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1. Introduction

In 1936, Clarkson [5] introduced the notion of uniform convexity for normed spaces.
Over the years, this has proven to be a highly fruitful abstraction, along with its
companion, the ‘dual’ notion of uniform smoothness, both of them jointly capturing
the most relevant properties of the most widely known examples of non-Hilbert
Banach spaces: the Lp spaces.
In 1983, Zălinescu [36] showed that uniformly convex normed spaces are also uni-
formly convex in a different sense, namely their squared norm is a uniformly convex
function on bounded subsets. Again, this additional property has repeatedly shown
its worth in the study of nonlinear operators, as seen in the papers [34, 35] and the
ones citing those.
This idea of studying nonlinear operators, in contrast to the usual focus of functional
analysis on (continuous) linear ones, has naturally given way in recent decades to
its generalization to ‘nonlinear spaces’, metric spaces which retain some of the ad-
ditional structure given by the linearity of a normed space. Such a kind of space,
aiming to preserve the idea of convexity, was introduced by Kohlenbach in 2005 [11]
under the name of W -hyperbolic spaces (see the next section for a definition and [12,
pp. 384–388] for a detailed discussion on the relationship between various definitions
of hyperbolicity).
Kohlenbach was also motivated by the research program of ‘proof mining’, which he
largely led during that time, a program which aimed to apply tools from proof theory
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(a branch of mathematical logic) to proofs in mainstream mathematics in order to
uncover information which may not be readily apparent. This logical study of ordi-
nary mathematical proofs usually leads the practitioner towards proof-theoretically
natural and flexible axioms for various classes of mathematical structures, this also
being the case with this notion of W -hyperbolicity. Proof mining, as pointed out
below, will also drive some of our own choices of presenting our results. For more
information about proof mining, see Kohlenbach’s 2008 monograph [12] or his more
recent ICM survey [14].
The proper generalization of uniform convexity to this W -hyperbolic setting was
found by Leuştean [19, 20] in the form of UCW -hyperbolic spaces. Some of the
properties of uniformly convex normed spaces were found to generalize naturally to
UCW -hyperbolic spaces in those papers, as well as in [15]. Typical examples of
non-normed UCW -hyperbolic spaces are provided by the class of CAT(0) spaces,
the canonical nonlinear generalization of inner product spaces, as studied in metric
geometry. For a recent example of a UCW -hyperbolic space which is neither a
CAT(0) space, nor a convex subset of a normed space, see [23, Section 4].
All these classes of nonlinear spaces, with their basic definitions and properties, may
be found in Section 2. In addition, we show that the fixed point sets of (asymp-
totically) nonexpansive mappings on UCW -hyperbolic spaces are convex in a more
general, quantitative way, as inspired by proof mining. (Proof mining can frequently
help in finding the most natural logical form for a given property.)
The main result of this paper, as shown in Section 3, generalizes Zălinescu’s result to
UCW -hyperbolic spaces, with the squared norm being superseded by the (section
of the) squared distance. The result is given, again, in a quantitative way, with
a formula for the modulus for the uniform convexity of the squared distance, as
inspired by the proof-theoretic analysis of Zălinescu’s result in [3].
The final two sections are devoted to applications, thus vindicating the study of this
property in this nonlinear setting. Section 4 extends to complete UCW -hyperbolic
spaces the classical results for the convergence of shadow sequences associated to
(quasi)-Fejér monotone sequences. These convergence results are given in terms
of ‘rates of metastability’ (a concept originating in proof mining, to be defined
and motivated in said section). Section 5 shows for the first time that one can
properly define proximal mappings, and is thus a pilot study in convex optimization
in complete UCW -hyperbolic spaces.

2. Preliminaries

2.1. Nonlinear spaces

One says that a metric space (X, d) is geodesic if for any two points x, y ∈ X there
is a geodesic that joins them, i.e. a mapping γ : [0, 1] → X such that γ(0) = x,
γ(1) = y and for any t, t′ ∈ [0, 1] we have that

d(γ(t), γ(t′)) = |t− t′|d(x, y).
Generally, geodesics need not be unique, and, thus, one is led to the following
definition, which considers geodesics on a metric space as an additional structure
(and not as a property), which is required to satisfy additional properties.



A. Sipoş / On the Uniform Convexity ... 163

Definition 2.1. A W -hyperbolic space is a triple (X, d,W ) where (X, d) is a metric
space and W : X2 × [0, 1] → X is a function1 such that, for all x, y, z, w ∈ X and
λ, µ ∈ [0, 1], we have that
(W1) d(z,W (x, y, λ)) ≤ (1− λ)d(z, x) + λd(z, y);
(W2) d(W (x, y, λ),W (x, y, µ)) = |λ− µ|d(x, y);
(W3) W (x, y, λ) = W (y, x, 1− λ);
(W4) d(W (x, z, λ),W (y, w, λ)) ≤ (1− λ)d(x, y) + λd(z, w).

Clearly, any normed space may be made into a W -hyperbolic space in a canonical
way.
A subset C of a W -hyperbolic space (X, d,W ) is called convex if, for any x, y ∈ C
and λ ∈ [0, 1], W (x, y, λ) ∈ C. If (X, d,W ) is a W -hyperbolic space, x, y ∈ X and
λ ∈ [0, 1], we denote the point W (x, y, λ) by (1 − λ)x + λy. We will, also, mainly
write x+y

2
for 1

2
x+ 1

2
y.

Proposition 2.2. Let (X, d,W ) be a W -hyperbolic space, λ ∈ [0, 1] and x, y, a ∈ X.

Then d2 ((1− λ)x+ λy, a) ≤ (1− λ)d2(x, a) + λd2(y, a).

Proof. Using (W1), we get that

d2 ((1− λ)x+ λy, a) ≤ ((1− λ)d(x, a) + λd(y, a))2 ≤ (1− λ)d2(x, a) + λd2(y, a),

the last inequality following from the convexity of the square function.

As per [11, 19], a particular nonlinear class of W -hyperbolic spaces is the one of
CAT(0) spaces, introduced by A. Aleksandrov [1] and named as such by M. Gromov
[9], which may be defined, by the discussion in [12, pp. 387–388], as those W -
hyperbolic spaces (X, d,W ) such that, for any a, x, y ∈ X,

d2
(
x+ y

2
, a
)
≤ 1

2
d2(x, a) +

1

2
d2(y, a)− 1

4
d2(x, y). (1)

In particular, any inner product space is a CAT(0) space, and, indeed, as experience
shows, CAT(0) spaces may be regarded as the rightful nonlinear generalization of
inner product spaces.
Uniform convexity was first introduced by Leuştean [19, 20] in this hyperbolic set-
ting, as motivated by [8, p. 105]. The monotonicity condition was justified by proof-
theoretical considerations.
1 The convexity function W was first considered by Takahashi in [29] where a triple (X, d,W )
satisfying (W1) is called a convex metric space. The notion used here, frequently considered
nowadays to be the nonlinear generalization of convexity in normed spaces, was introduced by
Kohlenbach in [11]. As said in the Introduction, see [12, pp. 384–388] for a detailed discussion on the
relationship between various definitions of hyperbolicity and on the proof-theoretical considerations
that ultimately led to the adoption of this one. We only mention here that this notion is more
general than that of hyperbolic spaces in the sense of Reich and Shafrir [25], and slightly more
restrictive than the setting due to Goebel and Kirk [7] of spaces of hyperbolic type.
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Definition 2.3. If (X, d,W ) is a W -hyperbolic space, then a modulus of uniform
convexity for (X, d,W ) is a function η : (0,∞) × (0, 2] → (0, 1] such that, for any
r > 0, any ε ∈ (0, 2] and any a, x, y ∈ X with d(x, a) ≤ r, d(y, a) ≤ r, d(x, y) ≥ εr,
we have that

d
(
x+ y

2
, a
)
≤ (1− η(r, ε))r.

We call the modulus monotone if, for any r, s > 0 with s ≤ r and any ε ∈ (0, 2], we
have that η(r, ε) ≤ η(s, ε).
A UCW -hyperbolic space is a W -hyperbolic space that admits a monotone modulus
of uniform convexity.

As remarked in [19, Proposition 2.6], CAT(0) spaces are UCW -hyperbolic spaces
having as a modulus of uniform convexity the simple function (r, ε) 7→ ε2/8.
In a metric space (X, d), a nonempty subset S of X is a Chebyshev set if, for any
x ∈ X, there exists a unique y ∈ S such that, for any z ∈ S, d(x, y) ≤ d(x, z) – this
defines the projection mapping PS : X → S. By [20, Proposition 2.4], any closed,
convex, nonempty subset of a complete UCW -hyperbolic space is a Chebyshev set.
Also, in any metric space (X, d), we say that a sequence (xn) is Fejér monotone with
respect to a subset S of X if, for all n ∈ N and q ∈ S, d(xn+1, q) ≤ d(xn, q).
For a self-mapping T of a metric space (X, d), we denote by Fix(T ) its fixed point
set.

2.2. Nonexpansive mappings

A self-mapping T of a metric space (X, d) is called nonexpansive if, for any x, y ∈ X,
d(Tx, Ty) ≤ d(x, y) – it is immediate that, for such a mapping, Fix(T ) is closed. By
[20, Corollary 3.7], if X is a bounded complete nonempty UCW -hyperbolic space,
then any nonexpansive self-mapping of X has a fixed point.
The following proposition, a quantitative generalization of the convexity of the fixed
point set as inspired by proof mining, uses a quantitative version of the argument
used in the proof of the strict convexity of UCW -hyperbolic spaces [19, Proposition
5]. The proposition is a significant nonlinear generalization of the argument in [13,
Lemma 2.3].

Proposition 2.4. Let η : (0,∞)×(0, 2] → (0,∞) be monotone and let (X, d,W ) be
a UCW -hyperbolic space admitting η as a modulus. Let T : X → X be nonexpansive,
x, y ∈ X, ε > 0, b > 0 with d(x, y) ≤ b. Let λ ∈ [0, 1] and set z := (1− λ)x+ λy.

Put δ := min
(
ε

2
, b,

ε2

16b
η
(
2b,min

(
ε

2b
, 2
)))

.

Assume that d(x, Tx) ≤ δ and that d(y, Ty) ≤ δ. Then d(z, Tz) ≤ ε.

Proof. First of all, note that
d(Tz, x) ≤ d(Tz, Tx) + δ ≤ d(z, x) + δ = λd(x, y) + δ

and, similarly, that d(Tz, y) ≤ (1− λ)d(x, y) + δ, so
d(z, Tz) ≤ d(z, x) + d(Tz, x) ≤ 2λd(x, y) + δ ≤ 3b,
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i.e. we are only interested in cases where ε
2b

≤ 2, where

min
(
ε

2b
, 2
)
=

ε

2b
.

Case I. λ ≤ ε
4b

. In this case, as before,

d(z, Tz) ≤ 2λd(x, y) + δ ≤ ε.

Case II. 1− λ ≤ ε
4b

. Similarly, using that

d(z, Tz) ≤ d(z, y) + d(Tz, y) ≤ 2(1− λ)d(x, y) + δ ≤ ε.

Case III. d(x, y) ≤ ε
4
. In this case,

d(z, Tz) ≤ 2λd(x, y) + δ ≤ ε.

Case IV. None of the above cases hold, so λ > ε
4b

, 1− λ > ε
4b

and d(x, y) > ε
4
.

Put r1 := λd(x, y) + δ and r2 := (1− λ)d(x, y) + δ.
We have that r1 ≤ 2b, so

η
(
r1,

ε

2b

)
≥ η

(
2b,

ε

2b

)
,

and r1 ≥ λd(x, y) > ε2

16b
.

Assume towards a contradiction that d(z, Tz) > ε ≥ ε
2b
· r1. Since d(z, x) ≤ r1 and

d(Tz, x) ≤ r1, we have that

d
(
z + Tz

2
, x
)
≤

(
1− η

(
r1,

ε

2b

))
· r1 ≤

(
1− η

(
2b,

ε

2b

))
· r1

< r1 −
ε2

16b
η
(
2b,

ε

2b

)
≤ r1 − δ.

Similarly, we obtain that d
(
z + Tz

2
, y
)
< r2 − δ, so

d(x, y) ≤ d
(
z + Tz

2
, x
)
+ d

(
z + Tz

2
, y
)
< r1 + r2 − 2δ = d(x, y),

a contradiction.

Corollary 2.5. Let (X, d,W ) be a UCW -hyperbolic space and T : X → X be a
nonexpansive mapping. Then Fix(T ) is convex.

2.3. Asymptotically nonexpansive mappings

If (δn) is a sequence of non-negative reals such that δn → 0 (sometimes, the stronger
condition

∑
δn < ∞ will be imposed), then a self-mapping T of a metric space

(X, d) is called asymptotically nonexpansive w.r.t. (δn) if, for any x, y ∈ X and
n ∈ N, d(T nx, T ny) ≤ (1 + δn)d(x, y) – it is immediate that, for such a mapping,
Fix(T ) is closed. By [15, Theorem 3.3], if X is a bounded complete nonempty
UCW -hyperbolic space, then any asymptotically nonexpansive self-mapping of X
has a fixed point.
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Proposition 2.6. Define, for any suitable b, η, u, B, ε:

Θb,η(ε) :=
1

2
·min

(
ε

2
, b,

ε2

16b
η
(
2b,min

(
ε

2b
, 2
)))

γb,η,u(ε) := u
(
Θb,η(ε)

b

)
Nb,η,u,B(ε) := γb,η,u

(
ε

2 +B

)
Ωb,η,u,B(ε) :=

1

(Nb,η,u,B(ε) + 1)(1 +B)
·Θb,η

(
ε

2 +B

)
.

Let η : (0,∞)× (0, 2] → (0,∞) be monotone and let (X, d,W ) be a UCW -hyperbolic
space admitting η as a modulus. Let (δn) be a sequence of non-negative reals and
u : (0,∞) → N be such that, for every n ≥ u(ε), δn ≤ ε. Let T : X → X be
asymptotically nonexpansive w.r.t. (δn). Let x, y ∈ X, b > 0 with d(x, y) ≤ b. Let
λ ∈ [0, 1] and set z := (1− λ)x+ λy.
(i) Let ε > 0 and n ≥ γb,η,u(ε). Assume that d(x, T nx) ≤ Θb,η(ε) and that

d(y, T ny) ≤ Θb,η(ε). Then d(z, T nz) ≤ ε.
(ii) Let ε > 0 and B ≥ 0 be such that, for every n, δn ≤ B. Assume that

d(x, Tx) ≤ Ωb,η,u,B(ε) and that d(y, Ty) ≤ Ωb,η,u,B(ε). Then d(z, Tz) ≤ ε.

Proof. (i) First of all, put

δ := min
(
ε

2
, b,

ε2

16b
η
(
2b,min

(
ε

2b
, 2
)))

,

so Θb,η(ε) = δ/2 and γb,η,u(ε) = u
(

δ
2b

)
.

Now, note that (using in the third inequality that n ≥ u(δ/2b))

d(T nz, x) ≤ d(T nz, T nx) + δ/2 ≤ (1 + δn)d(z, x) + δ/2

≤ d(z, x) + δ/2 + δ/2 = λd(x, y) + δ

and, similarly, d(T nz, y) ≤ (1− λ)d(x, y) + δ,

so d(z, T nz) ≤ d(z, x) + d(T nz, x) ≤ 2λd(x, y) + δ ≤ 3b,

i.e. we are only interested in cases where ε
2b

≤ 2, where

min
(
ε

2b
, 2
)
=

ε

2b
.

Case I. λ ≤ ε
4b . In this case, as before,

d(z, T nz) ≤ 2λd(x, y) + δ ≤ ε.

Case II. 1− λ ≤ ε
4b

. Similarly, using that

d(z, T nz) ≤ d(z, y) + d(T nz, y) ≤ 2(1− λ)d(x, y) + δ ≤ ε.

Case III. d(x, y) ≤ ε
4
. In this case,

d(z, T nz) ≤ 2λd(x, y) + δ ≤ ε.
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Case IV. None of the above cases hold, so λ > ε
4b

, 1− λ > ε
4b

and d(x, y) > ε
4
.

Put r1 := λd(x, y) + δ and r2 := (1− λ)d(x, y) + δ.
We have that r1 ≤ 2b, so

η
(
r1,

ε

2b

)
≥ η

(
2b,

ε

2b

)
,

and r1 ≥ λd(x, y) > ε2

16b
.

Assume towards a contradiction that d(z, T nz) > ε ≥ ε
2b
· r1. Since d(z, x) ≤ r1 and

d(T nz, x) ≤ r1, we have that

d
(
z + Tnz

2
, x
)
≤

(
1− η

(
r1,

ε

2b

))
· r1 ≤

(
1− η

(
2b,

ε

2b

))
· r1

< r1 −
ε2

16b
η
(
2b,

ε

2b

)
≤ r1 − δ.

Similarly, we obtain that d
(
z + Tnz

2
, y
)
< r2 − δ, so

d(x, y) ≤ d
(
z + Tnz

2
, x
)
+ d

(
z + Tnz

2
, y
)
< r1 + r2 − 2δ = d(x, y),

a contradiction.
(ii) Set n := Nb,η,u,B(ε). Now,

d(x, T nx) ≤
∑

i∈[0,n)

d(T ix, T i+1x) ≤
∑

i∈[0,n)

(1 + δi)d(x, Tx)

≤ Ωb,η,u,B(ε) · n · (1 +B) ≤ Θb,η

(
ε

2 +B

)
.

Similarly, we get that

d(x, T n+1x) ≤ Ωb,η,u,B(ε) · (n+ 1) · (1 +B) = Θb,η

(
ε

2 +B

)
and also that d(y, T ny) ≤ Θb,η

(
ε

2+B

)
and d(y, T n+1y) ≤ Θb,η

(
ε

2+B

)
.

Since both n and n + 1 are greater or equal to γb,η,u
(

ε
2+B

)
, we get, using (i), that

d(z, T nz) ≤ ε
2+B

and d(z, T n+1z) ≤ ε
2+B

. We have that

d(Tz, T n+1z) ≤ (1 + δ1)d(z, T
nz) ≤ (1 +B) · ε

2 +B

and, thus, that

d(z, Tz) ≤ d(z, T n+1z) + d(Tz, T n+1z) ≤ ε

2 +B
+ (1 +B) · ε

2 +B
= ε,

so we are done.

Corollary 2.7. Let (X, d,W ) be a UCW -hyperbolic space and T : X → X be an
asymptotically nonexpansive mapping. Then Fix(T ) is convex.
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2.4. On the uniform convexity of the squared distance

The recent interest in proof mining towards the uniform convexity on bounded
subsets of the squared norm of a uniformly convex normed space stemmed from
its crucial use in the quantitative study by Kohlenbach and the author [17] of the
celebrated theorem of Reich [24] concerning strong convergence of approximating
curves for resolvents of accretive operators. We stated it below in the metric manner
which will be of concern to us, as it was for the first time explicitly formulated in
[23].

Definition 2.8. [23, Definition 2.6] Let ψ : (0,∞)× (0,∞) → (0,∞). We say that
a W -hyperbolic space (X, d,W ) has property (G) with modulus ψ if, for any r, ε > 0
and any a, x, y ∈ X with d(x, a) ≤ r, d(y, a) ≤ r, d(x, y) ≥ ε, we have that

d2
(
x+ y

2
, a
)
≤ 1

2
d2(x, a) +

1

2
d2(y, a)− ψ(r, ε).

For uniformly convex normed spaces, this property essentially goes back to Zălinescu
[36, Section 4] – see also [34, 35] for more variations on this theme, and see [17,
Proposition 2.4] (an instantiation of the more general [3, Proposition 3.2]) for a
formula for this modulus which is easily computable in terms of the modulus of
uniform convexity.

Proposition 2.9. CAT(0) spaces have property (G).
Proof. Let X be a CAT(0) space and r, ε > 0, a, x, y ∈ X with d(x, a) ≤ r,
d(y, a) ≤ r, d(x, y) ≥ ε. By (1), we have that

d2
(
x+ y

2
, a
)
≤ 1

2
d2(x, a) +

1

2
d2(y, a)− 1

4
d2(x, y)

≤ 1

2
d2(x, a) +

1

2
d2(y, a)− ε2

4
,

and we are done.

Recently, Pinto [22] extended the aforementioned analysis of Kohlenbach and the
author of Reich’s theorem to ‘uniformly smooth hyperbolic spaces’ which are in
addition UCW -hyperbolic. At the time of the writing of [22], it was not known
whether, generally, UCW -hyperbolic spaces satisfy property (G); however, Pinto
identified in [22, Proposition 5.4] (see also [28, Proposition 2.5]) a weaker property
of them, called property (M) in [23, Definition 2.8], as being enough for the proof
to go through.
We now move on to showing that property (G) does indeed hold in UCW -hyperbolic
spaces, as well as justifying its study by giving applications which rely on it.

3. Main result

The following result is the generalization to UCW -hyperbolic spaces of [17, Proposi-
tion 2.4], which, as said earlier, is an instantiation of the more general [3, Proposition
3.2].
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Theorem 3.1. Let η : (0,∞)× (0, 2] → (0,∞) be monotone and let (X, d,W ) be a
UCW -hyperbolic space admitting η as a modulus. For any suitable r, ε, put

ψη(r, ε) := min


(
min

(
ε
2
, ε2

96r
η2

(
r,min

(
ε
2r
, 2
))))2

4
,
ε2

32
η2

(
r,min

( ε

2r
, 2
)) .

Then (X, d,W ) has property (G) with modulus ψη.
Proof. Let r, ε > 0 and a, x, y ∈ X with d(x, a) ≤ r, d(y, a) ≤ r and d(x, y) ≥ ε.
We want to show that

d2
(
x+ y

2
, a
)
≤ 1

2
d2(x, a) +

1

2
d2(y, a)− ψη(r, ε).

First of all, note that ε ≤ d(x, y) ≤ d(x, a)+d(y, a) ≤ 2r, i.e. we are only interested
in cases where ε

2r
≤ 2, where

min
(
ε

2r
, 2
)
=

ε

2r
.

Put γ :=
ε2

32
η2

(
r,

ε

2r

)
, δ := min

(
ε

2
,
γ

3r

)
= min

(
ε

2
,
ε2

96r
η2

(
r,

ε

2r

))
,

so that δ ≤ ε/2 ≤ r and ψη(r, ε) = min
(

δ2

4
, γ

)
. Also, put α := d(x, a) and

β := d(y, a) and assume w.l.o.g. that α ≤ β. Assume towards a contradiction that

d2
(
x+ y

2
, a
)
>

1

2
d2(x, a) +

1

2
d2(y, a)− ψη(r, ε).

Using (W1), we have that(
d(x, a) + d(y, a)

2

)2

≥ d2
(
x+ y

2
, a
)
>

1

2
d2(x, a) +

1

2
d2(y, a)− δ2

4
,

from which we get that β − α < δ.

Put z :=
(
1− α

β

)
a + α

β
y, so d(z, a) = α and d(z, y) = β − α < δ. Using (W4), we

have that
d
(
x+ z

2
,
x+ y

2

)
≤ 1

2
d(z, y) ≤ d(z, y) < δ,

so
d
(
x+ y

2
, a
)
≤ d

(
x+ z

2
, a
)
+ d

(
x+ z

2
,
x+ y

2

)
< d

(
x+ z

2
, a
)
+ δ.
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Now, d2(x, a)− γ ≤ d2(x, a)− ψη(r, ε) ≤
1

2
d2(x, a) +

1

2
d2(y, a)− ψη(r, ε)

< d2
(
x+ y

2
, a
)
<

(
d
(
x+ z

2
, a
)
+ δ

)2

= d2
(
x+ z

2
, a
)
+ 2d

(
x+ z

2
, a
)
· δ + δ2

= d2
(
x+ z

2
, a
)
+ δ

(
2d

(
x+ z

2
, a
)
+ δ

)
≤ d2

(
x+ z

2
, a
)
+ δ (2r + r) ≤ d2

(
x+ z

2
, a
)
+ γ,

so d2(x, a) < d2
(
x+ z

2
, a
)
+ 2γ,

which we keep in mind, as this is what will get contradicted later. We also have
that

ε ≤ d(x, y) ≤ d(x, z) + d(z, y) < d(x, z) + δ,

so d(x, z) > ε − δ ≥ ε
2
≥ ε

2r
· α. Since d(x, a) = d(z, a) = α, using that η is a

monotone modulus of uniform convexity, we get that

d
(
x+ z

2
, a
)
≤

(
1− η

(
α,

ε

2r

))
α ≤

(
1− η

(
r,

ε

2r

))
α.

Since ε ≤ d(x, y) ≤ d(x, a) + d(y, a) = 2α + (β − α) < 2α + δ, so

α >
ε− δ

2
≥ ε

4
,

we have that

d(x, a)− d
(
x+ z

2
, a
)
≥ α−

(
1− η

(
r,

ε

2r

))
α = αη

(
r,

ε

2r

)
≥ ε

4
η
(
r,

ε

2r

)
,

so d2(x, a) ≥ d2
(
x+ z

2
, a
)
+

ε2

16
η2

(
r,

ε

2r

)
= d2

(
x+ z

2
, a
)
+ 2γ,

a contradiction.

Remark 3.2. An inspection of the proof shows that the only use of the axiom (W4)
may be replaced by that of the axiom (W5), as introduced in [16], which states that,
for all x, y, z ∈ X and λ ∈ [0, 1],

d(W (x, z, λ),W (y, z, λ)) ≤ d(x, y).

With this result in mind, we may now show that the section of the square of the
distance function is uniformly convex on bounded subsets.

Corollary 3.3. Let ψ• be defined as in Theorem 3.1. Let η : (0,∞)×(0, 2] → (0,∞)
be monotone and let (X, d,W ) be a UCW -hyperbolic space admitting η as a modulus.
Then, for any λ ∈ [0, 1], r, ε > 0 and any a, x, y ∈ X with d(x, a) ≤ r, d(y, a) ≤ r,
d(x, y) ≥ ε, we have that

d2 ((1− λ)x+ λy, a) ≤ (1− λ)d2(x, a) + λd2(y, a)− 2min(λ, 1− λ)ψη(r, ε)

≤ (1− λ)d2(x, a) + λd2(y, a)− 2λ(1− λ)ψη(r, ε).
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Proof. Let λ ∈ [0, 1], r, ε > 0 and any a, x, y ∈ X with d(x, a) ≤ r, d(y, a) ≤ r,
d(x, y) ≥ ε. Assume w.l.o.g., using (W3), that λ ≤ 1/2, so 2λ ∈ [0, 1].
Put m := x+y

2
. We first show that W (x, y, λ) = W (x,m, 2λ). Put z := W (x,m, 2λ).

We have that d(z, x) = 2λd(x,m) = λd(x, y) and

d(z, y) ≤ d(z,m) + d(m, y) =
(
1

2
− λ

)
d(x, y) +

1

2
d(x, y) = (1− λ)d(x, y),

but also that d(z, y) ≥ d(x, y)− d(z, x) = (1− λ)d(x, y).
Applying [19, Proposition 5], we obtain that z = W (x, y, λ).
We thus get, using Proposition 2.2 for the first inequality, that

d2 ((1− λ)x+ λy, a) ≤ (1− 2λ)d2(x, a) + 2λd2(m, a)

≤ (1− 2λ)d2(x, a) + 2λ
(1
2
d2(x, a) +

1

2
d2(y, a)− ψη(r, ε)

)
= (1− λ)d2(x, a) + λd2(y, a)− 2λψη(r, ε)

≤ (1− λ)d2(x, a) + λd2(y, a)− 2min(λ, 1− λ)ψη(r, ε),

and we are done.

4. Shadow sequences

We will now produce some applications of our main result to the convergence of
‘shadow sequences’, which, in this context (see, for example, [4, p. 92]), are projec-
tions of (quasi-)Fejér monotone sequences onto the set with respect to which they
are (quasi-)Fejér monotone. Our study will be very much inspired by proof mining,
and thus will be a quantitative one. One would expect that a quantitative version
of a convergence theorem would exhibit a rate of convergence – or, equivalently, of
Cauchyness – an indicator of how fast the sequence converges. It is known, however,
that even simple situations like the elementary monotone convergence theorem for
real sequences do not admit uniform rates of convergence. One is then driven to
replace the Cauchyness property, say, of a sequence (xn) in a metric space (X, d),
by the next best thing, namely the classically equivalent, but constructively distinct
property expressed by

∀ε > 0 ∀g : N → N ∃N ∈ N ∀n, m ∈ [N,N + g(N)] d(xn, xm) ≤ ε,

which is notable for having been rediscovered in the 2000s by Terence Tao during his
work in ergodic theory [33], and popularized through his blog [32], where he treated
the case of the monotone convergence theorem2 and asked for suggestions for a
proper name for the property. The name that ultimately stuck was metastability, as
suggested by Jennifer Chayes, and one may then speak of a ‘rate of metastability’
as being an upper bound on the N in the metastability statement, given in terms
2 I said ‘rediscovered’, because even this monotone convergence case in itself had already been
studied by Georg Kreisel in the 1950s, as it can be seen in the very paper [18, pp. 49–50] which
introduced the program now known as proof mining.
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of the ε and the g (and perhaps some other parameters of the problem at hand).
Thus, we will state all our convergence results in terms of rates of metastability.
To express such rates, we introduce some notations. For all f : N → N, we define
f̃ : N → N, for all n, by f̃(n) := n + f(n) and fM : N → N, for all n, by
fM(n) := maxi≤n f(i); in addition, for all n ∈ N, we denote by f (n) the n-fold
composition of f with itself.

4.1. Sequences of reals

We present below the now-standard quantitative, ‘metastable’ version of the mono-
tone convergence theorem, as pointed out by Tao [32] (see also [12, pp. 30–32]).

Proposition 4.1. Let b ≥ 0 and (an) be a nonincreasing sequence in [0, b]. Let
ε > 0 and g : N → N. Then there is an N ≤ g̃(d

b
εe)(0) such that, for all n,

m ∈ [N,N + g(N)], |an − am| ≤ ε.

Proof. Assume towards a contradiction that the conclusion is false. In particular,
for all i ≤

⌈
b
ε

⌉
, ag̃(i)(0) − ag̃(i+1)(0) > ε. Then

a0 ≥ a0 − a
g̃(d bεe+1)(0)

=

d bεe∑
i=0

(
ag̃(i)(0) − ag̃(i+1)(0)

)
>

⌈
b

ε

⌉
· ε ≥ b,

a contradiction.

The following is a slight generalization of the monotone convergence theorem, which
has proven to be quite useful in nonlinear analysis.

Proposition 4.2. (Tan and Xu, [31, Lemma 1]) Let (an) and (δn) be sequences of
non-negative reals such that

∑
δn <∞ and, for all n, an+1 ≤ an + δn. Then (an) is

convergent.

We now present, for the first time, the full quantitative version of the above theorem
(particular cases where the limit inferior of (an) is known to be zero have been
previously treated in [20, 21, 27], see also the recent abstract version of those in [6]).

Proposition 4.3. Let b ≥ 0 and (an) be a nonincreasing sequence in [0, b]. Let
(δn) be a sequence of non-negative reals such that, for all n, an+1 ≤ an + δn. Let
γ : (0,∞) → N be such that, for all ε > 0 and all m ≥ γ(ε),∑

i∈[γ(ε),m)

δi ≤ ε.

Let ε > 0 and g : N → N. Then there is an

N ∈
[
γ
(
ε

4

)
, g̃M

(d 2b
ε e) (

γ
(
ε

4

))]
such that, for all n, m ∈ [N,N + g(N)], |an − am| ≤ ε.
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Proof. Firstly, we have that, for all n ≥ γ
(
ε
4

)
and all m ≥ n,

am ≤ an +
∑

i∈[n,m)

δi ≤ an +
∑

i∈[γ( ε4),m)

δi ≤ an +
ε

4
.

Define, now, the function g∗ : N → N by putting, for all n,

g∗(n) := argmaxq∈[0,g(n)] |an − an+q|.

We have that, for all n, g∗(n) ≤ g(n) ≤ gM(n).

Put, for all i ≤
⌈
2b
ε

⌉
, Ni := g̃∗

(i) (
γ
(
ε
4

))
. Assume towards a contradiction that, for

all i ≤
⌈
2b
ε

⌉
, |aNi − aNi+1

| > ε
2
. But, since, as we have shown earlier, for each i,

aNi+1
≤ aNi +

ε
4
, we must have that, for each i, aNi − aNi+1

> ε
2
, so

aN0 ≥ aN0 − aNd 2b
ε e+1

=

⌈
2b
ε

⌉∑
i=0

(aNi − aNi+1
) >

(⌈
2b

ε

⌉
+ 1

)
· ε
2
>

⌈
2b

ε

⌉
· ε
2
≥ b,

a contradiction. Thus, there is a j ≤
⌈
2b
ε

⌉
such that |aNj − aNj+1

| ≤ ε
2
.

We will take N := Nj and show that it satisfies the desired properties. Clearly,
N ≥ γ

(
ε
4

)
and, for all n, m ∈ [N,N + g(N)],

|an − am| ≤ |aN − an|+ |aN − am| ≤ 2|aN − aN+g∗(N)| = 2|aNj − aNj+1
| ≤ 2 · ε

2
= ε.

It remains to be shown that

N ≤ g̃M
(d 2b

ε e) (
γ
(
ε

4

))
.

We show that, for all i, n ∈ N,

g̃∗
(i)
(n) ≤ g̃M

(i)
(n),

from which it will follow that

N = Nj = g̃∗
(j)

(
γ
(
ε

4

))
≤ g̃M

(j) (
γ
(
ε

4

))
≤ g̃M

(d 2b
ε e) (

γ
(
ε

4

))
.

Let n ∈ N. We prove the claim by induction on i. The base case is obvious. Assume,
now, that the claim holds for an i and we prove it for i+ 1. We have that

g̃∗
(i+1)

(n) = g̃∗
(
g̃∗

(i)
(n)

)
≤ g̃M

(
g̃∗

(i)
(n)

)
≤ g̃M

(
g̃M

(i)
(n)

)
= g̃M

(i+1)
(n),

and we are done.
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4.2. Fejér monotone sequences

The following is the generalization from Hilbert spaces to complete UCW -hyperbolic
spaces of [4, Proposition 5.7] (see also [30, Lemma 3.2]).

Theorem 4.4. Let ψ• be defined as in Theorem 3.1. Let η : (0,∞)×(0, 2] → (0,∞)
be monotone and let (X, d,W ) be a complete UCW -hyperbolic space admitting η as
a modulus. Let S be a closed, convex, nonempty subset of X, so that the projection
PS : X → S is well-defined, and let (xn) be a sequence in X which is Fejér monotone
with respect to S. Let b ≥ 0 be such that d(x0, PSx0) ≤ b. Then, for all ε > 0 and

g : N → N, there is an N ≤ g̃

(⌈
b2

ψη(b,ε)

⌉)
(0) such that, for all n, m ∈ [N,N + g(N)],

d(PSxn, PSxm) ≤ ε.

Proof. Firstly, we have that, for all n ∈ N, using the projection property and then
the Fejér monotonicity, that

d(PSxn, xn) ≤ d(PSx0, xn) ≤ d(PSx0, x0) ≤ b.

Then, for all n, m ∈ N with n < m, we have, using the Fejér monotonicity, that
d(PSxn, xm) ≤ d(PSxn, xn) ≤ b.

We show that, for all ε > 0 and all n,m∈N such that n < m and d(PSxn, PSxm) ≥ ε,
we have that

ψη(b, ε) ≤
1

2
(d2(PSxn, xn)− d2(PSxm, xm)).

Let ε, n, m be as stated. Using the projection property, the convexity of S and
Theorem 3.1 (since d(PSxm, xm) ≤ b and d(PSxn, xm) ≤ b), we have that

d2(PSxm, xm) ≤ d2
(
PSxm + PSxn

2
, xm

)
≤ 1

2
d2(PSxm, xm)+

1

2
d2(PSxn, xm)−ψη(b, ε).

Using the (already established) fact that d(PSxn, xm) ≤ d(PSxn, xn), we get our
conclusion.
We now show that the sequence (d2(PSxn, xn)) is a nonincreasing sequence in [0, b2].
Let n ∈ N. If PSxn = PSxn+1, then, using the Fejér monotonicity,

d(PSxn+1, xn+1) = d(PSxn, xn+1) ≤ d(PSxn, xn).

If PSxn 6= PSxn+1, then, by the previous property, we have that

0 < ψη(b, d(PSxn, PSxn+1)) ≤
1

2
(d2(PSxn, xn)− d2(PSxn+1, xn+1))

and we are done.

Let now ε > 0 and g : N → N. By Proposition 4.1, there is an N ≤ g̃

(⌈
b2

ψη(b,ε)

⌉)
(0)

such that for all n, m ∈ [N,N + g(N)], |d2(PSxn, xn)− d2(PSxm, xm)| ≤ ψη(b, ε).
This N will be our desired N . Let now n, m ∈ [N,N + g(N)]. We want to show
that d(PSxn, PSxm) ≤ ε. Assume w.l.o.g. that n < m and assume towards a
contradiction that d(PSxn, PSxm) > ε. By the property shown before, we have that

0 < 2ψη(b, ε) ≤ d2(PSxn, xn)− d2(PSxm, xm) ≤ ψη(b, ε),

a contradiction.
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Corollary 4.5. Let (X, d,W ) be a complete UCW -hyperbolic space. Let S be a
closed, convex, nonempty subset of X, so that the projection PS : X → S is well-
defined, and let (xn) be a sequence in X which is Fejér monotone with respect to S.
Then the sequence (PSxn) is convergent.

Remark 4.6. If T is a nonexpansive self-mapping of a complete UCW -hyperbolic
space (X, d,W ), then we might take S := Fix(T ) if that set is nonempty (e.g. if
X is bounded and nonempty). A sequence (xn) is Fejér monotone with respect to
this set if, in particular, it is assumed to be a Mann iteration of T , that is, there is
a sequence (αn) ⊆ [0, 1] such that, for each n,

xn+1 = αnTxn + (1− αn)xn.

4.3. Quasi-Fejér monotone sequences

The following is the generalization from complete CAT(0) spaces to complete UCW -
hyperbolic spaces of [26, Lemma 5].

Theorem 4.7. Let ψ• be defined as in Theorem 3.1. Let η : (0,∞)×(0, 2] → (0,∞)
be monotone and let (X, d,W ) be a complete UCW -hyperbolic space admitting η as
a modulus. Let S be a closed, convex, nonempty subset of X, so that the projection
PS : X → S is well-defined, and let (xn) be a sequence in X and (δn) be a sequence
of non-negative reals such that, for all q ∈ S and for all n, d(xn+1, q) ≤ d(xn, q)+ δn
(a property to which we will refer in the proof as quasi-Fejér monotonicity). Let
b, B > 0 be such that d(x0, PSx0) ≤ b and

∑
δn ≤ B. Set C := 2b + 3B. Let

γ : (0,∞) → N be such that, for all ε > 0 and all m ≥ γ(ε),∑
i∈[γ(ε),m)

δi ≤ ε.

Then, for all ε > 0 and g : N → N, there is an

N ≤ g̃M
(⌈

2C
ψη(C,ε)

⌉) (
γ
(
ψη(C, ε)

4C

))
such that, for all n, m ∈ [N,N + g(N)], d(PSxn, PSxm) ≤ ε.

Proof. Firstly, we have that, for all n ∈ N, using the projection property and then
the quasi-Fejér monotonicity, that

d(PSxn, xn) ≤ d(PSx0, xn) ≤ d(PSx0, x0) +B ≤ b+B ≤ C.

Then, for all n, m ∈ N with n < m, we have, using the quasi-Fejér monotonicity,
that

d(PSxn, xm) ≤ d(PSxn, xn) +
∑

i∈[n,m)

δi ≤ d(PSxn, xn) +B ≤ b+ 2B ≤ C
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and, in addition, that

d2(PSxn, xm) ≤
(
d(PSxn, xn) +

∑
i∈[n,m)

δi

)2

= d2(PSxn, xn) + 2 · d(PSxn, xn) ·
( ∑

i∈[n,m)

δi

)
+
( ∑

i∈[n,m)

δi

)2

≤ d2(PSxn, xn) + 2(b+B)
( ∑

i∈[n,m)

δi

)
+B

( ∑
i∈[n,m)

δi

)
= d2(PSxn, xn) + C

( ∑
i∈[n,m)

δi

)
.

We will show that, for all ε > 0 and all n, m∈N with n < m and d(PSxn, PSxm) ≥ ε,
we have that

ψη(C, ε) ≤
1

2

(
d2(PSxn, xn)− d2(PSxm, xm) + C

( ∑
i∈[n,m)

δi

))
.

Let ε, n, m be as stated. Using the projection property, the convexity of S and
Theorem 3.1 (since d(PSxm, xm) ≤ C and d(PSxn, xm) ≤ C), we have that

d2(PSxm, xm) ≤ d2
(
PSxm + PSxn

2
, xm

)
≤ 1

2
d2(PSxm, xm)+

1

2
d2(PSxn, xm)−ψη(C, ε).

Using the (already established) fact that

d2(PSxn, xm) ≤ d2(PSxn, xn) + C
( ∑

i∈[n,m)

δi

)
,

we get our conclusion.
We now show that, for all n,

d2(PSxn+1, xn+1) ≤ d2(PSxn, xn) + Cδn.

Let n ∈ N. If PSxn = PSxn+1, then

d2(PSxn+1, xn+1) = d2(PSxn, xn+1) ≤ d2(PSxn, xn) + Cδn.

If PSxn 6= PSxn+1, then, by the previous property, we have that

0 < ψη(C, d(PSxn, PSxn+1)) ≤
1

2
(d2(PSxn, xn)− d2(PSxn+1, xn+1) + Cδn)

and we are done.
Let now ε > 0 and g : N → N. By Proposition 4.3, there is an

N ∈
[
γ
(
ψη(C, ε)

4C

)
, g̃M

(⌈
2C

ψη(C,ε)

⌉) (
γ
(
ψη(C, ε)

4C

))]
such that for all n,m∈ [N,N + g(N)], |d2(PSxn, xn)− d2(PSxm, xm)| ≤ ψη(C, ε).
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This N will be our desired N . Let now n, m ∈ [N,N + g(N)]. We want to show
that d(PSxn, PSxm) ≤ ε. Assume w.l.o.g. that n < m and assume towards a
contradiction that d(PSxn, PSxm) > ε. By the property shown before, we have that

2ψη(b, ε) ≤ d2(PSxn, xn)− d2(PSxm, xm) + C
( ∑

i∈[n,m)

δi

)
≤ ψη(b, ε) + C

( ∑
i∈[n,m)

δi

)
.

Since n ≥ N ≥ γ
(
ψη(C, ε)

4C

)
,

we have that
∑

i∈[n,m)

δi ≤
∑

i∈
[
γ
(
ψη(C,ε)

4C

)
,m

) δi ≤
ψη(C, ε)

4C
,

so 0 < 2ψη(C, ε) ≤ ψη(C, ε) + C · ψη(C, ε)

4C
=

5

4
ψη(C, ε),

a contradiction.

Corollary 4.8. Let (X, d,W ) be a complete UCW -hyperbolic space. Let S be a
closed, convex, nonempty subset of X, so that the projection PS : X → S is well-
defined, and let (xn) be a sequence in X and (δn) be a sequence of non-negative reals
such that

∑
δn < ∞ and, for all q ∈ S and for all n, d(xn+1, q) ≤ d(xn, q) + δn.

Then the sequence (PSxn) is convergent.

Remark 4.9. If (δn) is a sequence of non-negative reals such that δn → 0 and T
is a self-mapping of a complete UCW -hyperbolic space (X, d,W ) which is asymp-
totically nonexpansive w.r.t. (δn), then we might take S := Fix(T ) if that set is
nonempty (e.g. if X is bounded and nonempty). A sequence (xn) is quasi-Fejér
monotone with respect to this set if, in particular,

∑
δn < ∞ and the sequence is

assumed to be bounded and to be a Schu iteration of T , that is, there is a sequence
(αn) ⊆ [0, 1] such that, for each n,

xn+1 = αnT
nxn + (1− αn)xn.

5. Proximal mappings

For this section, we will fix a complete UCW -hyperbolic space (X, d,W ) and a
monotone modulus η of it. The following notions are standard in convex optimiza-
tion.
Definition 5.1. Let f : X → R ∪ {∞}. We say that f is:
• proper if there is an x ∈ X with f(x) 6= ∞;
• convex if, for all x, y ∈ X and all λ ∈ [0, 1],

f((1− λ)x+ λy) ≤ (1− λ)f(x) + λf(y);
• lower semicontinuous (lsc) if, for all x ∈ X, r ∈ R with r < f(x) there is a

δ > 0 such that, for all z ∈ X with d(x, z) ≤ δ, r < f(z).
For any λ > 0, we define the function λf : X → R∪{∞} by putting, for any x ∈ X,
(λf)(x) := λ ·f(x), and it is clear that λf is proper, convex and/or lsc iff f is so.
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Proposition 5.2. [15, Proposition 2.2] Let (Cn)n∈N be a non-increasing sequence
of bounded, closed, convex, nonempty subsets of X. Then

⋂
n∈NCn 6= ∅.

Proposition 5.3. Let f : X → R ∪ {∞} be a convex, lsc function. Then f is
bounded from below on bounded sets.

Proof. The proof follows the same lines as that of [2, Lemma 2.2.12], using Propo-
sition 5.2 instead of [2, Proposition 2.1.14].

Proposition 5.4. Let f : X → R ∪ {∞} be a convex, lsc function and a ∈ X.
Then there is a k ∈ N such that, for any x ∈ X,

f(x) ≥ −k(d(x, a) + 1).

Proof. The proof follows the same lines as that of [2, Lemma 2.2.13], using Propo-
sition 5.3 instead of [2, Lemma 2.2.12].

Proposition 5.5. Let f : X → R ∪ {∞} be a proper, convex, lsc function and
a ∈ X. Define h : X → R ∪ {∞} by setting, for any x ∈ X,

h(x) := f(x) +
1

2
d2(x, a).

Then h has a unique minimizer.

Proof. We first show that h is bounded from below. By Proposition 5.4, there is a
k ∈ N such that, for any x ∈ X,

h(x) ≥ −k(d(x, a) + 1) +
1

2
d2(x, a),

and the right hand side is clearly bounded from below by the basic properties of
quadratic functions.
Let m ∈ R be the infimum of h (it is not ∞, since f is proper). We now show
the existence of an x ∈ X with h(x) = m. Again by the properties of quadratic
functions, there is a r > 0 such that, for any u ∈ R with 1

2
u2 − k(u + 1) ≤ m + 1,

we have that u ≤ r. Therefore, for any x ∈ X with h(x) ≤ m + 1, we have that
d(x, a) ≤ r. Put, for any n ∈ N,

Cn :=
{
x ∈ X | h(x) ≤ m+

1

n+ 1

}
.

We have that (Cn)n∈N is a non-increasing sequence of bounded (this one from the
reasoning above), closed, convex, nonempty subsets of X, so, by Proposition 5.2,
there is a x ∈

⋂
n∈NCn and we must have that h(x) = m.

Therefore, m is the minimum of h. We now show the uniqueness of the minimizer.
Let ψ• be defined as in Theorem 3.1. Assume there are x 6= y with h(x) = h(y) = m.
Put ε := d(x, y) > 0 and r := max(d(x, a), d(y, a)) > 0. Then

h
(
x+ y

2

)
= f

(
x+ y

2

)
+

1

2
d2

(
x+ y

2
, a
)

≤ 1

2
(f(x)+f(y))+

1

4
d2(x, a)+

1

4
d2(y, a)− 1

2
ψη(r, ε) = m− 1

2
ψη(r, ε) < m,

a contradiction.
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This allows us to extend proximal minimization, an established tool of convex opti-
mization, to this uniformly convex hyperbolic setting (the first such nonlinear gen-
eralization, namely to complete CAT(0) spaces, was introduced by Jost [10]). Con-
cretely, we may now define, for any proper, convex, lsc function f : X → R ∪ {∞},
the proximal mapping of f , Proxf : X → X, by putting, for any a ∈ X,

Proxf a := argminx∈X

(
f(x) +

1

2
d2(x, a)

)
,

and, for any λ > 0, the proximal mapping of f of order λ, Proxλf : X → X, by
putting, for any a ∈ X,

Proxλf a := Proxλf a

= argminx∈X

(
λf(x) +

1

2
d2(x, a)

)
= argminx∈X

(
f(x) +

1

2λ
d2(x, a)

)
.

Proposition 5.6. Let f : X → R ∪ {∞} be a proper, convex, lsc function and
a ∈ X. Then a is a minimizer of f iff it is a fixed point of Proxf .

Proof. From left to right, we have that, for any x ∈ X,

f(a) +
1

2
d2(a, a) = f(a) ≤ f(x) ≤ f(x) +

1

2
d2(x, a),

so a = argminx∈X

(
f(x) +

1

2
d2(x, a)

)
= Proxf a.

From right to left, we have that, for any w ∈ X,

f(a) = f(a) +
1

2
d2(a, a) = f(Proxf a) +

1

2
d2(Proxf a, a) ≤ f(w) +

1

2
d2(w, a),

so, for any x ∈ X and any t ∈ (0, 1), using the convexity of f ,

f(a) ≤ f((1− t)a+ tx) +
1

2
d2((1− t)a+ tx, a) ≤ (1− t)f(a) + tf(x) +

1

2
t2d2(x, a),

so, by dividing by t,

f(a) ≤ f(x) +
1

2
td2(x, a),

and, by taking t→ 0, we obtain the conclusion.

In [3], the authors of that paper explore a plethora of results around proximal
mappings with Young functions in uniformly convex Banach spaces. Investigating
their extension to complete UCW -hyperbolic spaces would be a natural continuation
of the present paper.
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