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We investigate abstract convexity generated by the coupling function

o(z, A) = |A[z]?|, zeR", Ae L2 (R"R).

sym

We study the p-convexity of four classes of sets: subsets of R™, subsets of £, epigraphic subsets of
R™ x R and epigraphic subsets of £ x R. We show that all families consist of closed, star-shaped
sets and subsets of £ and £ x R are convex. For epigraphic subsets of X xR, we derive a condition
partially characterizing them in analogy with classical convexity, where line segments are replaced
by parabolas. In the one-dimensional case we obtain a complete characterization.
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1. Introduction

Abstract convexity theory, also called convexity without linearity, is a far-reaching
generalization of classical convexity. It replaces affine half-spaces and affine functions
in the definition of convex objects, such as sets or functions, with more general, not
necessarily geometric, objects. This approach allows one to recognize a variety of
situations as a special case of abstract convexity. Although it is quite general, it
still allows for the definition of basic concepts from classical convexity, including
(abstract) convexity of sets, convexity of functions, conjugation, and subdifferential.

The purpose of this paper is to study the properties of abstract convexity of subsets
with respect to the coupling function (y-convexity for short) defined by

p: X x LR, oz, A) =|Alz],

where X = R" and £ = £2, (R",R). We will work within the framework presented

sym
in the book by I. Singer [11], applying it to our specific case.

We study the ¢-convexity of four classes of sets: subsets of X, subsets of L, epi-
graphic subsets of X x R, and epigraphic subsets of £ x R. These classes of sets are
defined as the intersections of sublevel sets (resp. of epigraphs) of certain families
of functions induced by the coupling function ¢.

The main result of the present paper is to identify the fundamental properties of
each of the four classes. These include the following observations: all four families
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consist of closed and star-shaped sets; ¢-convex subsets of £ and £ x R are convex.
Moreover, for epigraphic subsets of X xR, we provide a condition that gives a partial
characterization in the form analogous to classical convexity, replacing segments by
parabolas. We also analyze the relations between subsets of X and X x R, and
between subsets of £ and £ x R. Additionally, in the special case X = R!, a
complete characterization is given.

For each class of sets considered, we provide examples that illustrate what (-convex
sets look like. We also present examples of sets that satisfy necessary conditions
but fail to be ¢-convex. In such cases, we discuss the obstacles and provide some
remarks on possible forms of sufficient conditions.

This work is the first in a planned series of papers; subsequent papers will focus on
p-convexity of functions, conjugate functions, and the subdifferential.

At least two other approaches to abstract convexity are presented in the monograph
[10] by A.Rubinov and in [9] by D.Pallaschke and S.Rolewicz. It seems that all
three approaches lead to the same results, at least within the scope of this paper.
The choice of [11] is due to its convenient and comprehensive treatment of abstract
convexity for the purposes of this work. For the reader’s convenience, all relevant
definitions and theorems used in this paper are collected in the Appendix.

The main motivation for this study arises from several questions posed in the recently
published work [8]. That paper examined the second-order differentiability of the
modular

Rg(u):/QG(u) dx

in the Orlicz space LY(Q,R) and the Orlicz-Sobolev space W!LY(Q,R). Here,
G: R™ — R is a G-function, i.e., it is convex, even and nonnegative. Let H: £ — R
be the Fenchel-Moreau conjugate of G with respect to ¢

H(A) = sup{p(z, A) — G(x)}

zeR™

It was shown in [8] that if G satisfies certain growth conditions and its second
derivative belongs to the Orlicz space generated by the Fenchel-Moreau conjugate
H of G, then the modular Rg is twice differentiable. To obtain this result, the
reasoning was set within the framework of abstract convexity generated by the
coupling function .

Despite the positive result, several questions arise. One concerns the form of the
necessary condition for second-order differentiability, denoted as (A3) in [8] which
reads:

there exists M > 0 such that H(MD*G(x)) < G(v2x) for all z € R™.
This condition is implied by

(K) there exists a function K : R" — (0, 00) bounded away from 0 such that
K (x0) (D*G(0)[z]* — D*G(x0)[z0]?) < G(x) — G(mp) for all z,z9 € R™.
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Condition (K') means that K (z¢)D?G(z0) is an element of the abstract subdifferen-
tial of G at xg, that is, the set defined by

0°G(wo) = {A € L: p(x,A) — @20, A) < G(2) — G(20)}-

The geometric interpretation of (K) is that G' can be approximated by the family
of quadratic functions of the form

x> ¢ (2, K(10) D*G(x0)[0]?) + 1 = |K (20) D*G(z0)[x]?| + 7

In fact, G is the pointwise supremum, or the upper envelope, of this family. In the
framework of ¢-convexity, this means that G is a p-convex function.

There is a direct analogy with the well-known results from convex analysis, see
for example [6]. Recall that for a convex and differentiable function f: X — R,
its gradient Vf(xg) is an element of the subdifferential 0f(xy) and the following
inequality holds for all x,xy € R™:

(V[f(zo),z) = (Vf(20),20) < fl2) — f(0)

This is a direct consequence of convexity and differentiability of f. Geometrically,
f can be approximated by some family of affine functions. It can be shown (e.g.
2, 3]) that the gradient of a G-function G belongs to the Orlicz space generated by
the convex conjugate of G, which is the dual space of LY, and that the modular is
differentiable on Orlicz space LY. Moreover, G*(VG(x)) < G(2z) holds.

All these results can be obtained from the basic properties of the convex conjugate
and the definitions of G-function and of Orlicz space. Therefore, the connection
between the gradient of GG, the subdifferential and the differentiability of modular
in Orlicz spaces can be viewed as a fundamental property of G-functions. Note that
the condition similar to (A3), i.e., G*(F,(z,u,v)) < a(u)(b(x) + ¢G(v)), is one of
the differentiability conditions for the more general functional [, F(z,u,v)dz on
the Orlicz space. We refer the reader to [2, 3, 4, 7] for more details.

Comparing these two cases, one may conjecture that just as convexity is essential for
first-order differentiability, ¢-convexity is essential for second-order differentiability
of the modular on Orlicz spaces. In particular, it can be supposed that condition
(K) (or (As)) is an inherent property of these G-functions that are simultaneously
p-convex. Moreover, it also likely that theorems characterizing twice differentiable
functionals in Orlicz spaces can be formulated in a manner analogous to existing
characterizations in Lebesgue spaces. See, for example, the books by Dudley and
Norvaisa [5] or Appell and Zabrejko [1]. The latter book provides partial affirmative
answer for Orlicz spaces.

To resolve conjectures formulated above, a more detailed investigation of ¢-convexity
is necessary. This involves the study of abstract convex functions, their abstract
conjugates and abstract subdifferentials. It turns out that this also requires studying
of abstract convex sets and the epigraphs of abstract convex functions.

The reason is that, similarly to the classical theory, a function is ¢-convex if and
only if its epigraph is p-convex. Also, the sublevel sets of abstract convex function
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are abstract convex. The abstract subdifferential of a function also has its counter-
part: every element of the subdifferential defines a supporting “hyperplane” of the
epigraph, hence some knowledge of the geometry of the epigraph is needed.

One of the notable differences from the classical theory is that the notions of abstract
convexity for an epigraph and for a subset of the domain of a function are different.
This difference is explained in the Appendix and in the final remarks in Section 4.

Moreover, the study of the abstract convexity of a function and its conjugate leads
to the abstract convexity for X x R and £ x R, which is different in these cases.
Therefore, it is necessary to analyze each of these cases separately.

Let us announce that, at least in the one-dimensional case, the conjecture stated
earlier appears to be true. A twice differentiable p-convex G-function has its second
derivative in the abstract subdifferential and a condition similar to (As) holds. The
proof of this result will be presented in a forthcoming publication.

Regardless of the main motivation, the geometry and properties of this instance of
abstract convexity (i.e., generated by the coupling function ¢) are interesting on
their own right. One can view these sets and functions as being approximated by
quadratic functions, in direct analogy to classical convexity, where convex sets and
functions are approximated by affine functions. This suggests the possibility that
applications in optimization theory can be found in similar manner as for classical
convexity.

The organization of the paper is as follows. In the Preliminaries we establish a no-
tation and collect some results used throughout the paper. In Section 3 we examine
properties of abstract linear and abstract affine functions. Section 4 investigates
properties of abstract convex subsets of X, X x R, £ and £ x R. In Section 5, we
provide a characterization of abstract convex sets in the special case X = R. In the
Appendix, a short outline of abstract convexity is provided, based on [11, Chapters
1 and 2J.

2. Preliminaries

Let [|-]] and (-,-) denote the standard norm and inner product on R™. We denote
by £ = Egym(R”, R), the space of symmetric bilinear maps equipped with the norm

1Al = sup{|A[]*]: |l=]| <1}

where we abbreviate A[z,z] to A[z]>. We will identify a bilinear map A with its

matrix on the standard basis. For x = (xy,...,2,) € R" and A € £ we will write

A[.CL']Q = Z Aijxixj-
i=1

In some places, for better readability, we will also write z = (a1, ..., ), X = Ajj,
and n
A[x]z = Z OéZOéjXU
ij=1

We introduce an Euclidean structure in £ by equipping it with the Frobenius inner
product.
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Let A, B € L, the Frobenius inner product and the induced norm are given by

(A, B), = tr(ATB) = ZA”BU, and ||Allp = \/(4, A),

i,5=1

ZA%.

1

n
©J=

For z € R" define a bilinear map T, € L by T,[a,b] = (z,a) (x,b). We have

(T, A) - ZAW%—A )?

2,7=1
T Tp =S wnrgy = TP = (00l TR = Tl =
i,j=1
Let V be a normed space. Recall that a subset GG of V' is called
o balanced, if A\g € G, for all g € G, \ € [-1,1],
o symmetric, it G = -G
o star-shaped at g € G, if (1 —N)v+ Mg € G, for all v € G, A € [0, 1].

It follows that G is balanced if and only if G is symmetric and star-shaped at 0. For
a subset F of V' x R we will say that it is

o V-balanced if (Mv,d) € E for all (v,d) € E, A € [-1,1],

o bounded below if there exists D € R such that E C V x [D, 00),
o V-symmetricif (v,d) € E = (—v,d) € E.

Set R = R U {—o00, +00}. For functions in R” we define

o sublevel sets: Sy(f) ={veV: f(v) <d}, deR,

o the epigraph: epi f = {(v,r) € V x R: f(v) <r}.

It is well known that the following properties are equivalent:
e f is lower semi-continuous on V/;

e epifisa closed subset of V' x R.

For any index set I and any {f;}ic; C R" we define

sup{fi:iel} e EV, (sup{fi:i e I})(v) =sup{fi(v):iel}, veV
We adapt the convention that for I = () we have sup{f;: i € I} = —oco. We have

epi (Sup fi) =(epi f- (1)

el el
A subset E C V x R is called epigraphic if there exists a function f: V — R such
that F/ = epi f.
Proposition 2.1. ([11, Proposition 3.4]) A subset E C V x R is epigraphic if and
only if it satisfies the following conditions:
(v,d) € E = {v} x[d,00) C E,
{(v,d,)} C E,d, =d€R = (v,d) € E.
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In what follows, we will need an equation of the parabola passing through two points

in space. Let V =R" v € V\ {0} and let 0 < ¢ty < t; be fixed. Set zy = tov and

r1 = t1v. It is a matter of routine calculations to obtain the equation of the parabola

through Py = (x¢,dp) and P, = (z1,d;) in V x R with axis {0} x R. It is given by
dy —d

VPP - R — X x R, ’)/popl(t) = (t’l),lo(tz—tg)—f—do) . (2)

2 — t2
Observe that vp,p, (to) = (20, do), Yryp, (t1) = (21,d2) and

dy — do
i —t3

dy — do

t2 — 2

(t* —t3) + do = (t* —3) + d,.

The following lemma is an extension of [6, Proposition 1.1.3].

Lemma 2.2. Let Py = (ta,da), P = (tg,dp) and Po = (tc,dc) be three points in
R? with 0 <ty < tp < tc. Then the following conditions are equivalent:
(i)  Pg is below parabola vp,p.;

-t — ot -ty
... doc—da _ dc—dp
(111) t2 —t2 S t2 _t2 .
C A C B

Proof. From t% —t4 > 0 and (2), we obtain

dc —da 2 2 dp—da _ dc—da
dB S t2 _ t2 (tB - tA) + dA t2 _ t2 S t2 _ t2 °
c—la B a4 c—ta

This proves (i) <= (ii). From t% — t% < 0 and (2), we obtain

do —da 9 2 dg —dc do —da
dB S t2 _ t2 (tB - tC) + dc — (t2 _ t2 ) Z t2 _ t2 :
c a4 B —lC c—la
This proves (i) <= (iii). O

We will also need the following simple observation.

Lemma 2.3. Let a,5,ds,dc € R and 0 <ty < tp < tc. Assume that
aty + B <dy and oty + B < de.

Then for all tp € [ta,tc] the point (tpv, atf + B) is below vp, p..

de —
Proof. If 20 d2,4 < « then
tC_tA
do —da _ (ot +B) = (ath +8) _ do = (ath +B)
te—th ~ te —th Tty
do —d
If =S——2 > o then
tC_tA

do —dg > (at%—i—ﬁ)—(ati—i—,@) > (OthB-i-B)—dA
t2, —t2 — t2, — 2 - t2, — 2 ’
C A B A B A

Hence, for all t5 € [ta, tc] the point (tgv, at]+ ) is below vp, p. by Lemma 2.2. [
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3. Coupling function and related concepts

Let X = R", n > 1, and let £ = L2, (X,R). We will work with the coupling
function:

() p: X x L= [0,00), (x,A) = |Af]?].

We will also consider the dual coupling function:
(¥) v Lx X = [0,00), ¥(A z) = A).

In the rest of the paper, as a rule, objects related to the set X (such as subsets,
functions, etc.) will be distinguished by incorporating the symbols X or ¢ into their
descriptions. Similarly, objects associated with the set £ will be identified using the
symbols L or .

In what follows, we refer to the concepts of abstract convexity introduced in the
Appendix. The reader unfamiliar with abstract convexity should consult the Ap-
pendix.

3.1. p-derived functions

The coupling function ¢ induces two families of functions:

Definition 3.1.
Lin(X) = {pa € R*: o4 = (-, A), for some A € L},
Aff(X) = {pa+reR*: o4 € Lin(X), r € R} = Lin(X) + R.

The sets Lin(X) and Aff(X) are called the set of X -linear functions and the set of
X-affine functions, respectively. ]

For further use, below we list some properties of X-affine functions, their sublevel
sets and epigraphs. Let A € £ and r € R then:
e 4+ riseven and continuous,

o (4 is absolute homogeneous of degree 2: p4(A\x) = N2pa(x), z € X, X € R.
Due to the homogeneity of X-affine functions, if d > 0 then Sy(pa) = Sl(gpéA).

Thus, when considering sublevel sets, it is sufficient to consider only the values
d = —1,0,41. However, often it is more natural not to limit the values of d. Note
that sublevel sets and epigraphs of ¢4 and ¢_ 4 are identical.

Observe that for all A € £ we have

hd Sd(SOA) - @7 d < 0)

o Sailpo) =X, d>0;

o {0} € Sa(pa), d > 0;

® epl(gao—i—?“) =X X [T’,OO), TGR;

o {0} x [r,00) Cepi(pa+7r)C X X[r,00), r€R (cf. Theorem 4.9).

If A is semi-definite then @4(x) = £A[z]* and D*pa(z)[h]> = £ A[R]*> > 0. Hence,
if A is semi-definite, ¢4 is convex. If A is not definite then ¢, is not convex.

Therefore, sublevel sets and epigraphs of X-affine functions can be both convex and
NoON-convex.
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If X = R! then the graph of ¢4 + r is an upward directed parabola. In higer
dimensions, roughly speaking, the graph of ¢4 + r is a quadratic hypersurface in
X x R, with its negative part reflected along X. It is easy to check that X-affine
function is convex on any line through the origin.

To get some further geometric intuition on sublevel sets and epigraphs of X-affine
functions, below we examine low-dimensional examples.

Example 3.2. Let X = R, then Sy(p4) is one of the sets: 0, X, {0} or [—a, ],
a > 0. The possible epigraphs of 4 + r are

X x [r,00) and {(x,d) € X x R: ax® +r <d, a > 0},
the latter being a region bounded by an upward opening parabola. [

Example 3.3. Let X = R? and let A € £. We may assume that A[z]? = 2% + ex3,
where ¢ = —1,0,+1. All possible sublevel sets are: (), X, and the sets listed in the
tables below:

if d =0 then Sy(pa) is ..

€ = —1 | a union of two nonparallel lines through the origin

e =0 | aline through the origin
e = +1 | the set {0}

if d > 0 then Sy(pa) is a region ..

¢ = —1 | bounded by two conjugate hyperbolas

e=0 bounded by two parallel lines

€ = +1 | bounded by an ellipse

The epigraphs corresponding to values ¢ = —1,0, 1 are regions bounded from below
by, respectively:

. a hyperbolic paraboloid with its negative part reflected along X,

. a parabolic cylinder,
. an elliptic paraboloid. O

Example 3.4. Let X = R?. Qualitatively different sublevel sets are the empty set,
X and the following:

. for d > 0, a region bounded by: ellipsoid, a one-sheeted and a two-sheeted
hyperboloid, an elliptic cylinder, a cylinder over conjugate hyperbolas, two
parallel planes;

. for d = 0, the set {0}, a cone, two nonparallel planes, a plane through the
origin, a line through the origin. [

For higher dimensions analogous description can be given using eigenvalues of A.
Notably, the variety of possible shapes increases rapidly, making the description of
abstract convex subsets of X and X x R quite involved. We want to emphasize
that the families of sublevel sets in X; = R"*! and epigraphs in R"*! = R" x R are
different, with the only common elements being the empty set and R™*!.
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3.2. -derived functions
The coupling function v induces two families of functions:
Definition 3.5.

Lin(£) = {¢, € R*: ¢, = (-, z), for some z € X},

Aff(L) = {4, +r € RF: ¢, € Lin(L), r € R} = Lin(L) + R.
The sets Lin(£) and Aff(L£) are called the set of L-linear functions and the set of
L-affine functions, respectively. [
For further use, below we list some properties of L-affine functions, their sublevel
sets and epigraphs. Let z € X and r € R then:

e 1, +ris even and continuous,
e 1), is absolute homogeneous of degree 1: ¥, (AA) = |A[1),(A), A€ LLAER
e 1, is convex, since for any Ag, A; and A € [0, 1] we have

Ve (AAL + (1 = N)Ag) = |(ML + (1 = N)Ag)[z]?| <
< AMA[2]] + (1= N)[Ao[2]*] = Mpa (A1) + (1 = N)ihu(Ao)-
Due to the homogeneity of L-affine functions, if d > 0 then S;(¢,) = Sl(wéx)-

Therefore, when considering sublevel sets, it is sufficient to consider only values
d = —1,0,41. However, it is often more natural not to limit the values of d. Note
also that sublevel sets and epigraphs of 1, and ¢ _, are identical.

Observe that for all x € X we have

o Sy(thy)=0forall z € X and d < 0;

e Si(thg) = L for all d > 0;

o {0} € Su(¢hy),d>0;

o epi(thg+r)=LX][ro00),reR;

o {0} x[r,00) Cepi(pa+r) C L x[r,o00) (cf. Theorem 4.29).

Recall from Section 2 that we endowed £ with the Frobenius inner product. For

r = (aq,...,a,) € X, and A represented by a matrix [X;;] we have
<Ta;, A)F = A[l‘]z = Z O[iO[inj.
ij=1

Having this representation, we can provide a geometric interpretation of L-affine
functions and their sublevel sets.

An L-affine function v, (A) = |A[z)*| + r = | (T}, A) .| + r can be considered as an
affine function of the variables X;;, with its negative part reflected along L.

Let d > 0 and x # 0. Then
Sol) = {A € L1 (T, A), = 0}
is a hyperplane through 0 with a normal vector 7T}, and
Sa(tha) ={A € L: [{T1, A)p| < d}

is a region bounded by two parallel hyperplanes in £, orthogonal to the vector T,.
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Note that the direction of T}, is not arbitrary, since only n out of the @ coordi-
nates are independent. Hence, not every hyperplane can occur in the description of

sublevel sets of L-linear functions.

If e, = (0,...,1,...,0) then the hyperplane Sy(v,) is parallel to the coordinates
hyperplane X;; = 0, since (T;,, A) , = X;;. In other cases the direction of the normal
vector is limited to the cone {A € L: X;; >0,i=1,...,n}.

If X =R, then the possible forms of Sy(¢,) are 0, L ~ R, {0}, and intervals of the
form [—a,al, a > 0. In any dimension, the epigraph of 1, + r is equal to £ X [r, 00)
if =0 and it is the analogue of the epigraph of £ — a|| + b if 2 # 0.

Although the above description of L-affine functions, sublevel sets and epigraphs
is relatively simple, it is not entirely satisfactory, and a more refined one could be
considering the specific structure of T,. The rapid growth of the dimension of £
suggests that only an algebraic description is feasible.

4. Abstract convexity of subsets

Let ¢ and v be a pair of coupling functions defined by (¢) and (), respectively, with
corresponding families of abstract linear and abstract affine functions. As described
in the Appendix, these families of functions define four classes of sets:

o Lin(X)-convex subsets of X

o Aff(X)-convex subsets of X x R,

o Lin(£)-convex subsets of L,

o Aff(L)-convex subsets of £ x R.

In this section, we investigate the properties of these four families. For the reader’s
convenience, we will rewrite the definition of abstract convexity and the separation
property using the notation specific to each case.

The general approach presented in the Appendix does not require any assumptions
on either the sets X and £ or the function ¢. Therefore, the obtained results provide
limited geometric or analytical intuitions. In our case, we have equipped the sets
X and £ with a structure of the Euclidean space and the coupling function is given
explicitly. These additional structures allow us to give a geometric meaning to the
abstract concepts and to derive further properties specific to this particular choice
of X, L, and .

4.1. Subsets of X

Definition 4.1. We say that the subset G C X is Lin(X)-convex if
G =[{Su(¢a) € SLin(X) x R): G C Su(a)}.
We will denote by K(X) the family of all Lin(X)-convex subsets of X. O

By Propositions A.6 and A.8, every set G € K(X) has the following separation

property: Va¢c Jaer aer G C Sa(wa) AT & Sq(wa)
or, equivalently, Va¢a Jace Jder Vaea pa(T) < dA @a(T) > d.



J.Maksymiuk / On Abstract Convezity ... 219

The separation property for Lin(X)-convex sets has clear geometric interpretation:
the condition G C Sy(pa) means that G is contained in the set Sy(¢a4), the region
in X = R" bounded by two (possibly degenerate) quadrics, and the point T lies
outside this region. The eigensystem of the matrix of A determines its shape and
the parameter d determines its size.

By Proposition A.5, we have that
Sa(pa) € K(X), forall A€ L and d € R.

This case also includes (), X and {0} € K(X).

Basic properties of Lin(X)-convex sets follow directly from the definition of IC(X)
and the properties of 4.

Theorem 4.2. Let G be a Lin(X)-conver subset of X. Then
. G is closed in X,

o G s balanced.

Proof. The theorem holds if G = () or G = X. Let G be a proper subset of X and

let

G=[VMe, Mec={Sipa): G C Silpa)}.
Since 4 is continuous, Sy(wa) = ©,'((00,d]) is closed and, consequently, G' is
closed. Let g € G and X\ € [—1,1]. For any X-linear function we have p4(Ag) =
Npa(g) < d. Hence, \g € G. O

It follows that a nonempty Lin(X)-convex subset always contains 0, is symmetric,
and star-shaped at 0. Moreover, if x € G then the set G contains the interval
[—1,1]{z}. In particular, the only Lin(X)-convex singleton is {0}.

Intersection of a convex set with arbitrary affine subspace is convex. For a Lin(X)-
convex subset G, this need not be the case. It can be easily seen by considering
the set Sy(pa) with A[z]> = 27 + z3. However, the intersection of Lin(X)-convex
subsets of X with an arbitrary subspace remains abstract convex. Moreover, it can
be viewed as a lower dimensional abstract convex sets.

Proposition 4.3. Let V be a linear subspace of X. Then V € K(X).

Proof. If V = {0} or V = X then the theorem holds. Assume that dimV = k,

where 0 < £k < n = dimX. Let {g1,...,gx} be an orthonormal basis of V' and

let {fi,..., fa_r} be an orthonormal basis of V+. Then for j = 1,...,n — k and
k

r=)_,,g; €V we have

k
Tf] <szngz> = sz <fj,gi>2 =0
=1

Hence, V' C Sp(4;), where A; = T},. Define
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n—k
Clearly, A € L. Tt follows that V' C (7] So(a,) = So(ipa)-

i=1

For the reverse inclusion, observe that if z € Sy(@a,) then (f;,z) = 0 for all j.
Hence, z € (VH): =V. O

It follows that if G € K(X) then V NG € K(X), by Proposition A.5. Abusing the
notation slightly, one can say that VNG € (V).

Proposition 4.4. If x € X then the interval [—1,1]{x} is Lin(X)-convez.
Proof. Letz € X and A € [—1,1]. If 2 = 0 then [-1,1]{z} = {0} € K(X). Assume

that « # 0. Since T[Az]?> = X2 ||lz||* < ||z, we have Az € Syt (r,). Tt follows
that for V' = R{z} we have [-1,1{z} = S|+ (pr,) N V. O

In a similar manner one can show that a rectangle, a cube, and other similar poly-
hedra are abstract convex. See also Proposition 4.5 below.

A Lin(X)-convex set is not necessarily convex in the classical sense. A notable
exception is the case X = R! where K(R!) is the same as the class of closed,
symmetric and convex subsets of R, i.e., closed intervals centered at 0. In higher
dimensions, the class of closed, symmetric and convex sets is a proper subset of

K(X).
Proposition 4.5. If G C X is symmetric, closed and convex then G € K(X).

Proof. We may assume that G is proper. Let T ¢ G. Since G is closed and convex
subset of X = R", there exists s € R" and r € R such that for any z € G

(s,x) <rand (s,T) >
Since G is symmetric, for any x € G' we have (s,z) +7 > 0. Since T # 0 and 0 € G,
we obtain 0 = (s,0) <r < (s,7) and (s,—Z) <0 <r. Thus (s,Z) +r > 0.
Set A = T, then for every x € G we have
oalz) = Alz]? = (s,x)* <r? and 4(T) = A[T)? = (5,7)° > 1.

Hence G is Lin(X)-convex by the separation property. ]

The examples given in Section 3 show that the geometry of Sy(¢a4), and thus of
Lin(X)-convex sets, may be quite complicated. Consider, for example, subsets of
R? that are intersections of Sy (p4,), 1 = 1,2, 3, where A;[z]? = 23 —13, As[x]? = z179
and As[z]* = 22/2 + 23 /2.

Observe that S = {z € R*: max{|z1], |za|} < 1} = S1(1,,))NS1(1,,,) is Lin(X)-
convex. Removing a small part of an abstract convex set may preserve abstract
convexity. For example, the set

SNSi(pa), Alr]=2r; — 25

remains abstract convex. However, if we remove too large a part of abstract convex
set, the resulting set will no longer be abstract convex while still satisfying the
properties given in Theorem 4.2.
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Example 4.6. Let G = {z € R?: max{||z1],|z2|} <1 A (z1 — z2)(z1 + 22) > 0}.
The set G is closed, balanced and bounded. Then every point outside the square
S = {z € R?: max{||z1|,|z2|} < 1} can be separated from G by Si(p4) where
either A = T(O,l) or A= T(l,())'

There also exist points in S \ G that can be separated from G. Obviously, in
such cases, the corresponding sublevel set must be a region between two conjugate
hyperbolas. For example, the point (%,O) can be separated by Sig(pa), where
Alz]* = 2522 — 9x3. This can be easily seen by drawing a picture.

However, G is not abstract convex. In fact, no point on the hyperbola 2z% — 3 = 1
with xo € (—1,1) can be separated from G.

Let T = (21, 22) be a point satisfying 222 — 22 = 1, ; > 0 and 25 € (—1,1). Tt
is easy to check that T ¢ G. Assume there exists A € £ and d > 0 such that
G C Sq(pa) and T ¢ G. Write A[z]? = Ap12? + 2A107109 + Agexs. Without loss of
generality we may assume that d = 1 and that A5 > 0.

Substituting (1,1), (1, —1),(0,1) € G into pa(z) < 1 we get
| A1 4+ 2412 + Ago| < T A A1 — 2410+ Ao < 1T A|Ap| <1

For T = (z1, /223 — 1) we obtain

1< ‘Anx? + 2./4121’1\/ 21‘% —1 + A22 (21’% — 1)‘

We show that this system of inequalities has no solution. Since A5 > 0, we have

2A12{E1\/2$% —1 S A12 (ZL’% + (21’% — ]_)) .

Hence

1 < A11{L’%+2A121’1\/ 2%% — 1+A22(2I% — 1) S AHI% + Alg(?)x% — 1) + AQQ(Q.T% — 1)

5z% — 1
4

1— a3
= (A1 — 2A10+ A) +

1— a2 5a? —1
< 1 1
- 4 + 4

(A1 +2A10+ Ag) + (13% —1)As

+ (23 —1) =227 -1
and

—1> A11Q3%+2A12x1\/ 2.1’% — 1+A22(2I‘% — 1) Z A11$%—A12(3I‘% — 1)+A22(2.§C% — 1)

5x2 —1 1— a2 2
=2 (A1p — 2455+ Agp) + 1 (A11 + 2A10 + Agg) + (27 — 1) A
2 )
> 20l T (a2 1) = (223 - 1),
A contradiction, since 227 — 1 < 1. O

Hence, properties given in Theorem 4.2 do not fully characterize Lin(X)-convex
subsets.



222 J.Maksymiuk / On Abstract Convezity ...

4.2. Epigraphic subsets of X x R
Definition 4.7. We say that E C X x R is Aff(X)-convex if

E = () {epi(pa + 1) € E(Af(X)): E C epipa +1)}.

We will denote by (X x R) the family of all Aff(X)-convex subsets of X x R. [J

By Propositions A.6 and A.8, every set £ € K(X x R) is characterized by the
following separation property:

Vizaer dace Frer E Cepilpa+71) A (T,d) ¢ epi(pa +7)
or, equivalently,
v(j73)¢E Jaec Frer V(ac,d)eE pa(x) +r<d ANpa(T) +7r > d.

The separation property for Aff(X)-convex sets has a clear geometric interpretation:
it means that E lies above the graph of the function x +— [A[z]?| 4-r and the point
(Z,d) lies below it.

It follows from the general theory that @), X x R and
epi(pa+71), A€ LandreR

are Aff(X)-convex subsets of X x R.

Basic properties of Aff(X)-convex sets follow directly from the definition of (X xR)
and the properties of 4 + r.

Theorem 4.8. Let E C X x R be a proper Aff(X)-convex set. Then
. E is epigraphic;

. E is closed in X x R;

. E is X-balanced.

Proof. Define  Wpg = {pa+r € Aff(X): E Cepi(pa +1)}. (3)
By definition, E = ({epi(pa + 1) € E(AF(X)): oa + 1 € Wg}. By (1), the set
E is the epigraph of f: X — R given by f(z) = sup{pa(z) +r: pa + 1 € Wg}.
The set E is closed, since every set epi(p4 + r) is closed. Let (x,d) € E, and let
A € [—1,1]. For every pa + 1 € Wg we have pa(Az) + 1 = Npa(z) +r < d. Hence
(\z,d) € E. O

Since every X-affine function has a global minimum at 0, every proper Aff(X)-
convex subset of X x R is bounded below. Moreover, its lowest point lies on the
R-axis.

Theorem 4.9. Let E be a proper Aff(X)-conver subset of X x R.
Define dp = inf{d € R: J,cx (x,d) € E}, then

e dg=min{d € R: (0,d) € E};

e {0} x[dg,00) C ECX X [dp,00).
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Proof. Set S ={d € R: J,ex (z,d) € E} and Sy = {d € R: (0,d) € E}. Clearly,
So C S. Since E is X-balanced, for every (x,d) € E we have (0,d) € E. Hence,
S C Sy and dg = inf S = infSy. Since F is proper, closed and bounded below
dgp € R. By Proposition 2.1, we get (0,dg) € E.

The second claim follows immediately. [

The restriction of an X-affine function ¢4 + 7 to a line R{v}, v € X \ {0}, is a
quadratic function ¢ — @4 (v)t?+r, possibly degenerated to a constant function. By
examining its epigraph in the radial direction, we can see that it is a region bounded
by either an upward opening parabola or a halfplane. This property is inherited by
Aff(X)-convex sets, which, in the radial direction, are either halfplanes or at least
as convex as parabola. The following theorem clarifies this statement.

Theorem 4.10. Let E € K(X x R) be a proper subset of X x R. For every
v e X\ {0} and every two points (tov,dy), (t1v,dy) € E, satisfying 0 <ty < t; and
dy < dy, we have

() (t) = (tv, i; :520 (t* — 1) + do) € E, for every t € [to, 1]
1 0

Proof. Write v(t) = (tv,q(t)). Suppose that there exists ¢ € (to,t;) such that
(tv,q(t)) ¢ E. By the separation property, there exists an X-affine function @4 + r
satisfying

pa()ty + 1 < do = q(to), pa(V)t] +7 < di = q(tr) and pa(tv) +r > q(D).
By Lemma 2.3, pa(v)t? + 1 < ¢(t) for every t € [ty,t1]. A contradiction. O

The formula (I') describes the arc of an upward opening parabola passing through
the points Py = (tov,dp) and P, = (t1v,d;), with axis {0} x R. Since the set E is
epigraphic and v is convex, the segment joining /) and P, is contained in £. In
particular, by choosing Py = (0,dg), it follows that E is starshaped with respect to
An Aff(X)-convex set need not be a convex subset of X x R. However, if there
exists a family Wy C Aff(X) consisting only of convex functions (i.e., o4 + r with
A semidefinite) such that £ = (E(Wkg) then E is convex. In the case X = R all
Aff(X)-convex sets are convex. Moreover, it turns out that the properties described
above fully characterize Aff(R)-convexity (see Section 5).

The results obtained so far allow us to say that, roughly speaking, an Aff(X)-convex
subset of X x R resembles the epigraph of a function f: X — R that is l.s.c., even,
bounded below and radially at least as convex as a quadratic function. However,
this is not a complete description of Aff(X)-convexity.

Example 4.11. Let X = R2 Define f: X — R by

flar,za) =\ lma(ad — 23)]
and set I/ = epi f. Clearly, E is epigraphic, closed, X-balanced and bounded below.
For every (vi,v) € X \ {0}, we have f(vit,vat) = t2y/|vva(v? — v3)].

Hence, f is radially quadratic and F satisfies (I'), by Lemma 2.3.
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However, E is not an element of (X x R). Let » € R and A € £ be such that
|A[z]?| + r < f(x) for every € X. In particular, for every ¢ € R, we have
t?|Au| 4+ r = |A[(t,0)*| +r < f(£,0) =0,
t*|As| + 1 = [A[(0,)*] +7 < f(0,1) = 0,
2 Ay + 2410 + Ago| + 7 = |A[(t, )] +r < f(t,t) = 0.
It follows that A = 0 and 7 < 0. Since f(1,2) = v/6 > 2, the point (1,2,2) ¢ E

cannot be separated from E. Thus the set E is not an Aff(X)-convex subset of
X x R. [

The argument used in the example above is based on the observation that f is
constant on four lines through the origin, whereas a function x — |A[z]?| +r can be
constant along at most two such directions. However, this is not the only obstacle.

Example 4.12. Define g: X — R by

g1, 12) = |erea(a? + 23)

and set F/ = epig. Clearly, E is epigraphic, closed, X-balanced and bounded below.
For every (vq,v2) € X \ {0}, we have

g(vit, vat) = t2\/|v1f02(v% +v3)].
Hence, g is radially quadratic and F satisfies (I'), by Lemma 2.3.

However, E is not an element of (X x R). Let » € R and A € £ be such that
|A[z]?| + r < g(x) for every x € X. In particular, for every ¢ € R, we have

[ An| +r = [A[(t,0)]| + 7 < g(t,0) =0,

£ Aga| + 7 = [A[(0, )| + 7 < 9(0,8) =0,

t2|A11 + 2A12 + A22| +r = |A[(t,t>]2| +7r S g(t,t) = \/§t2.

x
\/57
Consider P = (1,4,6). Since g(1,4) = 2V17 ~ 8, we have P¢E Ifps+r
separates F/ from P then we must have
€
\/57
A contradiction. Hence E = epig is not Aff(X)-convex. Note that g is constant
only on two lines. [

This yields All = A22 = 0, |A12| S r S 0.

|App| < r<0 and 6 < 8|Ap|+ 1.

The argument used here is based on examining the graph of g on circles and lines,
where this function behaves differently from X-affine functions.

Example 4.13. Let f(z) = [ |lz]|", p > 2. If p = 2 then epi f € K(X x R) since

f:w%IEAff(X). Fix p > 2,7 € X and set

1

Aslal” = 2(p—1)

D@ and =TT f().
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Clearly, pa. +r € Aff(X). It was proved in [8, Section 5.2] that for all z € X

1
2(p—1)

f(x) = f(7) = (D*f@)[2]* — D*f(z)[7]*) -

Note that we have D*f(Z)[z]* = (p — 1) ||Z||”. It follows that f > pa_ + r and

f(@) = va (T) +r. Now, if (Z,d) ¢ E then

epi f C epi(pa, +7) and (7,d) ¢ epi(pa, +1).
Hence epi f € (X x R). O

The above example shows, in addition, that the function f(z) = %H:UHP, p > 2,

is abstract convex and that 2(271_1)D2 f() belongs to the abstract subdifferential

0% f(x). However, this topic exceeds the scope of the present paper and will be
continued in the forthcoming publication, see also [8, Section 5].

Theorem 4.9 shows that every proper Aff(X)-convex set E is contained in the upper
halfspace X X [dg,00) and contains the halfline {0} X [dg,00). These two sets
represent, in a certain sense, the extremal cases for Aff(X)-convexity. Note that

X X [r,00) =epi(po +71),r €R
and {0} x [r,00) = (V{a+r € AfE(X): A€ L},

Therefore, one can say that among the proper subsets of X x R, sets of the form
X x [r,00) are the largest, while those of the form {0} x [r,o0) are the smallest
possible Aff(X)-convex sets. Note that both {0} and X are Lin(X)-convex. In
general, any Lin(X )-convex set generates a family of Aff(X)-convex sets.

Proposition 4.14. Let G be a proper Lin(X)-convezr set and let dgp € R. Then
E=Gx [dE,OO) S ,C(X XR)

Proof. Let (7,d) ¢ E = {(v,d) € X xR: v € G A dg < d}. We show that there
exists an X-affine function that separates E and (Z, d).

Assume first that d < dg and 7 is arbitrary. Then
E C epi(po +dg) A (T,d) & epi(po + dg).

Next assume that dp < d and Z ¢ G. By the separation property for Lin(X )-convex
sets, there exist ¢4 € Lin(X) and r € R such that S,(¢a) separates G from T.
Moreover, for every A > 0 we have

G C Sy (oaa) NT ¢ Sxe(pra)

since Apa4 = @aa. We have p4(T) > r, hence
lim (pa(T) — Ar) = lim A(pa(T) — r) = oc.
A—00 A—r00

Therefore, there exists A > 0 such that 5 ,(T) — A\r > d — dp.
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Hence (7, d) ¢ epi(¢x4(T) + dg — Ar). For any (z,d) € E we have
xa(z) = Ar+dp < dp < d.
Thus E C epi(ps, + dr — Ar). O

Intersection of a convex set with an arbitrary affine subspace is convex. However, this
need not be the case for an Aff(X)-convex subset E. This can be easily observed by
considering the epigraph of p 4 with A[z]* = 24+x3. Nevertheless, the horizontal and

radial slices of Aff(X)-convex subsets of X x R remain abstract convex. Moreover,
these slices can be regarded as lower dimensional abstract convex subsets.

Proposition 4.15. Let E € K(X x R) be a proper subset.

(a) Let D € R and set Illp = X x {D}.
Then IIp N E =G x {D} for some G € K(X).

(b)  Let V be a subspace of X. Then (V x R) N E belongs to (X x R).
If dimV =1 then (V x R) N E is convez.

Proof. (a) For any w4 +r € Aff(X) we have
Ip Nepi(pa+7) = {(x, D): pa(x) < D —r} = Sp_r(pa) x {D}.
Hence
I[IpNE= ﬂ{HDﬂepi(goA—l—r): pa+r € Wg}
= [ V{Sp-r(9a) x {D}: a4+ 1€ W}
— (N{Spr(pa): 9a+7 € Wi}) x {D} = G x {D},

where Wy is defined by (3). Note that G € K(X).

(b) For arbitrary = € X write z = v+u, wherev € V andu € V. Set T[z]? = ||ul|>.
Clearly, T defines an element of £, hence pr € Lin(X). Note that V' = Sy(¢r). By
Proposition 4.14, we have V x [dg, 00) € K(X x R), hence (V xR)NE € (X xR).

Assume that dim V' = 1. Every set (V x R) Nepi(pa + ) is convex. Hence
(VXR)NE = ﬂ{(V x R)Nepi(pa+7r): pa+1r € Wg}
is convex. ]

Abusing slightly the notation, we can say that the horizontal slice IIp N F is an
element of /IO(X) and that (V' x R) N E belongs to (V' x R).

4.3. Subsets of L
Definition 4.16. We say that the subset G C £ is Lin(L)-convez if

G = {Su(¥s) € S(Lin(L) x R): G C Su(¥)} .

We will denote by IC(L£) the family of all Lin(£)-convex subsets of L. O



J.Maksymiuk / On Abstract Convezity ... 227

By Propositions A.6 and A.8, every set G € K(L) has the following separation

property: Vag¢a Joex Jaer G C Sq(z) NA & Sq(Vz),

or, equivalently, Vag¢a oex Jaer Vpea Yo (B) < d NP, (A) > d.

The separation property for Lin(L)-convex sets has a clear geometric interpretation:
the condition G C S4(¢,) means that G is contained in the set Sy(¢,), which is the
region bounded by two parallel hyperplanes with distance d from the origin, and the

point A lies outside this region. The direction of the hyperplane is determined by
x, its normal vector is given by T,.

By Proposition A.5 we have S;(¢,) € K(£), x € X and d € R.
This include also 0, £ and {0} € K(L).

Basic properties of Lin(L)-convex sets follow directly from the definition of (L)
and the properties of 1.

Theorem 4.17. Assume that G is a Lin(L)-conver subset. Then
(a) G is closed in L,

(b) G s conver,

(¢) G is balanced.
Proof. The theorem holds if G = () or £. Let G be a proper subset of £ and let

G = Me, Ma = {Su(ts): G C Salu)}.

Since v, is convex and continuous, Sy(1,) = ¥ *((c0,d]) is convex and closed.
Consequently, G inherits these properties. Let ¢ € G and A € [—1,1]. For any
L-linear function we have ¥, (Ag) = |A|.(g) < d. Hence \g € G. O

Thus (L) is a subclass of all convex subsets of £. It follows that any nonempty
Lin(L)-convex set always contains 0, is symmetric and star-shaped at 0. Moreover,
with every point A it contains interval [—1,1]{A}. In particular, the only Lin(L)-
convex singleton is {0}. In contrast to Lin(X)-convex sets, not every segment in £
is Lin(L£)-convex, as we will demonstrate in the examples below.

A closed ball under the operator norm ||-|| . is abstract convex.

Proposition 4.18. A closed ball B;(0,R) = {A € L: ||A|, < R}, R > 0, is
Lin(L)-conver.

Proof. Let A ¢ B.(0,R), i.e. quc > R. There exists z € X, ||z|| < 1, such that
V. (A) = HZHE > R. For every A € B.(0, R) we have

ba(A) < [|All; < R.
Therefore 1, separates B.(0, R) from A. Hence B.(0, R) is Lin(£)-convex. O

The above result can be obtained directly from the definition, providing a more
geometric point of view, see also Example 4.26.
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Example 4.19. Fix R > 0 and set
G = {Sr(t:): © € Bx(0,1)} C L.

An element A belongs to G if and only if |A[z]?| < R, * € Bx(0,1). Hence
G = B,(0,R).

Another representation is given by
Be(0,R) = [ [{Si(¢x): = € Bx(0,1/VR)}.

This follows from the identity Sr(¢,) = S1(¢,,z)- In fact, in both formulas it is
sufficient to consider only x’s from the boundary. Let us also note that the above
formula remains valid for B.(0,0) = {0} and B.(0,00) = L. O

The properties given in Theorem 4.17 do not characterize Lin(L)-convex subsets.
An exception is the one-dimensional case: if X = R!, then £ ~ R. In this case, the
1-convex sets are precisely intervals of the form [—a, a, o > 0 (see Section 5).

Below, we provide several examples that provide some insight into the geometry of
Lin(L£)-convex sets. We restrict our attention to the case X = R? where £ ~ R3, as
this allows for a more intuitive geometric interpretation. For brevity, we will write

A = (Xq1, X129, Xo2) and x = (g, aa).
The coordinate planes

So(Va) ={A € L: X131 =0} and Sy(v0,)) = {A € L: Xop =0}
are abstract convex, as they are sublevel sets of L-linear functions.

However, the third coordinate plane {A € £: X5 = 0} is not of this form. This is
due to the fact that its normal vector cannot be expressed as T, for any x € X. In
fact, it is not Lin(L)-convex and, moreover, is so uniquely oriented in space that it
cannot be separated from any point by L-linear function.

Example 4.20. Let G = {A € L: X;5 = 0} and let A = (X1, X102, Xo2) ¢ G.
Assunie that there exists x = (o, a2) € X and d € R such that Sy(1,) separates G
from A. Observe that, in this case, necessarily oy # 0 and s # 0. Define
X+ 22X, 0
Ay = o €q.
° 0 Xoo + 1X 12
It is easy to check that 1, (A) = 1,(Ag). However, this gives d <, (A) = 1, (4,) < d.
A contradiction. O

The fact that the plane X5 = 0 is not abstract convex is not due to its unbound-
edness. Even if we replace this plane with its bounded subset, it still fails to be
abstract convex.

Example 4.21. Let A = (XH,O,XQQ)7 X11X99 > O_and Z = (O, \ XHXQQ,O). As-
sume there exists Sy(1),) that separates {A} from A. As before, it must be that
a1 # 0 and as # 0. We have

%( ) |O./ Xll + « X22| < d ’gbx 2’&1012|\/X11X22 > d.
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This system has no solution. Hence, the set {A} cannot be separated from A. An
analogous result holds for the case X1 X9 < 0.

It follows that any set G C L satisfying A € G and A ¢ G is not Lin(£L)-convex. In
particular, no segment containing a point (X1, 0, Xo2) with X713 Xs9 # 0 is abstract
convex. Il

The previous example covers almost all sets that lie entirely on the plane X5 = 0,
but also many sets that are “not thick enough”.

Example 4.22. Let G = [-1,1] x[-R, R x [-1,1] and A = (0, R+1,0), R > 0. If
Sa(1),) separates G from A then |2(R+1)ajas| > d. Since (1, R, 1),(1,—R, 1) € G,

we obtain ) ) ) )
laf + 2Raja + a5 < d and |of — 2Rajas + o3| < d.

A simple drawing shows that this system of inequalities has no solutions. A contra-
diction. [

Hence we see that increasing the “thickness” of the set does not necessarily make it
abstract convex.

Example 4.23. Fix R > 0. By definition, the following sets are Lin(L)-convex:
{0} x R x {0} = So(¥,0)) N So(¥(0,1));

{0} x [=R, R] x {0} = So(¥,0)) N So(¥(0,1)) N Sr(Y,1/2));

(=R, R] x {0} x {0} = So(¢0 1)) N ﬁneN R(Yam);

{0} {03 x [=R, B] = So(,0) O Nnen Sr (1)) .

However, the axes R x {0} x {0} and {0} x {0} x R are not abstract convex, since
they cannot be separated from A = (0, 1,0).

Example 4.24. Let A; = (1,0,0), A3 = (0,0,1) and A =(1,0,—1). Assume that
Sa(1,) separates { Ay, Ay} from A. Then
ba(Ar) = |af] <d Yu(As) = o3| < d 9hu(A) = |af — a3| > d.

A simple drawing shows that this system of inequalities has no solutions. It follows
that the sets

o {Ael: X} +X5H <1 | X[ <1},

. {AG,C'X121+X222<1X12€R}

o {Ae L X+ X5, < (Xl = 1) [Xof <13

e {Ael: X} +2X4L+ X5, <1}

are not Lin(L)-convex. Note that the last set is a ball under the Frobenius norm. [J
In contrast, observe that the set Si(11,0)) N S1(Y1)) = [-1,1] x R x [-1,1] is
abstract convex. More similar examples can be easily obtained.

Example 4.25. Let I[z]> = of + a3 and R > 0. Let A € L satisfies |||, < R.
Assume that there exists ¥ € X and d € R such that Sg(1,) separates RI from A.

Then d < (@) < Al ol < Rlal* = a(4) < d
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Hence RI cannot be separated from points of B.(0, R). Assume HZHE > R. There
exists ||| < 1 such that A[z]? = HAHﬁ We have

Vo (RI) = R||z||* < R and v, (A) = |[A]|, > R.

Hence Sg(1.) separates. Hence the smallest Lin(L)-convex set containing A = RI
is a closed ball of radius R.

In fact, we have shown that the abstract convex hull of {1}, i.e. the smallest abstract
convex set containing I (see [11]), is the closed unit ball. It can be easily checked
that for A; = (1,0,0) and Ay = (0,0, 1) the respective hulls are [—1,1]{A;} and
[—1,1]{A}.

We have seen that the closed ball under the Frobenius norm is not abstract convex,

while the closed ball under the operator norm is. In the next example, we revisit
this fact and provide another geometric description of B.(0, R).

Example 4.26. Recall that ||A|]% = ez (ATA), where A, denotes the largest
eigenvalue of AT A. Direct computations shows that

||A||i (X121 +2X7, + X5 + | X1 + X22|\/4X + | X1 — X22|2)

2
_ ’X11+X22 > ) ’X11+X22
2
( X11 +X22 \/X ‘Xn — Xoo

)2
It is well known that the Pauli matrices
= 10 101 |10
o1 7|1 o] BT lo -1

(R?,R). In this basis we have

A=2EER T o+ TR~ XT Yoy + Zo
and 1Al = |X|+ VY2 + Z2.
Hence the ball B.(0,R) = {(X,Y,Z): |X|+ VY2 + Z2 < R} is the union of two

cones.

X11—Xoo |2
2 11 22
\/Xm |

X11 + Xoo|? X1 — Xool? | 1
= Pt Xl | 52 Bz Xl 4 4ix 4 Xl X5 + X0 — Xonf?
(\/X ‘Xu X2

form an orthogonal basis of £2,,,

Let 0 < Xo < R, ty € [0, 27| and consider the point
Ay = Xol + (R — Xy) costoor + (R — Xg)sintgos € dB.(0, R).

The vector given by

1+ sintg cos tg

N:[+COSt00'1+SiIlt00'3: cos tq 1—sint0
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is the outward normal to the ball B.(0, R) at Ay and the plane
(N,A)p = (1 +sintg) X1 + 2costoXia + (1 —sintg) Xoo = 2R
is tangent at Ag. It is easy to check that

(VI+sintg, /I —sinty) te€0,7/2]U[3r/2,27]
(VI+sinty, —/1 —sinty) t€ [r/2,37/2]

To — Io(t()) = {

is a solution to the equation T, = N. Moreover, ||zo|* = || Tullz = Nz = 2.
If A € Be(0,R) then ¢, (A) = |Afxo]?| < [All, |zo]|> < 2R. Since 1y, (A) =
| (T, A) |, we obtain Bz (0, R) C Sag(s,). It follows that

B(0,R) = [ {Sor(ta): to € [0,27]} = [ {Sar(1h2): = € Bx(0,V2)}
Details are left to the reader. ]

As the above examples show, abstract convexity of subsets of £ depends on both
the shape and orientation of the set in space. Neither of them can be considered
separately, as illustrated by the example of the ball in the operator norm. While
in its original orientation it is abstract convex, after a 45-degree rotation it loses
this property. Another interesting fact is that the ball in the Frobenius norm is not
abstract convex, despite its rounded shape, whereas the ball in the operator norm,
which has corners, is abstract convex.

4.4. Epigraphic subsets of £ x R

Definition 4.27. We say that £ C £ x R is Aff(L)-convez if

E =\ {epi(vy + 1) € E(AF(L)): E C epi(yy, +7)}
We will denote by (£ x R) the family of all Aff(L£)-convex subsets of £L x R. [

By Propositions A.6 and A.8, every set £ € (L x R) is characterized by the
following separation property:

V(Zﬂ)gE El(m,r)EXXR E C epl(% + 7’) A\ (Z, ZZ) ¢ epl(djm + 7”),
or, equivalently,
VAaaer Jvex Frer Y(aa)er Uo(A) +1r < d AYp(A) +7 > d.

The separation property for Aff(L£)-convex sets has a clear geometric interpretation:
the condition E C epi(¢, + r) means that E lies above the graph of the function
A+ |A[z]?| + r and the point (A, d) lies below it.

It follows from the general theory we know that (), £ x R and
epi(, + R), z€XandreR
are Aff(L)-convex subsets of £ x R.

Basic properties of Aff(L)-convex sets follow directly from the definition of (£ x R)
and the properties of ¥, + r.
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Theorem 4.28. Let E C L X R be a proper Aff(L)-convex set. Then
. E is epigraphic;

. E is closed in L x R;

. E is L-balanced;

. E is convex.

Proof. Set We ={¢, +r € Affi(L): E Cepi(v, +1)}. (4)
By definition, £ = ({epi(¢, + 1) € E(AE(L)): ¥, +r € Wg}. By (1), the set E is
the epigraph of f: £ — R given by f(A) = sup{¢.(A)+7r: . +r € Wg}. The set E
is closed and convex, since every set epi(1), +7) is closed and convex. Let (A,d) € F,
and let A € [—1,1]. For every ¢, +1 € Wy we have ¢, (AA) +1 = [A|[¢.(A) +1r < d.
Hence, (AA,d) € E. N

Since every L-affine function attains its global minimum at 0, every proper Aff(L)-
convex subset of £ x R is bounded from below. Moreover, its lowest point lies on
the R-axis.

Theorem 4.29. Let E be a proper Aff(L)-convex subset of L x R.

Set dp = inf{d € R: 4cr (A,d) € E}, then

e dg=min{d € R: (0,d) € E};

o {O}X [dE,OO)CEC£X [dE,OO)

Proof. Let S ={d € R: Jac; (A,d) € E} and Sy = {d € R: (0,d) € E}. Clearly,
So C S. Since E is L-balanced, for every (A,d) € E we have (0,d) € E. Hence

S C Sy and dg = inf S = inf Sy. Since E is proper, closed and bounded from below
dg € R. From Proposition 2.1, we get (0,dg) € E.

The second claim follows immediately. O
The results obtained above allow us to say that, roughly speaking, an Aff(L£)-convex
subset of £ x R resembles the epigraph of a function f: £ — R which is: ls.c, even,
bounded from below and convex. However, these properties do not provide a full
characterization of Aff(X)-convexity. Again, the exception is the case X = R,

where £ ~ R. In this case, the properties given in Theorems 4.28 and 4.28 fully
characterize Aff(L)-convexity of subsets of £ x R (see Section 5).

Example 4.30. Define f: £ — R by f(A) =1 || A||%, where 1 < p < .

T p

(a) If p =1 then we have
F(A) = Al = sup{|A[z]*]: [lz]| <1} = sup{v,(A): [lz]| <1}
and epi f = epi (sup{¢: [lo] < 1}) = ({epivy: =] < 1}.

Hence epi f € (£ x R).

Let us prove this again by using the separation property. For any (A,d) ¢ epi f we
have d < HAHL, since epi f = {(A4,d): ||A]|, < d}. There exists T € X satisfying
|Z|]] <1 and HXHE = |A[Z]?|. Observing that ¥z(A) < ||A], and d < ¢z(A), we
obtain epi f C epityz and (A,d) ¢ epits.
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(b) Assume that p > 1. For any Ay, denote by yo € X a vector such that ||y]| <1
and [Ao[yo]?| = [[ Aol ;- Set

X l-p P
2o = [[Aoll” w0 and o= —=|[Aoll -

For all A € L, we have

p—1 2
4 [HAOH; yo]

- 1 1
< Aol lHAHfr = {1 Aol =140l 1(HAHc—HAoH[;)Jr];HAonZS};Hz‘loHiZf(z‘l)

1— 1—
Yo (A) + 10 = — 1 4ollz = 4ol [A Tl *| + == [l Aol

where the last inequality follows from the convexity of function ¢ — itp. Hence

epi f C epi(¢y, +10). If (Ao, do) ¢ epi f then (Ao, do) ¢ epi(y, + 10), since we have
ey (Ag) + 10 = f(Ag) > do. Hence epi f € K(L x R).

(c) Note that for p = oo, if we set f = x{j4|,<1}, the indicator function of the unit
ball, then epi f = B.(0,1) x [0,00) € K(L x R). O
The above example shows, in addition, that the function A — % | A||. is abstract

p—1
convex and that ||Ag||,> yo belongs to the subdifferential 9% f(Ap). However, this
topic exceeds the scope of this paper and will be continued in the forthcoming
publication. See also [8, Section 5.

In contrast, the Frobenius norm does not define an abstract convex function.

Example 4.31. Let X = R?. Define f: £ — Rby f(A) = [|Al| 5. Set A, = (1,0,0),
Ay =(0,0,1) and A = (1,0,—1). Then (Ay,1),(A2,1) € epi f and (A, 1) ¢ epi f. If
Y, + r separates epi f from (A, 1) then

This system of inequalities has no solution. Therefore epi f is not Aff(L)-convex. [

Theorem 4.29 shows that every Aff(L£)-convex set E is contained in the upper half-
space L X [dg, 00) and contains the halfline {0} x [dg, c0). These two sets represent,
in a certain sense, the extremal cases for Aff(L£)-convexity. Note that

L x [r,00) =epi(tho+r),r € R
and {0} x ﬂ{wx +reAff(L): v € X}

Therefore, one can say that among the proper subsets of £ x R, sets of the form
L x [r,00) are the largest, while sets of the form {0} x [r, 00) are the smallest possible
Aff(L£)-convex sets. Note that both {0} and £ are Lin(L£)-convex. In general, any
Aff(L)-convex set generates an £ x R set.

Proposition 4.32. Let G be a proper Lin(L)-conver set and let dp € R.
Then E = G X [dg,00) € K(L x R).
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Proof. Let (A,d) ¢ E = {(A,d) € LxR: Ac GA dg < d}. We will show that
there exists an L-affine function that separates £ from (A, d).

Assume first that dg > d and A is arbitrary. Then

E Cepi(yo +dp) A (A, d) ¢ epi(to + dp).

Next, assume that dg < d and A ¢ G. By the separation property for Lin(£)-convex
sets, there exist ¥, € Lin(£) and r € R such that S,(1,) separates G from A.

Moreover, for every A > 0 we have
G C S)\Zr(l/J)\z> N ﬁ ¢ S)\QT(SO)\z>
since A%, = @,. We have 9,(A) > r, hence

lim (¢, (A) — A?r) = lim A (¢, (A) — ) = co.

A—00 A—00

Therefore, there exists A > 0 such that
by (A) = N > d —dp.
Consequently, (A, d) ¢ epi(¢s,(A) +dp — XQT). For any (A,d) € E we have
Uy (A) = Nr + dg < dp < d.
Thus E C epi(py, +dp — X2r). O

Since an Aff(L£)-convex set is convex, its intersection with arbitrary affine subspace is
convex. Similarly to Aff(X)-convexity, the horizontal slices of Aff(L£)-convex subsets
of £ x R are Lin(X)-convex sets.

Proposition 4.33. Let E € K(L x R) be a proper subset. Let D € R and set
IIp =L x{D}. ThenllpNE =G x {D} for some G € K(L).

Proof. For any 1, + 1 € Aff(£) we have
Ip Nepi(vy + 1) = {(A, D): ¢u(A) < D —r} = Sp_(¢) x {D}.

We have

Ip N E = {Ip Nepi(yhy+7): Yotr€Wp} = {Spr(ts) x {D}: ty+rEWp5}
= (N{Spr(2): v + 7 € Wi} ) x {D} = G x {D}.

Note that G € K(L). 0

Abusing the notation, we can say that the horizontal slice IIp N E is an element
of L(L). Intersection of an Aff(L)-convex set with a subspace V' x R need not be
Aff(L)-convex.
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Example 4.34. Let E={(A,d)e LxR:||A], < d}eK(LxR)and V={A:AeR}.
Then Ey=(VxR)NE={(A,d) e LXxR: AXe RAIN <d}.

Define A € L by Alx]? = 2aa,. Note that (A,1) ¢ Ey. Suppose that there exist
¥, + r that separates Ey from (A, 1). Then

Vo (D) +r=laf+az+---+a2|+r <1 and ¥ (A)+7 =200z +7 > 1.
This system has no solutions, hence Ey is not Aff(L)-convex.

It is left to the reader to check that if X =R?* and W =R x {0} xR, then (W xR)NFE
is not Aff(.X)-convex. N

Observe that if G € IC(L) then (G x R)NE € K(L x R) for any £ € K(L x R).
In particular, if a subspace V' C L is abstract convex, then the horizontal slice of
Aff(L)-convex set remains Aff(L£)-convex. Interestingly, if V' is one dimensional then
(VXR)NE, considered as a subset of VxR is Aff(£2, (R, R))-convex (see Section 5).

sym

4.5. Some remarks

For each of the four classes of sets considered in the present section, we have shown
that the properties we identified does not provide a full characterization. In each
case, the additional conditions required for a complete characterization remain un-
known. At present, no criterion except separation property is available for determin-
ing whether a set is abstract convex. An exception is the case of X = R! considered
in the next section.

Below, we present some observations that may provide insight into the missing
conditions needed for a full characterization of each class. However, these comments
are merely ideas based on examples and require further investigation.

Recall that if a set S is convex, then for any two points Fy, P, € S, the segment
joining them is entirely contained in S. This condition is known as the inner def-
inition of convexity, in contrast to the outer definition: a set is convex if it is the
intersection of a family of halfspaces; equivalently, if it can be separated from any
external point by a hyperplane.

It is natural to ask whether there exists an internal definition of abstract convexity.
That is a statement of the form

S is abstract convex
<= every two points can be joined by some curve contained in S

in addition to the conditions obtained so far. We discuss this idea separately for
each of the classes considered in this section, restricting our considerations to the
case X = R? only.

For Lin(X)-convex subsets of X the necessary conditions are given in Theorem 4.2.
For convex Lin(X)-subsets they are also sufficient as shown in Proposition 4.5.

If a Lin(X)-convex subset is not convex then it is the intersection of some family M
that contains non convex sublevel set Sy(p4). This sublevel set is either a region
bounded by a pair of conjugate hyperbolas or the sum of two non-parallel lines.
The latter may be considered a limit case of the former. To see this consider, for
example, the set {(z1,x5): [ — 23] < 1}
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On the other hand, for convex Lin(X)-convex sets there exists a family M consisting
only of convex sublevel sets Sy(¢a). In the two dimensional case, these represent
regions bounded either by an ellipse or by two parallel lines. The family M can
be reduced to consist only of sublevel sets of the second type. These sublevel sets
may again be regarded as a limiting case of hyperbolas. To see this, consider the
set {(x1,22): |2 — 23| <1}

In any case, if G is abstract convex then G' N Sy(p4) is abstract convex. Example
4.6 shows that if the resulting set is not convex then it must contain points lying
on a certain hyperbola. Hence, it can be supposed that the missing condition is of
the form: any two points can be joined by an arc of a certain hyperbola, possibly
degenerated to a segment.

For Aff(X)-convex subsets of X x R necessary conditions are given in Theorems
4.8, 4.9 and 4.10. The condition in (I') stated in Theorem 4.10 is certainly a part
of an inner definition of Aff(X)-convexity. However, since it addresses only radial
directions, it is clearly not sufficient.

It can be supposed that the missing condition involves a description of the geometry
in directions other than radial. An examination of the geometry of epi f and epig
from Examples 4.11 and 4.12 suggests that it may involve parabolas, this time
opening both downward and upward, as well as the number of linearly independent
directions in which the epigraph is an halfplane.

Some further remarks on the condition (I') are in order. Since F is X-balanced,
the points Py = (—tov,dy) and Py, = (—t;v,d;) also belong to E. Consequently,
the four points Py, Py, Py and P; lie on the parabola described by (T'), and the arcs
v([—t1, —to]), v([to, t1]) are contained in E.

However, the entire arc v([—t1,t;]) may not be contained in E. This depends on
the specific configuration of Py and P,. Consider, for example, the epigraph of
f(x) = max{0, [l[|* - 1}.

On the other hand, the segment [—1, 1]{ Py} is contained in £, due to X-balancedness.
Thus, the quadruple of points {Py, Py, Py, P} can be joined by the curve

(1) = v(t) €[ty —to] U [to, ]
(t, do) t e [—t(), to]

which is entirely contained in E.

If dy = d; then v degenerates to a horizontal line passing through all four points,
so that y([—t1,¢;]) € E. This situation is also covered by the fact that F is X-
balanced. Finally, if o = z; then by epigraphicity points Fy and P; can also be
joined by a segment contained in F.

Independent of the present discussion, we propose the following conjecture. Its
validity is suggested by the argument used in the proof of Theorem 5.3.

Proposition 4.35. (Conjecture) Let E be a proper subset of X x R. Assume that

. E is epigraphic, closed, X-balanced and bounded below and satisfies the con-
dition (T'),
. E is convex,

then E € (X x R).
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For Lin(£)- and Aff(L£)-convex sets the situation is different. Since sets in both
classes are convex, the curve in question is just a segment.

For Lin(£)-convex subsets of £ necessary conditions are given in Theorem 4.17. For
Aff(L)-convex subsets of £ x R necessary conditions are given in Theorem 4.28.
These conditions are not sufficient as the examples in this section show.

One might assume that the missing condition should be geometric in nature, taking
into account not only convexity but also the specific metric geometry introduced by
both the operator norm and the Frobenius inner product. Examining examples, it
seems that a key obstacle is the presence of a face perpendicular to a direction that
does not take the form T). Therefore, the condition should also take into account a
special form of the normal vector T, although how remains unclear. Unless these
relations are better understood, the description of Lin(L)-convex sets will remain
difficult.

Let us also point out that there is an intriguing duality between Lin(X)-convex sets
and vectors T}, which deserves further investigation.

To conclude this section, we compare the abstract convexity of subsets of R” x R
and R™*!. Set

e X=R"L;=£L2 (X,R)and ¢;: X x L; — [0,00) be given by (¢);

sym

o Y =R"Ly=L% (V,R)and po: Y X Ly — [0,00) be given by ().

sym
Convex subsets of X x R and Y coincide, since both classes are defined as the
intersection of some family of halfspaces in R"*!. In particular, epigraphs of convex
functions f: X — R are convex epigraphic subsets of Y.

In our setting, classes (X x R) and K(Y) are distinct. Abstract convexity with
respect to Aff(X) is founded on functions x — |A[z]?| 4+ r, but abstract convexity
with respect to Lin(Y") is founded on functions of the form y = (z,d) — |A[(z, d)]?|.

From a geometric perspective, as noted in Section 3, the classes K(X) and K(Y)
are defined by geometric objects of qualitatively different types. In particular, an
Aff(X)-convex subset of X x R does not need to contain (0,0) but it must be
X-balanced, bounded from below, and unbounded from above. In contrast, Lin(Y')-
convex subsets must contain (0,0) and be balanced. That is, if they are unbounded
in the direction of some vector v, they must also be unbounded in the direction —wv.

It turns out that the only sets that are abstract convex with respect to both families
are ) and X xR =Y. Indeed, assume that G € (X x R)NK(Y) is a proper subset
of X xR=Y.

e Since G € K(X x R), it is epigraphic. In particular, together with any point
(x,d), it contains the halfline {z} x [d,00). Moreover, it is contained in some
halfspace X x [D, 00), hence it does not contain any vertical line.

e Since G € K(Y) it contains (0,0) and is symmetric.

Hence, G at the same time contains {0} x R and is a subset of upper halfspace. A
contradiction.

The same observation holds for K£(£) and (L x R).
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5. Special case: X =R!

The case X = R! is distinctive because a bilinear map in this case reduces to a
multiplication operator on X. Every element A € £2 (X,R) ~ R is represented

sym
by the unique real number. Therefore, we can write:

p(z, A) = |Alz?

We keep the symbol X instead of using just R!. We also keep using notation
L= /L2 (X,R), despite the fact that £ ~ R.

sym
Consequently, we have the following characterization of abstract linear and abstract
affine functions:

LinX = {z — ar?: a >0}, AffX ={z— a2z’ +3:a>0,3cR},
Lin(£) ={A— |[Ala: a >0}, Aff(L)={A~— |Ala+5:a>0,8 € R}.

5.1. Subsets of X and X xR

Theorem 4.2 provides full description of LinX-convex sets in the case X = R!: they
are closed intervals centered at zero.

Proposition 5.1. Let p4 € LinX and d € R. We have

0 d<0.AcCL.
R d>0,A=0
Sal#4) = (0} d=0,A#0,
[—\/%\/%] d>0,A#0.
Moreover, K(X)={0,R}U{[—a,a]: a > 0}.

The proof is strightforward. Note that IC(X) is a proper subset of the family of all
closed convex subsets of R.

Epigraphs of X-affine functions divide into two classes.

Proposition 5.2. Let A€ L andd € R. If A =0 then we have
epi(po+7) ={(x,d) € X xR: r <d} = X X [r,0)
that is, an upper halfplane. For A # 0 we have
epi(pa +7) = {(z,d) € X x R: |A|z* +r < d}
the region bounded by an upward opening parabola with azis x = 0.

As a consequence, an Aff X-convex set F C X x R is convex, as it is the intersection
of regions bounded by a family of upward opening parabolas and halfplanes.

Convexity of Aff X-convex subsets is a distinctive property in the case X = R
Moreover, such sets are also epigraphic, X-balanced and closed. These properties
alone do not characterize Aff X-convex sets. However, by additionally assuming that
E satisfies condition (I'), we obtain a full description of the class £(X x R) and an
inner characterization of Aff X-convex subsets of X x R.
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Theorem 5.3. Let X = Rand E C X xR. If E =0 or E = X xR then
E € K(X x R). Assume that E is a proper subset. The following conditions are
equivalent:

(1) EeK(XxR)

(2) E satisfies the following conditions:
(&EX) E is closed,

(&) E is bounded below,

(&F) if (v,d) € E then {x} x [d,0) C F,

(EF) E is X-balanced,

(EX) for any two points (zo,do), (z1,d1) € E satisfying 0 < zy < z; and
dy < dyi, we have

<x d; _dg (% — 23) + do) € E, forall x € [z, x1]

)
T1 — Tp

Proof. Assume that £ C X x R is a proper subset. The implication (1) = (2)
follows from the results in Section 4.

Now we prove that (2) = (1). To begin with, note that if £ = {0} x [dg, ),
dg € R then the theorem holds. The separate treatment of this case allows us to
avoid technical inconveniences in the proof.

From now on, we assume that
there exists (z,d) € F such that z > 0. (5)

We first show that E is convex. Indeed, let Py = (z9,do) and P, = (z1,d;) be two
points in E. Let us denote by S the segment joining 4 and P;. We will show that,
regardless of the position of Py and P, the segment S is contained in F.

. If zg = x; then S C E by (&Y). If dy = d; then S C E by (&Y).

. Assume 0 < ¢ < 1 and dy < dy. By (55X), points Py and P; can be joined
by an arc of an upward opening parabola. Therefore S C E by convexity of
the parabola and (&5%).

. Assume 0 < xy < x1 and dy > dy. The segment joining P = (zg,d;) and P, is
contained in E. Hence,S C E by (€5), since S lies above this segment.

. If 1 < 29 <0 then S C E by symmetry and two previous cases.

. Assume g < 0 < z1 and dy > dy. Then P = (—x,dy) € E and S C E, as it
lies above the polyline PyPP;, C F.

The remaining cases can be treated in similar manner and are left to the reader.

Using the same argument as in the proof of Theorem 4.9 we get that

dp < inf{d: (z,d) € E} = min{d: (0,d) € E}.

Let P = (7,d) ¢ E. We show that E can be separated from P by an X-affine
function ¢4 + r. Namely, we show that there exist A € £ ~ R and r € R such that

Vwaer |Alz” +r <d N AR +1 > d.
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Observe that:

. If 7 <0 and d € R then any ¢4 + r separating E form P also separates F
from (—7,d) by evenness.

. If d <dpand T € X (ie. P lies strictly below E) then E can be separated
from P by o+ dpg.

Hence,we may assume that 0<7andd > dg. (6)

That means that the point P is placed below and to the right of E. Note that
P # (0,dg). Since E is closed and convex subset of X x R ~ R? there exists the
unique point Py = (g, dp) € E satisfying

(T — 20)(x — o) + (d — do)(d — dp) <0 for all (z,d) € E. (7)

The point Py is the point in E that is closest to P (see [6, Theorem 3.1.1]). Clearly,
Py is a boundary point of E. Set

L(z,d) = (T — 20)(x — 20) + (d — do)(d — dy). (8)

The equation L(x,_d) = 0 represents a line, which we will also denote by L, that
separates F from P. Indeed, we have L(z,d) <0 for all (z,d) € FE and

L(f, d) = (T — I0>2 + (8 — d0)2 > 0.

Moreover, L is supporting E at Py, since L(xg,dy) = 0.

We claim that 0 < 2y < T and d < dy. Suppose, on the contrary, that this claim is
false. We analyze each possible case and, in each, we show that there exists a point
P in E such that L(P) > 0, contradicting (7).

e 12€R, dy<d: By assumption (£5°), (xg,a)_e E. Substituting into (8) we
get (f — 130)(.7}0 — LU()) + (d — do)(d — do) = (d — d0)2 > 0;

. zo < 0, dy > d: Since E is X-symmetric, (—xo,dy) € E. Hence
(T — 1’0)(—1’0 — .730) + (d — do)(do — do) = (f — xg)(—on) >0
since we assumed 0 < 7;
e 20=0,do > d: From (6) and (&) we obtain (0,d) € E. This yields
(T = 0)(0=0) + (d = do)(d — do) = (d — do)* > 0;
. xo =0, dy = d: We assumed in (5) that there exists (z,d) € E with z > 0.
Hence, (z —0)(z —0) + (d — d)(d — d) = 7z > 0;
. o =T, dy > d-: Since (0,@ € E, we obtain
(T—7)(0—7) 4 (d — do)(d — do) = (d — dp)* > 0;
. x> T, dy > d: By (EX) (T,dy) € E. This gives
(f — l’o)(f — 513'0) + (d — do)(do — do) = (f — .T0)2 > 0.
Thus the point P satisfies 0 <z <7 and d <dp . 9)

Having completed these preliminary steps, we can now proceed with the main part
of the proof. It will be divided into two steps.



J.Maksymiuk / On Abstract Convezity ... 241

Step 1: Assume 0 < zy < T and d = dy. Since the equation of the line L is now
(T — zo)(x — xp) = 0, the set F lies to the left of this line and, by symmetry, to the
right of the line x = —x(. Hence, F it is contained in S = [—x¢, xo] X [dg, 00).

By Proposition 4.14, the set S is Aff X-convex. Since (7, d) ¢ S, the set S can be
separated from (7, d) by an X-affine function, and the same holds for FE.

Step 2: Assume 0 < 2o < 7 and d < dy. Define v: R—= R by

—__T-% 2,2
P) = = Ty ) o

Note that ¢(z) = dy and ¢ is an X-affine function, since

T — X

_21‘0(8— do) - 0

It is easy to check that L is tangent to ¢ at . The function ¢ is convex, therefore
L lies below its graph. It follows that ¢(T) > d.

Let P = (z1,d;) € E. We show that P, € epi, i.e. it satisfies ¢(x1) < d;. We may
assume that x; > 0, due to symmetry.

The point P; lies above L. We divide the halfplane L(z,d) < 0 into three regions
using the vertical and horizontal lines passing through F,.

Assume 0 < 7 < x¢ and dy > dy. This case is strightforward:

T — g 2 2
2a0(d — do) (_1\,_02
ﬁ,—/ <0

p(z1) =

Hence, P € epip. Assume xg < x1 and dy < dy. Set

di —d
q(x) = ﬁ(ﬁ — x2) + dy.

By assumption (££), we obtain (z,¢(x)) € E for x € [xg, 71]. Substituting (x, ¢(z))
into (7) we get

0> (T — xo)(z — 20) + (d — do)(g(x) — do)

_ = dy —d
= (T — o) (w — o) + (d = do) 7—5 (" — x5)
1~ %o
— = di—d
= (@ = w0) + (@ = do) 5% (x + 20) ) (2 = 0).
1 — Ty
Assume 7y < 7, then we have (T — ) + (d — do)j; 7;‘53 (x 4+ z0) <0.
1= %0

Letting # — z§ we get (T — x0) + 220(d — do) %=2% < 0.

From zy > 0, d — dy < 0 and the above inequality we obtain

f—.ﬁEo dl—do

_2170(3— doy) ~ @ — x5
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Since 23 — a3 > 0, we obtain

T %o (2] —23) +dy < i — do

2 2
— = _ d — )
2x0(d — do) 22— a2 (21 — 25) + do = q(z1)

p(z1) = —

Hence, P; € epip. Assume 0 < 21 < xp and dy < dy. Set

do —dy

_ 2 2 _do—di, 2 2
q(x) = o (x* —z]) +dy = 22 (x® — xf) + do.

Then (z,q(z)) € E, for = € [z, 7], by assumption (£). Substituting (z, ¢(x)) into
(7) we get B
02 (T —xo)(x — o) + (d — do)(gq(x) — do)

— (@ = 20)(@ — 20) + (d — do) 5= (a? — a})

Lo — 271

_ —d
= (@ = 20) + (@ — do) 3=54(x +20) ) (2 — w0)
1
Assume z < 7, then we have (T — x¢) + (d — do);lg — ;ll (x 4 xz0) > 0.
0~ 1

Letting z — 2y we get (T — x0) + 2z(d — do) B=3% = 0.
From zy > 0, d — dy < 0 and the above inequality we obtain

dy — dyg < _ (f—xo)

a3 —af T 2mwo(d—do)
Since 27 — 23 < 0, we obtain
pla) = == (= af) + dy < T (a3 — af) + do = q(m1).
2o (d — dp) x} —
Hence, P; € epiy. The proof is finished. [

5.2. Subsets of £ and £ xR

In the case X = R, Theorem 4.28 provides a complete description of Lin(L)-convex
sets: they are closed intervals centered at zero.

Proposition 5.4. Let ¢, € Lin(L) and d € R. We have

d<0,x e X,
d>0,z=0,
d=0,z #0,
% <] d>0,z#0.

Moreover, {0, —a,a: a > 0}.

Here, we identify A with a real number. The proof is straightforward. Note that
KC(L) is a proper subset of the family of all closed convex subsets of L.
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Epigraphs of L-affine functions divide into two classes.
Proposition 5.5. Let x € X and d € R. If x = 0 then we have
epi(po + 1) ={(A,d) e LXR: r < d} = L X [—d,0)
that is, an upper halfplane. For x # 0 we have
epi(, +7) = {(A,d) € L x R: |Alz® +r < d}
the region bounded below by the graph of function A — «o|A|+ 3.

We already know that Aff(L)-convex sets are epigraphic, L£-balanced, closed and
convex. In the general case, these properties do not fully characterize abstract
convexity. As the examples in Section 4 show, orientation in space also plays a role.
This issue disappears in the one dimensional case.

Theorem 5.6. Let X = Rand let E C X xR. If E =0 or E = L xR then
E € K(L x R). Assume that E is a proper subset. The following conditions are
equivalent:

(1) EeK(LxR))
(2) FE satisfies the following conditions:
(EF) E is closed,
(525) E is bounded below,
(&5) if (A,d) € E then {A} x [d,0) C E,
(Ef) E is L-balanced,
(EF) E is conveu.

Proof. Assume that £ C £ x R is a proper subset. The implication (1) = (2)
follows from the results in Section 4.

Now we prove that (2) = (1). To begin with, note that if £ = {0} x [dg, ),
dg € R then the theorem holds. The separate treatment of this case allows us to
avoid technical inconveniences in the proof.

From now on, we assume that
there exists (A, d) € E such that A > 0. (10)

Using the same argument as in the proof of Theorem 4.29 we obtain that

dp 2 inf{d: (A,d) € E} = min{d: (0,d) € E}.

Let P = (A,d) ¢ E. We show that E can be separated from P by L-affine function
¥, + r. Namely, we show that there exist x € X and r € R such that

VYawer @A +7 <d and 2*|A|+r > d.
We make two observations:

. If A< 0 and d € R then any ¢, + r separating E from P also separates F
from (—A,d) by evenness.

. If d < dg and A € £ then E can be separated from P by 1 + dg.
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Hence, we may assume that 0< A and dp <d. (11)
That means the point P is placed below and to the right of £. Note that P # (0, dg).
Since £ C R? is closed and convex, there exists a unique point Py = (Ao, dy) € E
satisfying

(A — Ag)(A — Ag) + (d —do)(d —dy) <0 forall (A,d) € E. (12)
The point P, is the point in E that is closest P (see [6, Theorem 3.1.1]). Clearly,
Py is a boundary point of F.

An analysis similar to that in the proof of Theorem 5.3, shows that
0<Ay<A and d<dp. (13)

The main part of the proof will be divided into two steps.

Step 1: Assume 0 < Ay < A and d = dy. Substituting into (12) we obtain that if
(A,d) € E, then B

Hence, the set E lies to the left of the line A = Ay and, by symmetry, to the right
of the line A = —A,.

Consequently, £ is contained in S = [~ Ay, Ao] x [dg, 00). By Proposition 4.32, the
set S is Aff(£) convex. Since (A,d) ¢ S, the set S can be separated from (A, d) by
an L-affine function, and the same holds for F.

Step 2: Assume 0 < Ay < A and d < dy. Define 1: £ — R by

A-A
Y(A) = 2220 (4] — 4g) + dy,
— U0
Note that ¢(Ag) = dy and —2_20 > 0 since Ag < A and d < dy. Clearly,
— o
¢ € Aff(L). It follows that
W(A) —d = _(A—éo)(A—Ao) tdy—d= _(A—Ao)(A—{o)+(d—do)(d—do) <0
d—do d_dO
for any (A,d) € E, and
— _—__(Z—A0)2 _—_(Z—Ao)z—f—(do—g)Q
W(A) —d = T +dy—d= 4 > 0.

Thus 1 separates E from P. This completes the proof. O

A. Abstract convexity of subsets

All results presented in this paper are based on the terminology and results on
abstract convexity as presented in [11]. This appendix provides the necessary def-
initions and theorems, referring the reader to [11] for the proofs and for a more
comprehensive treatment of the subject, including historical context.
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The notation used here generally follows that of [11], with some modifications made
for clarity. Additionally, the level of generality has been reduced to better adapt the
abstract approach to the situation considered in the present paper.

It is interesting on its own that all the concepts of abstract convexity can be derived
from a single abstract notion — abstract convexity in complete lattices. This covers
abstract convexity of sets considered in this paper and abstract convexity of func-
tions, abstract conjugate functions and abstract subdifferential, as well. For this
reason, an abstract approach is presented first to provide the reader with a broader
context.

A.1. Abstract convexity in complete lattices

Let (E, <) be a complete lattice i.e., a poset such that every subset has the least
and the greatest element. We denote the lattice operations in E by inf" and sup®.
The least (resp. the greatest) element of E is denoted by —oo® (resp. by +o00f). We
adopt the conventions

inf® () = +00f, sup® @ = —oo”.

The abstract convexity in E is built upon a distinguished (nonempty) subset M of
E. The fundamental concept in this theory is an M-convex element.

Definition A.1. ([11, Definition 1.1]) An element e € E is said to be M-conver if
e =sup“{m € M:m <el}.
We will denote by C(M) the set of all M-convex elements. O
In some situations, it is more convenient to use the following simple observation:
e €C(M) <= Tpcm e =sup” M,.

It is clear that M, C {m € M: m < e}. The main advantage is that the set M,
may contain significantly fewer elements.

Basic properties of M-convex elements are contained in [11, Propositions 1.1 and
1.2].

Proposition A.2.
(a) McCC(M)
(b)  For any index set I we have
{e;}ic1 CC(M) = sup™{e;: i € I} € C(M)
(c) —oof e (M)

One of the fundamental tools in (classical) convex analysis is the separation theorem.
It turns out to be a general property that is also present in abstract convexity.

A subset Y of E is called an infimal generator of E if for each e € E there exists a
subset Y, of Y such that
e =inf*Y,.
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Let e,e € E. We say that the element m € M separates e from € if m < e and
m f e. Every M-convex element can be characterized by separation from elements
of an infimal generator.

Proposition A.3. ([11, Theorem 1.3]) IfY is an infimal generator of E, then

C(M) ={e € E: Veey Fem m < eAm £ e}

efe

As demonstrated in [11], this approach allows one to recognize a wide range of
situations as instances of abstract convexity. In particular, for a fixed set Z, the
abstract convexity of subsets is formulated in (2%, C), while the abstract convexity
of functions is formulated in (ﬁz, <). We will focus on the abstract convexity of
subsets.

A.2. Abstract convexity with respect to a family M C 2%

Fix a nonempty set Z and consider the complete lattice (E,<) = (2%,D). The
power set is a complete lattice ordered by inclusion:

G1§G2 e GlDGQ Gl,G2€2Z.

Note the reversed order in the definition of <. The corresponding lattice operations,
the least and the greatest element of 2% are given by

inf® = U, sup™ = ﬂ, —oo = Z, 400 = (.

The conventions introduced above take the following form:

Jo=0 No=2

We will write G C Z rather than G € 2%. For the reader’s convenience, the defi-
nitions provided above will now be restated using notation adapted to this specific
setting.

Let M C 2% be a nonempty family of subsets of Z. In the current setting, an
M-convex subset (M-convex element) is the intersection of all elements of M that
contain it.

Definition A.4. ([11, Definition 2.1]) A set G C Z is said to be M-convez if
G=({MeM:GcM}

We will denote by C(M) the family of all M-convex subsets of Z. ]

We will call an M-convex element of 2% simply an abstract convex subset of Z. We
have,

GEeCM) <= Tpeem G =M.

Basic properties of M-convex sets follow from Proposition A.2.
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Proposition A.5. (cf. [11, Proposition 2.1])
(a) MCC(M);
(b)  For any index set I we have
{Gitier CC(M) = ﬂGi € C(M);
(c) ZelC(M). il

Clearly, the set of all singletons
Y={{z}e2%: 2€Z}

is an infimal generator of 22. Hence we say that the set M € M separates G C Z

from z € Z if
GCMandz¢ M.

The M-convexity of subsets can be characterized by separation of a subset G from
a singleton {z} by an element of M (cf. [11, Theorem 2.3]).

Proposition A.6. (separation property for subsets)
C(M) = {G Cc Z: \Vlggg dymem G C M/\§¢ M}

Within this theory, one can define further concepts such as the abstract convex hull
and the abstract support function. However, we do not introduce them in this paper,
as they are not necessary for obtaining our results. It is likely that they will prove
useful in further developing and deeper understanding the results presented in this
article.

The family M can be given explicitly or derived from other objects. Several methods
for constructing M are presented in [11, Chapter 2]. The method used in this paper
is to introduce abstract convexity in the set Z using a family of functions W C RZ.

A.3. Abstract convexity with respect to a family W C R?
Let Z be a nonempty set. Consider a family of functions () # WV C R? and define

WHR={w+r:weW,rcR}cCR?

Using these two families of functions, we will define abstract convexity of subsets of
Z and Z x R. We begin with subsets of Z. For any w € VW and any d € R, define

Sa(w) ={z € Z: w(z) < d},
SOW x R) = {Sq(w): (w,d) € W x R} C 2%.
Substituting M = S(WxR), we obtain an instance of the abstract convexity defined

in the previous section. In this case, the family M consists of all sublevel sets of
functions from W. It is convenient to introduce the following notion.

Definition A.7. ([11, Definition 2.9]) A set G C Z is W-convez if it is S(W x R)-
convex. We will denote by IC(Z; W) the family of all W-convex subsets of Z. [
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Note that G C Sg(w) <= V,eq w(g) < d.

All statements for C(M) listed in the preceding section can be reformulated replacing
M € M by S;(w) € S(W x R). In this way, one can obtain results on W-convexity
without referring to the sets Sy(w).

By [11, Proposition 2.9], we have () € IK(X; W), this is due to the fact that %(11
functions in W are finite valued. In [11] the set W is arbitrary subset of R,
i.e. functions assuming +oo are allowed. However, for our purposes this level of
generality is not necessary.

We have (cf. [11, Corollary 2.3]) that
G e K(Z;W) if and only if G = ﬂ {z € Z: Vyeq w(z) Sw(g)}-
weWw

The separation property (i.e. Proposition A.6) can be expressed purely in the terms
of functions in W.

Proposition A.8. ([11, Theorems 2.6 and 2.7])

It is worth noting that for every family M C 2% there exists family of functions
W C R such that C(M) = C(S(W x R)) (see [11, Remark 2.28]). In this way,

M-convexity and W-convexity are equivalent approaches to abstract convexity of
subsets of a set Z.

It turns out that there is no difference if we define abstract convexity of subsets with
respect to W or W + R, see [11, Proposition 2.10 and Remark 2.27].

Now we introduce abstract convexity for subsets of Z x R. For any w € W and any
r € R, define

epi(w+7) ={(z,d) € Z xR: w(z) +r < d},
EW +R) = {epi(w+7): w+r €W+ R} C 257%,

Substituting M = E(W + R), we obtain another instance of the abstract convexity

of subsets. In this case, the family M consists of all epigraphs of functions from
W+ R

Let us note that abstract convexity with respect to epigraphs is, in fact, an instance
of abstract convexity with respect to the family of functions

W x {1} = {(w, —1) eRZ*F: (w, —1)(2,d) = w(z) —d, weW, (z,d)€Z x R}.

It is easy to check that S,((w,—1)) = epi(w — r). Hence, we have EOWV + R) =
S ((W x {-=1}) x R). See also [11, Theorem 3.4].

Despite the remark above, it is convenient for us to consider this case separately.

Definition A.9. ([11, Definition 2.9]) A set £ C Z x R is (W + R)-conver if
it is EWV + R)-convex. We will denote by (X x R;W + R) the family of all
(W + R)-convex subsets of Z x R. O
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For further reference, let us write explicitly the definition of £(W-+R)-convex subsets
and corresponding separation property.

EFeK(ZxRW+R) < E:ﬂ{epi(w—l—r) ceEW+R): ECepi(w+r)}
= Viza¢r Jwew Frer £ Cepi(w +71) A (7, d) ¢ epi(w + 1)

< V(E,E)géE HMEW EIT‘ER V(zyd)eE /LU(Z) + T S d /\ w(z) + r > C_l

For completeness, we note that a function f: Z — R is called (W + R)-convex, if
f(z) =sup{w(z)+r:w+reW+Rw< f}, z€ Z.

Following [11, Theorem 3.4], the epigraphs of the (W + R)-convex functions are the
E(W + R)-convex subsets of Z x R. In this case, unlike in the case of X(Z; W), the
choice between W and W + R matters. We only have the inclusion C(Z x R; W) C
K(Z x R;W + R), which may be strict in general.

A.4. Abstract convexity with respect to a coupling function ¢p: XxV — R

Let X and V be two nonempty sets and let ¢: X x V — R be a function. The
function ¢ will be referred to as a coupling function. In [11], the coupling function
is allowed to assume 400, for our purposes it is not necessary.

Define Wy, = {o(-,v): v eV} CRY
and Wy, +R={p(,v)+r:veV,reR} CR".

Having a coupling function one can define the concepts of W), ,-convexity of subsets
of X ,X(WVW%—R)—convexity of subsets of X xR and (W, ,+R)-convexity of functions
in R". All results on abstract convexity listed above can be easily reproduced by
simply replacing w(z) by ¢(z,w).

Following [11, Chapter 3.3], we introduce two additional notions that add some

geometric interpretation to abstract convexity.

o The functions in Wy, that is, the functions of the form ¢(-,v), v € V are
called abstract linear functions.

«  The functions in Wy , + R, that is, the functions of the form ¢(:,v) +7r, v € V,
r € R are called abstract affine functions.

Hence, we can say that

« a W)y -convex set is the intersection of sublevel sets of abstract linear functions,

e a Wy, + R)-convex set is the intersection of epigraphs of abstract affine
functions,

« a Wy, + R)-convex function is the pointwise supremum of abstract affine
functions.

This terminology can be motivated in the following way. Let X = R", V = R", and
o(x,v) = (z,v). Then ¢(-,v) is a linear functional on X and Wy, is the dual space
of R™, which can be identified with V. Clearly, the functions ¢(-,v) + r are affine
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functions on X. Moreover, sets Sy(¢(-,v)) C X and epi(¢(-,v) +7) C X x R are
closed halfspaces. Consequently, by the well-known results from the convex analysis,
abstract convexity reduces to the classical convexity.

A coupling function allows one to “dualize” the concept of abstract convexity defined
for p: X%V — R. Define ¢: VxX — Rby (v, x) = ¢(x,v). The coupling function
Y is called dual to . Setting

Wy = {¢(-, 2) ERY:z € X}

we can obtain the ‘rjlotion of abstract convexity for subsets of V, subsets of V x R
and functions in R™. This concept of “dualization” (cf. [11, Chapters 5-7]) allows
one to introduce the conjugacy and the subdifferential.
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