorem 2.2.
Define the space X = Lp′(Ω,F , P ;Y) and denote by x and h its elements. Let the
mapping F : X → Lp(Ω,F , P ) be still defined as in (11).
Suppose x ∈ X is equal to x a.s.. The function F′(x; ·) is convex, positively ho-
mogeneous, and continuous on X. Suppose S ∈ ∂F (x). Then Sh ≤ F ′(x;h) for
all h ∈ X. This means that S( ·) is a minorant of F′(x; ·) on the subspace of G-
measurable functions N =

{
h ∈ X : E[h|G] = h

}
. By the generalization of the

Hahn-Banach theorem to lattice-valued operators (see, [28, Thm. X.5.7]), S can be
extended to a linear functional S on X which is a minorant of F′(x; ·) and which
coincides with S on N . As F′(x; ·) is continuous, S ∈ ∂F(x). By Theorem 2.2 at
the point x, a function s ∈ Lr(Ω,F , P ;Y∗) exists, such that for almost all ω ∈ Ω
we have s(ω) ∈ ∂f(x(ω), ω), and for all h ∈ X

Sh = 〈s,h〉, a.s..

On the subspace N , the above formula reduces to (19).

The subdifferential of φ(x) = ϱ(F (x)) can be calculated in a similar way as in
Theorem 2.3.

Theorem 3.2. Suppose Y is a separable Banach space, F : X → Lp(Ω,F , P ) is
given by (11), p ∈ [1,∞), f( · , ω) is convex and continuous at x for almost all
ω ∈ Ω, F ( ·) is continuous at x as well, and ϱ : Lp(Ω,F , P ) → R is convex and
nondecreasing. Then the composite function φ = ϱ◦F is subdifferentiable at x and 1

∂φ(x) =
∪

ζ∈∂ϱ(F (x))

s(·)l∂f(x(·),·)

E[ζs|G]. (20)

1 The symbol “l” means “is a measurable selector of.”
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Proof. We use the representation of the subdifferential established in Theorem 1.6
and the characterizations of the subgradients of F ( ·) established in Theorem 3.2.
For all h ∈ X, ζ ∈ ∂ϱ(F (x)), and S ∈ ∂F (x), we have

〈S∗ζ, h〉 = 〈ζ, Sh〉 = E
[
ζ〈s, h〉

]
= E

[⟨
E[ζs|G], h〉

]
,

where s(ω) ∈ ∂f(x(ω), ω). This verifies (20).

Our results, in a special case, allow to obtain the famous subdifferential disintegra-
tion result, which is known as the Strassen Theorem. In the case of a positively
homogeneous f( · , ω) and ϱ( ·) ≡ E[ · ], it was discovered in [48]. Generalizations to
convex functions and convex integrands are provided in [27, 41, 42] and the books
[7, 34].

Theorem 3.3. Suppose X is a separable Banach space, F : X → L1(Ω,F , P ) is
given by F (x, ω) = f(x, ω), ω ∈ Ω, f( · , ω) is convex and continuous at x for almost
all ω ∈ Ω, and F ( ·) is continuous at x as well. Then the function E[F ( ·)] is
subdifferentiable at x and

∂E[F (x)] = E[∂F (x)] =

∫
Ω

∂f(x, ω) P (dω).

The result follows from setting p = 1, p′ = ∞, G = {∅,Ω}, and ϱ( ·) ≡ E[ · ] in
Theorem 3.2.

4. Stochastic dominance operators

We now turn to convex operators associated with stochastic dominance relations.
To the best of our knowledge the first general notion of a stochastic order was in-
troduced in [35]. It is related to the theory of weak majorization, as discussed in [2].
A comparison of random variables with respect to the first-order stochastic domi-
nance is used in the context of statistical tests in the early works [5, 31, 36]. The
stochastic dominance relations have received considerable attention after the works
[4, 22, 25, 26, 40, 43]. The characterization of the first and second-order dominance
via families of (differentiable) utility functions was stated in [25] and rigorously
proved in [4], where also the third-order dominance is characterized. Stochastic
dominance of fractional order p ≥ 1 was introduced for non-negative bounded ran-
dom variables in [23], where also the monotonicity of the relation was proved. A
thorough survey and analysis of stochastic order relations is contained in the mono-
graphs [37] and [46]. Below, we provide the information about fractional orders that
is relevant to our research.
Consider a random variable Z ∈ L1(Ω,F , P ) with p ∈ [1,∞] and its distribution
function HZ(η) = P [Z ≤ η] for η ∈ R. We define the integrated distribution
function as follows:

H
(2)
Z (η) =

∫ η

−∞
HZ(α) dα = E

[
max(η − Z, 0)

]
for η ∈ R. (21)

Recall that the left-continuous inverse of the cumulative distribution function HZ( ·)
is defined as follows:

H
(−1)
Z (p) = inf {η : HZ(η) ≥ p} for all 0 < p < 1.
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Given p ∈ [0, 1], the number q = qZ(p) is called a p-quantile of the random variable
X if

P (Z < q) ≤ p ≤ P (Z ≤ q).

For p ∈ (0, 1), the set of p-quantiles is a closed interval and H
(−1)
Z (p) represents its

left end. We adopt the convention that H
(−1)
Z (1) = +∞, if the 1-quantile does not

exist.
The integrated quantile function H

(−2)
Z : R → R is defined as

H
(−2)
Z (p) =

∫ p

0

H
(−1)
Z (α) dα for 0 < p ≤ 1, (22)

We also define H
(−2)
Z (0) = 0 and H

(−2)
Z (p) = +∞ for all real numbers p 6∈ [0, 1].

The function H
(−2)
Z ( ·) is the absolute Lorenz function introduced in [35]. It is well

defined for any random variable Z ∈ L1(Ω,F , P ). It is convex as an integral of a
non-decreasing function.

The Fenchel duality relation between the integrated quantile function H
(−2)
Z ( ·) and

the integrated distribution function H
(2)
Z ( ·) has been established in [39].

Theorem 4.1. For every integrable random variable Z, we have

H
(−2)
Z =

[
H

(2)
Z

]∗ and H
(2)
Z =

[
H

(−2)
Z

]∗
.

Definition 4.2. A random variable X dominates in the first order the random
variable Y if

HX(η) ≤ HY (η) ∀η ∈ R ⇔ H
(−1)
X (p) ≥ H

(−1)
Y (p) ∀p ∈ (0, 1). (23)

For X,Y ∈ L1(Ω,F , P ), X dominates in the second order the random variable Y if

H
(2)
X (η) ≤ H

(2)
Y (η) ∀η ∈ R ⇔ H

(−2)
X (p) ≥ H

(−2)
Y (p) ∀p ∈ (0, 1]. (24)

The equivalence of the two requirements in (23) is obvious while the equivalence of
the two conditions in (24) follows from Theorem 4.1. In our analysis, we shall focus
on the second order dominance relation expressed as a relation between the Lorenz
functions of the random variable in question.
Let J=[α, β]⊂(0, 1]. We shall relax the second-order stochastic dominance relation
to the interval J , i.e., for two integrable random variables X and Y , it is said that
X is larger than the random variable Y w.r.to the Lorenz dominance on J if

H
(−2)
X (η) ≥ H

(−2)
Y (η) for all p ∈ J. (25)

We define the set

B(Y, J) =
{
X ∈ L1(Ω,F , P ) : H

(−2)
X (p) ≥ H

(−2)
Y (p) ∀ p ∈ J

}
. (26)

The following theorem establishes relevant properties of the set B(Y, J). Statements
(a) and (c) were shown in [19]; we provide the whole proof for the sake of clarity
and convenience of the reader.
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Lemma 4.3. (a) For every p ∈ (0, 1), the mapping Z 7→ H
(−2)
Z (p) is continuous,

concave and positively homogeneous on L1(Ω,F , P ).

(b) The concave subdifferential of the mapping Z 7→ H
(−2)
Z (p) has the form

∂ZH
(−2)
Z (p) =

pζ ∈ L∞(Ω,F , P ) :
E[ζ] = 1, 0 ≤ ζ ≤ 1

p
,

E[ζZ] = 1

p
H

(−2)
Z (p)

 . (27)

(c) For any interval J ⊆ (0, 1], the multifunction Y → B(Y, J) is convex-valued
and has a closed graph in L1(Ω,F , P ).

Proof. The mapping Z 7→ H
(−2)
Z (p) is identical to Z 7→ −pAVaR−

p (Z), where
AVaR−

p (Z) is the Average Value-at-Risk representing profits (see [19, Remark 2.20]).
Hence, the concavity and the positive homogeneity in statement (a) follow from the
coherence of AVaR−

p ( ·). Using the formula for the subdifferential of AVaR−
p ( ·), we

obtain statement (b).
Further, the continuity of Z 7→ AVaR−

p (Z) implies the continuity of the mapping
Z 7→ H

(−2)
Z (p) in L1(Ω,F , P ), which in turn implies that the graph of the multifunc-

tion Y → B(Y, J) is closed. If X,Z ∈ B(Y, J), then the concavity of Z 7→ H
(−2)
Z (p)

implies that tX + (1− t)Z ∈ B(Y, J) entailing the convexity of the set B(Y, J).

5. Optimization with stochastic dominance constraints

Optimization problems with stochastic dominance constraints were introduced in
[11] for integer orders and further analyzed in [12]; a generalization to fractional
orders is given in [19]. Optimality conditions in Lagrangian form as well as in
subdifferential form show the role of utility functions as Lagrange multipliers. Our
objective here is to derive new optimality conditions in subdifferential form for the
inverse formulation of stochastic dominance. Optimality conditions in Lagrangian
form established in [13, 15, 19] show relations to distortion functionals and coherent
measures of risk.
We analyze the following optimization problem:

min φ(x) (28)

subject to H
(−2)
G(x)(p) ≥ H

(−2)
Y (p) ∀p ∈ J = [α, β] ⊂ (0, 1], (29)

x ∈ Y . (30)

The formulation fits the setting of (1) with ρp(G(x)) = H
(−2)
Y (p)−H

(−2)
G(x)(p).

The function φ( ·) may be the composition (7); below we just use its general form
for simplicity. In this section, we focus on the constraint operators and adopt the
following general assumptions.
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Assumption 5.1. (i) The function φ( ·) is convex and continuous.
(ii) The operator G : X → Lp(Ω,F , P ) is norm-to-norm continuous and has the

structure [G(x)](ω) = g(x, ω), where g : X×Ω → R is a Carathéodory function
and g( · , ω) is concave for all ω ∈ Ω.

(iii) The set Y is a closed and convex subset of a Banach space X.

The following requirement is our constraint qualification condition.
Definition 5.2. Problem (28)–(30) satisfies the uniform inverse dominance condi-
tion if a point x̃ ∈ Y exists such that

inf
p∈J

[
H

(−2)
G(x)(p)−H

(−2)
Y (p)

]
> 0.

The following result is known; see [19, Theorem 5.51].

Theorem 5.3. Suppose Assumption 5.1 and the uniform inverse dominance con-
dition are satisfied. If x̂ is an optimal solution of (28)–(30) then a spectral risk
measure ϱ̂( ·) and a constant κ ≥ 0 exist such that x̂ is also an optimal solution of
the problem

min
x∈Y

{
f(x) + κϱ̂

(
G(x)

)}
, (31)

κϱ̂
(
G(x̂)

)
= κϱ̂(Y ). (32)

Conversely, if for some spectral risk measure ϱ̂( ·) and some κ ≥ 0 an optimal
solution x̂ of (31) satisfies (29) with [α, β] = [0, 1] and (32), then x̂ is an optimal
solution of (28)–(30) with [α, β] = [0, 1].

Recall that the normal cone to the convex set Y ⊂ X at a point x ∈ Y is given by
the formula:

NY(x) = {d ∈ X∗ : 〈d, y − x〉 ≤ 0 ∀y ∈ Y}
with X∗ being the topological dual to X.

For a fixed ω, the concave subdifferential ∂g(x̂, ω) at x̂ is as follows

∂g(x̂, ω) = {s ∈ X∗ : g(x, ω) ≤ g(x̂, ω) + 〈s(ω), x− x̂〉 ∀x ∈ X}.

In the theorem below, we use Definition 1.2 of a subgradient of a lattice-valued
convex operator adapted to the concave case discussed here.

Theorem 5.4. Suppose Assumption 5.1 and the uniform dominance condition of
Definition 5.2 are satisfied for problem (28)–(30). If x̂ is an optimal solution to
that problem, then a subgradient S ∈ ∂[G(x̂)], a probability measure µ̂ supported on
[α, β], and a constant κ ≥ 0 exist such that the following inclusion

0 ∈ ∂φ(x̂) + κS∗
∫ β

α

∂ AVaR−
p (G(x̂)) µ̂(dp) +NX (x̂), (33)

along with the complementarity condition (32) are satisfied. Conversely, if for some
probability measure µ̂( ·) on [0, 1] and some κ ≥ 0 the inclusion (33) is satisfied with
a subgradient S ∈ ∂[G(x̂)], as well as (32) and (29) hold with [α, β] = [0, 1], then x̂
is an optimal solution of (28)–(30) with [α, β] = [0, 1].
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Proof. In view of Theorem 5.3, we only need show the equivalence of conditions
(33) and (31). Notice that if κ = 0, then condition (31) means that x̂ minimizes
f(·) over the set Y and constraint (29) is not active. In that case, (31) is equivalent
to (33) trivially.
Assuming that κ > 0, the spectral risk measure in condition (31) has the form

ϱ̂(Z) =

∫ β

α

AVaR−
p (Z) µ̂(dp)

with some probability measure µ̂ supported on the interval [α, β].
Theorem 3.1 implies that the operator G : X → Lp(Ω,F , P ) is subdifferentiable at
x̂ and its subdifferential is given by

∂[G(x̂)] =

{
S : X → Lp(Ω,F , P ) :

[Sd](ω) = 〈s(ω), d〉 for some
s ∈ Lp(Ω,F , P ;X∗); s(ω) ∈ ∂g(x̂, ω)

}
.

Under the assumptions of the theorem, the function

L(x) = f(x) + κϱ̂
(
G(x)

)
= f(x) + κ

∫ β

α

AVaR−
p (G(x)) µ̂(dp)

is convex. Hence x̂ ∈ Y minimizes L(x) if and only if for some S ∈ ∂G(x̂)

0 ∈ ∂f(x̂) + κ∂xϱ̂
(
G(x)

)
= ∂f(x̂) + κ

∫ β

α

S∗∂ AVaR−
p (G(x̂)) µ̂(dp).

The right-hand side is equivalent to the one in (33).

We can obtain another equivalent form of the integral term in condition (33) for the
non-trivial case of κ > 0:

κ

∫ β

α

S∗∂ AVaR−
p (G(x̂)) µ̂(dp)

= κ
{
S∗

∫ β

α

ζ(x̂, p, ω) µ̂(dp) : ζ(x̂, p, ω) ∈ ∂ AVaR−
p (G(x̂))

}
=

{
S∗

∫ β

α

ξ(x̂, p, ω) ν̂(dp) : ξ(x̂, p, ω) ∈ ∂H
(−2)
G(x̂)(p)

}
.

In the last formula ν̂(dp) = κ

p
µ̂ (dp).

Conclusions

We summarize our main contributions as follows. We provide new results on sub-
differentiability of convex operators and their compositions which go beyond the
theory of normal integrands. The key technical advance is the description of the
subdifferential of a local convex operator between Lp spaces in Theorem 2.2. We
offer a new proof technique using the Radon-Nikodym theorem for vector measures.
The key statement in Theorem 2.2 allows for dealing with the new model with par-
tial information in section 3. Additionally, we offer new optimality conditions in
subdifferential form for optimization problems with inverse stochastic dominance
constraints.
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