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We establish a sharp form of a nonlocal quantitative isoperimetric inequality involving the barycen-
tric asymmetry for convex sets. This result can be seen as the nonlocal analogue of the one obtained
by B.Fuglede [Lower estimate of the isoperimetric deficit of convex domains in R" in terms of
asymmetry, Geom. Dedicata 47/1 (1993) 41-48]. A main tool in the proof is an estimate from
below of the fractional perimeter by a negative power of the inradius for convex sets.
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1. Introduction

Quantitative isoperimetric inequalities have recently attracted considerable interest.
The fundamental question of this research line is simple to state. It is well known
that, among all sets with a given volume, the ball uniquely minimizes the perimeter,
one may ask whether a set that nearly minimizes the perimeter must itself be close,
in some precise sense, to a ball. Therefore, the goal is to establish a quantitative
relation linking the perimeter excess of a set to its geometric proximity to a ball.

To formalize this, we recall the notion of the isoperimetric deficit of a set £ C R,

defined as
P(E) — P(B(m))

P(B(m)) ’

(F) :=

where P(-) is the perimeter in the sense of De Giorgi and B(m) denotes the ball
centered at the origin with volume m = |E|. We point out that it is, by definition,
scale invariant. Next, we need an index that measures how far a set is from being a
ball, which leads to the definition of asymmetry. In literature, different notions of
asymmetry have been introduced, all of which are scale invariant by definition.

One possible choice is the Hausdorff asymmetry, defined by

A (E) = inf{d(E’ (T;'F(m))) ze R”},

where d denotes the Hausdorff distance; see, e.g., [17, Subsection 3.2].
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Indeed, after some first contributions in the planar case [1, 3], in higher dimensions
Fuglede [15] proved that for any convex set E, up to explicit multiplicative con-
stants depending on the dimension, one can estimate the Hausdorff asymmetry by
a suitable power of the deficit §(E), with the correct order of magnitude as 6 — 0.

However, it is not difficult to recognize that the Hausdorff asymmetry is a too strong
notion when dealing with general sets of finite perimeter; see, for instance, [17,
Section 4] for an explicit counterexample. As first recognized by Hall in [20], the
Hausdorff asymmetry can be replaced by the Fraenkel asymmetry indez:

A(E) := min { |EA($|J];|B(m))’ Lx € R”},

where we denote by "A” the symmetric difference, that is, for any pair of sets A
and B in R", AAB := (A\ B)U (B \ A). With this notion of asymmetry, as first
proved in [18], the sharp quantitative isoperimetric inequality states that, for any
set F of finite perimeter,

AME) < Cr(n)v/o(E), (1)
where C'r(n) is a constant depending only on the dimension n. Inequality (1) has
then been reproved with different techniques; see, for instance, [13, 8].

Another notion of asymmetry, which is the one we focus on in this article, is the
so-called barycentric asymmetry, defined by

‘: |EA(bar(E) + B(m))|
' |E| ’

Ao(E)

where bar(F) denotes the barycenter of E. So, while with the Fraenkel asymmetry
the optimal ball is chosen to minimize the volume of the symmetric difference with
the set, in the case of the barycentric asymmetry the ball is simply the one cen-
tered at the barycenter of the set. This is a strong and somewhat arbitrary choice;
however, it is reasonable to expect that in most cases if a set F is very close to a
ball, then the center of this ball cannot be too far from the barycenter of £. Work-
ing with the barycentric asymmetry thus becomes very convenient, since it avoids
the need for an optimization procedure. For instance, in numerical approximations,
it is clearly computationally much more efficient to compute the barycenter and
then evaluate the volume of the symmetric difference, rather than performing a
minimization process.

The corresponding sharp quantitative inequality, proved by Fuglede in [16], reads as
Ao(E) < Cp(N)VO(E), (2)

whenever E is a convex set of finite perimeter. Observe that, as in (1) and unlike
the case of Hausdorff asymmetry, the sharp exponent in the deficit is again %

As with the Hausdorff asymmetry, also with the barycentric one the inequality (2) is
not valid for general sets and the same counterexample can be used to prove it, see
[19, Section 1]. However, recently, the estimate (2) has been extended under weaker
geometric assumptions. In [2], the authors showed that there exists a universal
constant Cgoy such that, for every connected set £ C R2, one has

M(F) < CgeuVo(E).
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Moreover, in [19] it was proved that, for every n > 2 and every D > 0, there exists
a constant C(n, D) such that, for any set £ C R” with diam(E) < D|E|"/", it holds

M(E) < C(n, D)\/3(E).

Motivated by these results, in this paper we focus on convex sets and aim to extend
the barycentric quantitative isoperimetric inequality (2) to the fractional setting.
The notion of nonlocal perimeter was introduced in [6].

Given s € (0, 1), the s-perimeter of a measurable set ¥ C R" is defined as

= [ [ e 3)

The study of fractional perimeters is motivated by several applications. They nat-
urally arise as nonlocal generalizations of the classical perimeter, interpolating be-
tween the Lebesgue measure and the De Giorgi’s perimeter functional, see, e.g., [23].
Moreover, fractional perimeters appear in models with long-range interactions, such
as phase transitions, dislocation dynamics, and nonlocal diffusion processes, see [5].

The isoperimetric property of balls for the nonlocal perimeter was established in
[14]: for any measurable set £ C R" with |E| = |B(m)|, one has

Py(B(m)) < Py(E), (4)

with equality if and only if E is a ball. The sharp quantitative version of the
isoperimetric inequality (4) was later proved in [12]. For every n > 2 and sq € (0, 1),
there exists a positive constant C'(n, sq) such that

/\<E) < O(n7 SO) 6S(E)7 (5)

whenever s € [sg, 1] and 0 < |E| < oo, where

6,(E) = 2B with [B(m)| = |B,

is the s-isoperimetric deficit.

The aim of this note is to initiate the study of barycentric quantitative isoperimetric
inequalities in the fractional setting, focusing on convex sets. More precisely, we
establish a lower bound for the s-isoperimetric deficit in terms of the barycentric
asymmetry, valid for any convex set in R".

Our main result is the following.

Theorem 1.1. For any s € (0,1) and any convex set E C R™ with finite measure
and nonempty interior, there exists a constant C, depending only on n and s, such

that E) < C /3.0, (©)

Although in this note we focus on convex sets, the proof works as well for nearly
spherical sets, see Remark 4.1. This is a key point for extending the result to a
broader class of sets. However, as in the local case, we point out that a barycentric
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isoperimetric inequality cannot hold without additional assumptions on the class of
admissible sets (e.g., equi-boundedness). Indeed, consider the set E as the union
of a ball of radius slightly less than one and a second ball of very small radius e
placed sufficiently far apart so that the barycenter lies outside the set £ and total
volume equals that of the unit ball. In this configuration, we have Ao(E) = 2, while
Is(F) ~ s,

We finally point out the recent paper [7] where the authors show some barycen-
tric quantitative inequalities in capillarity problems, with techniques which may be
adapted to the nonlocal case.

The paper is organized as follows. In Section 2 we will recall standard facts about
fractional Sobolev spaces. In Section 3 we will prove a continuity result for the
s-isoperimetric deficit in terms of the barycentric asymmetry. Finally, in Section 4
we will prove our main result, that is, the lower bound of the s-isoperimetric deficit
in terms of the barycentric asymmetry.

2. Setting and main result

In this section, we recall some basic facts about the fractional perimeter and the
corresponding isoperimetric properties of balls.

From (3), it is easy to see that the s-perimeter is translation and rotation invariant,
and for any A > 0, there holds Py(AE) = N"*Ps(E). Moreover, note that for sets
with finite s-perimeter it holds

// |x — |n+‘? dCCdy - // |XE n+€( )|d37 dy = [XE]WS 1(R7),
R2n R2n JC — |

where [Xg]ws1@n) denotes the Gagliardo TW*!-seminorm of the characteristic func-
tion of E and W*!(R") is the fractional Sobolev space defined by

WL (R = {u € L'(R") //R2 |x_ |n+s Ju(@) ~ uly)| dxdy < oo}

Since for s € (0,1) the space BV (R") is embedded in W*!(R™), see [21, Proposition
2.1] the s-perimeter of F is finite if E has finite De Giorgi perimeter and finite
measure. On the other hand, P;(E) can be finite even if the Hausdorff dimension of
OF is strictly greater than n — 1, see, for instance, [21, Theorem 1.1]. In particular,
since convex sets are of locally finite perimeter (and bounded convex sets are of
finite perimeter), convex sets are of locally finite s-perimeter (and bounded convex
sets are of finite s-perimeter).

Furthermore, the s-perimeter can be seen as a fractional interpolation between the
De Giorgi’s perimeter (recovered in the limit s — 1) and the n-dimensional Lebesgue
measure (corresponding to s — 0). More precisely, it can be shown

h}l} (1 —s)Py(F) =w,_1 P(E), (7)
where P(-) is the De Giorgi perimeter and w, ; = H" }(0B). The asymptotic
result (7) was first obtained by combining the seminal work by Bourgain, Brezis
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and Mironescu [4, Theorem 3 and Remark 4] with a result by Dévila [9]. On the
other hand, as a consequence of a result by Maz’ya and Shaposhnikova, that is, [22,
Theorem 3], we have, for any set F of finite measure and finite s-perimeter

lim sPs(E) = nw,|E|,
s\0

where w,, = |BJ|. In order to deal with the barycentric quantitative version of the
isoperimetric inequality (4), we recall the notion of asymmetry that we will use in
the following.

Definition 2.1. Given a set £ C R" with positive measure, we define the barycenter
of E as

bar(E) = ][ xdx,
E
and the barycentric asymmetry of E as

|EA(bar (B) + B(m))]
2 ’

M(F) =
where, as above, B(m) denotes the ball centered at the origin and with the same
volume as E. O

From the above definition, for every £ C R", we clearly have
AME) < M(E) <2

As in the local case treated in [8], the starting point to prove (5) is a Fuglede-type
result, for nearly spherical sets, see [12, Theorem 2.1].

Definition 2.2. An open and bounded set £ C R"™ with |E| = | B| and barycenter
at the origin is nearly spherical if

OF = {(1+u(z))z |z € OB}

for some u € Wh*(9B) with ||ul|w1e(op) sufficiently small. O

Theorem 2.3. There exist two constants €g € (0,1/2) and ¢y > 0, depending only
on n, such that, if E is a nearly spherical set with ||u||w1.@q) < €0, then

P,(E) — P,(B) > ¢ ([u]%;s + 5 Py(B) ||u|@2(83)) . Jorallse (0,1), (8)

where the Gagliardo seminorm [u]% is defined as

// ‘U ) —u(y )| d/}_[n 1d%” 1
oBxop 1€ —yI"t
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3. Preliminary results

The aim of this section is essentially the reduction to the small-deficit regime. In
other words, we prove that for convex sets, if the s-isoperimetric deficit is sufficiently
small, then the barycentric asymmetry must be small as well. The proof of this fact
is divided into two steps. First, we prove that the statement holds for uniformly
bounded sets, and then we prove that convex sets with small deficit are uniformly
bounded. In what follows we will denote by @); the cube of side (.

Lemma 3.1. Let [ > 0 and s € (0,1) be given. Then, for every € > 0 there exists
n =n(n,s,l,e) such that, for any set E C Q; with volume |E| = w,, and barycenter
at the origin, if 0s(E) < n holds, then M\o(E) < €.

Proof. Fix a positive € and assume by contradiction that such an 1 does not exist.
Then there exists a sequence of sets {E;} such that:

. For every j € N, E; C Qy;

o  Forevery j € N, |E;| = w, and bar(E;) = 0;

. 0s(Ej) — 0 as j — +o0;

. For every j € N, it holds A\o(E;) > ¢ > 0.

Hence, the yp,’s are uniformly bounded in W'*(Q;) with

Sup/ / ‘XE](z)7XEj(y)|dxdy< 100
QuJQu

jeN |z — y|"Ts

and so, due to [11, Theorem 7.1], and recalling that every E; is contained in @Q);, we
can assume, up to a subsequence, that

XEj — XE

strongly in L', as j — oo, for some set E of finite s-perimeter. In particular, the
limit £ will have volume

1Bl = |Ixellpr = lim |[xg ]2 = wn,
J—+o0

and, by the Dominated Convergence Theorem, the limit set £ will have barycenter
equal to 0. Moreover, its fractional perimeter will satisfy

Py(E) < liminf P,(E;) = Ps(B),

J—+oo

since d5(E;) — 0 and the fractional perimeter is lower semicontinuous with respect
to the L'-convergence. Hence, by (4), we conclude that £ = B and so |E;AB| =
Ixe—Xxg, ||z = 0, which contradicts the assumption that A\o(E;) = |E;AB|/w, > ¢
for any j € N. [

Now, we recall some classical notions and results concerning support and separation
of convex sets. For further details, we refer to [25, Section 1.3].

Let E C R" be any set and let H C R" be a hyperplane. Let us denote by H* and
H~ the two closed halfspaces bounded by H. We say that H supports E at a point
zifx € ENH and either EC H" or E C H™.
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Moreover, H is called a support hyperplane of E if it supports E at some point x,
which is necessarily a boundary point of E.

Let H,, be the hyperplane passing through p, orthogonal to the direction u € S*~*.
If H,, supports E at p € OF and

EcCH;,={yeR": (y—p,u) >0},

then HJ , is called a supporting halfspace of £ and u is called an outer unit normal
vector of both H,, and H,f .

For any closed and convex set £ C R" there exists a support hyperplane of E
through each boundary point of E (see, e.g., [25, Theorem 1.3.2]).

Remark 3.2. Let £ C R" be a convex set with nonempty interior and 0 < |E| < occ.
Then E must be bounded. Indeed, let p € int(E), then there exists € > 0 such that
B(p,e) C E. Assume by contradiction that E is unbounded. Then there exists a
sequence () C E such that ||z — p|| — oo. For each k € N, by convexity,

conv (B(p,e) U {ax}) C E,

where conv (B(p,e) U {zx}) denotes the convex hull of B(p,e) U {z;}, i.e. the inter-
section of all convex subsets of R” containing B(p,e) U {x}}. Therefore,

1 _
|E| > |conv (B(p, e)U {xk})| > - Wn—1 e ok — pll — o0,

which contradicts the assumption |E| < oo. O

In the next result, we show that convex sets with small deficit satisfy the hypotheses
of Lemma 3.1. To the best of our knowledge, related results may already exist in the
literature, possibly in different frameworks. However, since we could not locate a
specific reference addressing this setting, we present a self-contained argument. As a
byproduct, our approach highlights a relationship between the fractional perimeter,
the volume, and the inradius for convex sets (see equation (12) below), which might
be of independent interest.

Proposition 3.3. There exists a constant | = Z(n, s) such that, for any convex set
E with nonempty interior, |E| = w, and §s(FE) < 1, there holds

diam(E) < .

Proof. Since E is convex and |E| < 400, for any x € E there exists p € F such
that |z — p| = dist(z, 0F) =: d. We claim that

(x—py—p)>20  foranyyek,

as shown in Figure 1.

p
/NE

~Y

K-

Figure 1: The angle xpy is acute for any y € E.
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Indeed, assume by contradiction that there exists y € F such that (z—p, y—p) < 0.
Now consider the line through p and y, i.e. ; :=p+t(p—y) with t € R. For t > 0
sufficiently small, since (x — p, y — p) < 0, we have

|2

lz—z)* = [(x—p)—tlp—y)|* = |z —p|*+2t (z—p, y—p) + |y —p[> < |z —p|* =

which implies that x; € B(z,d) C E. Hence, we have x; € int(F). But since y € F
according to [24, Theorem 6.1], we must have p € int(E) leading to a contradiction.

Thus, in particular, the hyperplane
H:={yeR": (y—p, z—p)=0}

is a supporting hyperplane to E at p, and its inward unit normal vector is u = ;:g E

Consequently, up to a set of measure zero,

H =H,,={yeR"|(y—p,u) <0} C E".

dy dx dy
//c |.17— |n+s /E/Iil |l‘—y|”+5 dl’ (9)

Now, up to rotations and translations, we may assume that we have u = —e,, and
p = —dist(x,0F)e,. Then, it holds

- =yl {yn<—dist(z,08)} V"

By writing y = (¢/, y,) with ¢/ € R"™! and y,, € R, we find

—dist(z,0F) ,
d d
/ 'r:Ly+s _/ / /12 Y oy nts dyn
{yn<— dist(,0E)} 1Y oo re-1 (Y2 +92)%
B /—dist(w,BE) 1 / dy dy
. [Ynl™Hs Jner (£ + 1)

_ /+OO dyn / dZ/ Qp s (10)
dist(z,0F) |yn‘1+s Rn—1 (|Z’|2 + 1)"+5 dlSt((E OF)s

for some constant «,, s > 0, depending only on n and s, where in (10) we used the

Then, we have

change of variable 2’ = y . By inserting this in (9), we get

dx
Ps(E) > an’s/Edist(x,aE)s' (11>

Let rg be the inradius of E. In light of Remark 3.2 we have rp < oo and for any
x € F, dist(z,0F) < rg. Hence by (11) we infer

P(E) > an., é‘ = (12)

Moreover, since d5(E) < 1 we have Ps(F) < 2P;(B) which together with (12) ensure

7@2Q&g). (13)
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Now we claim that there exists a constant ¢, > 0, depending only on n, such that
wp = |E| > c,ryt diam(E). (14)

Then (14), together with (13), gives

. 1 Wn Oty e

concluding the proof, since the right-hand side depends only on n and s.

Therefore, we have to prove only (14). By the definition of inradius, there exists

xg € E such that B(zg,rp) C E. Let g € OF and z; € OF such that |x; — x| =

diam(E). Then, at least one between xy and x; has distance from zp at least dh%l(E).

Indeed, if this is not the case, we would have

diam(FE) 4 diam(FE)

5 5 = diam(E)

diam(E) = |xg — 21| < |vg — xp| + |21 — 25| <

which gives a contradiction. Thus, up to interchanging the roles of zy and x|, we

diam (E :
can assume |rg — xg| > %() By convexity, we also have

conv (B(zg, ) U {x}) C E.
Hence,

diam (F) wy, 1 rly !
2n

1 _
< ﬁ\x —zp|w, st < Jeonv (B(zg, re) U{ze})| < |E| = w,

which implies (14), with ¢, = “5=*. O

4. Proof of the main Theorem

In this section, we prove Theorem 1.1, following the strategy of Fuglede [16].

Proof of Theorem 1.1 Since the quantities \g(F) and J5(E) are scale invariant,
we can assume without loss of generality that |F| = w,. Up to translation, we may
also assume that bar(E) = 0. Since A\o(E) < 2, the inequality (6) immediately
follows for sets E such that d,(E) > 1, by choosing C' > 2.

Hence, from now on, let us consider a convex set E with volume w,, and barycenter
at the origin, such that d,(E) < 1. Since E is convex and bounded (as it has finite
measure), we can parametrize its boundary as

OE ={(1+u(z))z|z € dB}

for some Lipschitz function v : 9B — (0, 00).
Let d(F) be the Hausdorff distance between E and B, i.e.

d(E) :=inf{7>0: Ba_r, CEC B4}

where (1 —7); := max{1 — 7,0}.

We will divide the proof into two steps.
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Step 1. First, let us assume that d(E) < a, for some a to be chosen later. In this
case we have

wndo(E) = |E\ B[+ |B\ E|
:/ (14 u(z)" = DdH" +/ (1= (14 u(2)")dH"
{u>0} {u<0}

- [ s utoy - awe < [ Z (1)t

< Z( Yl [ jutwlar,

where in the last inequality we used that |u| < a since d(F) < a. From this last
estimate we obtain (a1
a)” —
T“uuLl(ag). (15)
Moreover, by [15, Lemma 2.2] we know that ||Vul||z=@p) = O(y/a). Consequently,
up to choosing a sufficiently small, we may assume that E is nearly spherical with
|u|lwieom) < €0 Where &g is the constant appearing in Theorem 2.3. Hence, by
equation (8), it follows

P,(E) — P, <//83 N ‘If () = v gayn-1gpyn=1 + spy(B )HUH%Q(%))

cosPs(B)
0L 2 (16)

Mo(F) <

> COSPS(B)HUH%Q((?B) >

where ¢y depends only on n, and in the last inequality we used Holder’s inequality.
Combining (16) with (15), we find

wpa’cys
55(E) > n(<1+a—)no_1)2)\0<E)27

for some universal constant a > 0 sufficiently small.

Step 2. Since §,(F) < 1, by Proposition 3.3, there exists | = [(n,s) such that

E C Q. Moreover, by [16, p.45-46], we know that d(F) = O()\(E)n%l) Therefore,
thanks to Lemma 3.1, we can choose 15 = n(l, s,n,a) > 0 such that, if §5(F) < n;,
then d(F) < a where a is the constant from Step 1. Thus, by Step 1, we infer that

2
0 (E) > —“n® 0% )\ (E)? if 0,(F)<mn,.
( >_n((1+a)”—1)2 o(E) i (E) <n

On the other hand, if d;(F) > ns we have, recalling that \o(E) < 2,
0.(E) = IM(E)?if 6,(B) =,

which concludes the proof by setting

1/2 n _ 2
C = max { n 1(/(21 +172) 1), } ) O
wn “acy “s1/2 \/m




C. Gambicchia et al. / Barycentric Stability of Nonlocal Perimeters ... 205

Remark 4.1. It is clear that the proof of Theorem 1.1 works, not only for con-
vex bodies, but also for nearly spherical sets E, as in Definition 2.2, such that
ullwie@p) < €0, where g9 € (0,3) is the constant of Theorem 2.3. Indeed, by
retracing Step 1 of the proof of Theorem 1.1 and recalling that d(E) < &y, we have!

2
5.(F) > W05 N\ (E)?, f c (0,1). O
( )_n((lﬂo)n_l)g o(E)”, for any s € (0,1)

Remark 4.2. Let us fix s € (0,1) and t € (s,1). By [10, Theorem 1.1] there exists
a constant D := D(n, s,t), which is bounded as t /1, such that
0(E) > D dos(E).

Combining this estimate with the result of Theorem 1.1 we find

Mo(E) < fﬁ 5.(E), (17)

for any t € (s,1). Moreover, taking into account (7), we have that §;(E) — 6(E) as
t /1. Hence, taking the limit as ¢t 1 in (17), we recover

N(E) < — 29 /50E. 18
o(B) < A2 /5TE) (18)

for any convex set £ with finite measure and any s € (0,1). Here D*(n, s) is defined

as
D*(n,s) = limsup D(n, s, t)
¢

and the constant y(n, s) is given by

(n,s) =m {n1/2((1+a)n—1) 2 }
v(n, s) = max RIEERTIE S &
with @ > 0 universal (depending only on n) chosen as in Step 1 of the proof of
Theorem 1.1 and 7 defined as in Lemma 3.1. Note that (18) is consistent with the
results obtained in [16], [2] and [19].
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parametrization of OF, that for nearly spherical sets exists by definition.
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