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Abstract: This paper investigates robust optimality and mixed-type duality for robust semi-infinite
multiobjective optimization problems involving the intersection of closed sets within the robust opti-
mization framework (UP), using limiting subdifferentials, where uncertainties are incorporated into both
the objective and inequality constraint functions. Using the concepts of advanced variational analysis
techniques, we first derive the robust Karush-Kuhn-Tucker (KKT) necessary optimality conditions for
its robust counterpart (RP) under the assumption of robust limiting constraint qualification (RLCQ).
We further establish robust sufficient optimality conditions using the notions of generalized convexity
and generalized pseudoquasiconvexity. Additionally, we formulate a mixed-type robust dual model
corresponding to the primal problem and analyze robust weak and strong duality. To validate our
theoretical findings, we present numerical examples that demonstrate the applicability and effectiveness
of the proposed approach.
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1. Introduction

Recently, Hung et al. [26] derived some useful results for a nonsmooth and nonconvex robust optimization
problem involving inequality and geometric constraints, utilizing advanced tools of variational analysis
[45] and robust optimization [6]. The problem considered by Hung et al. [26] extends and generalizes some
problems previously studied by Chieu et al. [13], Ghafari and Mohebi [22], and Allevi et al. [2]. Motivated
by these findings, we investigate the following uncertain semi-infinite multiobjective optimization problem:

1}?611%&1’”1 (fl(xlul)l"'/fp(xlup))
k
(UP) st. xe ﬂ C;,
i=1
Qi(x,v,) <0, VteT,

where x := (x1,...,x,) € R" is the vector of decision variables, u; € U;, where i € P = {1,...,p},
vy € Vi, t € T, are uncertain parameters, U;,i € P, and V;, t € 7, are nonempty compact convex subsets
of R",i € P,and R™,t € T, respectively, C; C R",j € K := {1,..., k}, are nonempty closed subsets. The
functions f; : R" X U; - R,i € P,and g : R" XV, — R,t € T, are objective and constraint functions,
respectively. Here, 7" is an arbitrary nonempty set that may be infinite.
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The following represents the robust counterpart of the (UP):

min ( max fi(x,u1),..., max fy(x, up))
up€U,

x€R" u1€Uy
k
(RP) st. xe ﬂ C;,
j=1

gi(x,v:) <0, Vo, eV, VteT.
The feasible set corresponding to the (RP) is defined as follows:

k
Q:={xe ﬂ Ci:gi(x,0)<0, YoreVi, VteT)
j=1

Our problem is closely related to several existing studies with geometric constraints as follows: whenp =1
and for finite set 7, our problem reduces to the one studied by Hung et al. [26]. If p = 1, 7 is a finite
set, objective and constraint functions are deterministic smooth, then Jalilian and Pirbazari [29] established
optimality conditions for a convex optimization problem over not necessarily convex sets. If the objective
functions and the constraints are deterministic along with a finite set 7°, then our problem reduces to the
problem investigated by Pham [48]. If p = 1,k = 1, 7 is finite, then for any closed convex set C; € R”,
the problem was investigated by Chieu et al. [13] to establish constraint qualifications involving continuous
convex objective function and continuously differentiable inequality constraints without uncertainty. Sim-
ilarly, under the same conditions, Ghafari and Mohebi [22] formulated optimality conditions for a convex
function over a constraint set with cone constraints. Furthermore, for p = 1, k = 1, and C; € R" as a
closed convex set, Liu et al. [43] characterized the set of robust optimal solutions using the new constraint
qualification of robust type in terms of tangential subdifferentials.

Without geometric constraints, our problem also aligns with several established studies as follows:
without uncertainty, Chuong and Kim [16] demonstrated optimality and duality conditions for semi-infinite
multiobjective optimization problems via the limiting subdifferential, while Jaisawal et al. [27] explored
sufficiency and duality conditions for semi-infinite multiobjective optimization problems under V-invexity
using Clarke subdifferentials. For p = 1 and without uncertainty in the objective function, our problem
reduces to that of Lee and Lee [41], where approximate solutions were obtained using e-subdifferentials.
If the functions f;,i € P, and g;,t € 7, are continuously differentiable, our problem aligns with the one
studied by Lee and Lee [40] with deterministic objective functions and uncertain semi-infinite constraints
to derive optimality results under the extended Mangasarian-Fromovitz constraint qualification (EMFCQ)
with smooth functions. If there is no uncertainty in the objective function, then our problem reduces to the
one studied by Tung [62] and Pham [47, 49]. If 7 is finite, there is no uncertainty in the objective function,
Chen et al. [12] studied robust optimality and duality via convexificators. By using Clarke subdifferentials,
Sun et al.[59] characterized approximate solutions for robust semi-infinite multiobjective optimization
problems, while Tung [61] further established robust optimality conditions using the minimax robustness
approach. For the finite set 7, our problem aligns with the one examined by Kuroiwa and Lee [36].

Robust optimization offers a deterministic framework for real-world optimization problems that are
impacted by uncertainty due to factors such as measurement inaccuracies, imperfect data, unpredictable
future occurrences, variations, and external disruptions. The concept of robust optimization was initially
introduced by Soyster [54], and further extensively studied in [6, 7, 8, 9, 39].

The semi-infinite optimization problem deals with finitely many variables that are subject to infinitely
many inequality constraints. This class of problems has attracted significant attention from researchers
[24, 28]. However, the presence of uncertain parameters in these infinite constraints introduces additional
complexity, leading to the formulation of robust semi-infinite optimization problems, which aim to ensure
optimal solutions remain feasible under uncertainty [35, 41]. The simultaneous minimization of a finite
number of objective functions subject to infinitely many inequality constraints across the entire feasible
region is commonly referred to as semi-infinite multiobjective optimization. Over the years, numerous
studies have explored semi-infinite multiobjective optimization; see e.g., nonconvex and nonsmooth semi-
infinite multiobjective optimization [16, 17, 33, 38, 50], robust semi-infinite multiobjective optimization
[1,23, 40].

While our approach is inspired by the work of Chuong [14], Sun et al. [59], and Kerdkaew and Wang-
keeree [34], it differs in several significant ways. In contrast to [14], where local robust efficient (or weakly
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efficient) solutions are obtained for uncertain multiobjective optimization problems without uncertainty in
the objective functions, under finitely many constraints, and in the absence of geometric constraints using
generalized convexity, our framework incorporates uncertainty in a more general setting and explicitly
includes geometric constraints using generalized pseudoquasiconvexity. Moreover, [59] established robust
optimality and mixed-type robust duality conditions for uncertain semi-infinite multiobjective optimization
problem in the absence of geometric constraints using Clarke subdifferential. In contrast, our results extend
this framework by incorporating geometric constraints and employing the limiting subdifferential, thereby
yielding a broader class of robust optimality and Mixed-type duality results. Furthermore, [34] derives ro-
bust optimality conditions for uncertain convex programming problems with a single closed convex set as a
geometric constraint. In comparison, the present work generalizes these results to nonconvex programming
problems involving multiple closed sets as geometric constraints.

Dealing with multiobjective optimization problems with geometric constraints C;, j € K, is particularly
challenging in the robust optimization framework, especially when the feasible region is nonconvex and
includes an infinite number of inequality constraints. To the best of our knowledge, no existing research
focuses on nonsmooth, nonconvex robust semi-infinite multiobjective optimization problems involving the
intersection of closed sets, analyzed through the limiting subdifferentials, where uncertainty is incorporated
in both the objective and constraint functions. Therefore, it is essential to examine robust optimality and
mixed-type duality for robust semi-infinite multiobjective optimization problems involving the intersection
of closed sets. This motivates us to the following key questions:

. How can one employ robust optimization techniques to reformulate semi-infinite multiobjective opti-
mization problems characterized by intersections of closed sets and uncertainty in both the objective
function and the feasible region?

. How can robust Karush-Kuhn-Tucker (KKT) necessary optimality conditions be developed to charac-
terize optimal solutions in the presence of uncertainty and nonsmoothness using limiting subdiffer-
entials?

. Under what assumptions can robust sufficient optimality conditions be established?

. How can a robust dual model be formulated for the uncertain nonsmooth, nonconvex primal problem
(UP)?
. How can the duality gap between the primal and dual problems be characterized under uncertainty?

To address these questions, the main contributions of this work are summarized as follows:

. This paper generalizes the results of [26] in the setting of multiobjective functions and infinitely many
constraints. Additionally, the constraint qualification employed here differs from that used in [26].

o We employ advanced tools from variational analysis, including the Mordukhovich (or limiting) sub-
differential sum rule, the maximum function rule, and the nonsmooth version of Fermat’s rule, to
derive robust KKT necessary optimality conditions for problem (UP) using robust limiting constraint
qualification (RLCQ).

¢ We present the notions of generalized convexity and generalized pseudoquasiconvexity in terms of
limiting subdifferentials, which enable the establishment of robust sufficient optimality conditions.
Furthermore, we provide an example that does not satisfy generalized convexity but satisfies gener-
alized pseudoquasiconvexity.

¢ We formulate a mixed-type robust dual model (constructed by combining both Wolfe type and Mond-
Weir type dual models) based on [65] which differs from the version presented in [26].

. We investigate robust weak and strong duality results, thereby characterizing the relationship between
the primal and dual problems under uncertainty.

The paper is structured as follows: In Section 2, we recall some fundamental definitions and calculus
rules related to the variational analysis tools. Section 3 establishes robust KKT necessary and sufficient
optimality conditions for the (UP). Section 4 presents the mixed-type robust dual model and explores robust
weak and strong duality. Finally, the last Section 5 summarizes the key findings.
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2. Preliminaries

In this paper, we use the standard notation of variational analysis [45, 46]. The inner product and the
norm in n—dimensional Euclidean space R" are represented by (-, -) and ||||, respectively. The nonnegative
orthant of R" is denoted by R”. Let 7~ be any index set, possibly infinite. Let R | be the set of all functions
AT — Rsuch that A is nonzero at only finitely many elements of 7~ and zero elsewhere [24], i.e.

R71:= {A = (At)ier : A+ = 0forall t € 7 but only finitely many A; # 0}.
The nonnegative cone associated with RI” | is defined as
R7 = {0 = (A)er €R7T 2 A, >0}

For any nonempty subset S C R”, we denote its interior, boundary, and convex hull, by intS, bdS, and coS,
respectively. Accordingly, the polar cone of a set S is defined as:

S°:={&eR":(&x)<0, VxeS}
Given a multifunction H : R" =3 R, the sequential Painlevé-Kuratowski upper[outer limit of H at ¥ € domH,
we denote by
S _
{5 cR" - Jsequences x, — ¥ and &, — 5} , (1)

Lim sup H(x) :=
S with &, € H(x,) foralln e N

X—X

where notation x i X means that x — ¥ and x € S and
domH :={x e R" : H(x) + 0}.

The reqular/Fréchet normal cone N (%;S) to S at X € S is expressed as

N(7 S) = no. (&, x—x)
N(x;S) = {5 eR": 11m851_1p T < O}.
For any ¥ ¢ S, we set /V(f; S) := 0. The Mordukhovich/limiting normal cone N(X;S) to S at ¥ € S is
characterized by
N(x;8) := Lim supN(%; S).
S

X—X

If ¥ ¢ S, then N(%;S) := 0. Given a function @ : R” — R = R U {co}, we define epi® = {(x,f) e R" xR :
®(x) < B}. The Fréchet subdifferential and limiting/Mordukhovich subdifferential of ® at X € R" with |P(X)| < oo
are defined respectively as follows:

I(F) = & € R : (£, 1) € N(%, D(T); epi®));

ID(x) := {&£ e R" : (£, -1) € N((x, D(%)); epi®)}.
If |®(X)| = oo, then the above subdifferentials are empty i.e. 5@(3?) = d®(x) = 0. It is well known that the
above-defined subdifferentials and normal cones coincide with those in convex analysis, provided that S

is a convex set and @ is a convex function.
For a given set S C R”, we consider the indicator function 0(-; S) defined by

0, ifxesS,
o(x;8) = 2
(*:5) {m,ﬁfeS. @
By [45, Proposition 1.79], for X € S, it follows that
N(x,S) = d6(x;S). 3)

If a function @ : R" — Ris locally Lipschitz at a point ¥ € R", i.e., there exist constant L > 0 and € > 0 such
that
|D(x) — D(y)| < Llx — yll, Vx,y e B(X,e):={x eR" : [|x — x| < €},

then it follows from [45, Corollary 1.81] that ||£|| < L for every & € dP(X).



216 P. Bharati and V. Laha

Lemma 2.1. [45, Theorem 3.36] Consider functions ®; : R" — R, i= 1,...,p, p = 2, which are lower
semicontinuous around ¥ € R", with all but one being locally Lipschitz at X. Then we have

APy + -+ + Dp)(E) C ID(F) + - - + 9D, (). (4)

Lemma 2.2. [45, Theorems 3.36 and 3.46] Suppose the functions ®; : R" — R ieP = {1,....pt,pr =22,
are locally Lipschitz at ¥ € R", and define the maximum function as ®(x) := max;ep P;(x) for x € R". Then, the
following holds:

14 4
9o(%) | { D00 > =1, 2 0, (D) - D(F) =0, i € 73}. )
i=1 i=1

3. Robust optimality conditions

This section presents robust necessary and sufficient optimality conditions for a robust multiobjective
problem with uncertainty in both objective functions and infinite inequality constraints involving the
intersection of closed sets.
We use the notation F;(x) := maxyeq; fi(x,u;), i € P, F := (F1,...,Fp), and G(x) := maxy,e;, :(x,04),
t € 7. Define
Ui(x) = {ui € Ui : Fi(x) = fi(x,w)}, i€P,
Vi(®@) ={vr €V} : Ge(x) = ge(x,v1)}, tET,
AF) :={1eRT A G(x) =0, VEeT),
T(X):={t €T : G(x) =0}
In what follows, for w1, w, € RP, we use the following order relations for convenience.
W1 <Wy & wWwi—wWjy € —intRﬁ, W AW & w1 —wWr & —intR’i,
w15w2<=>w1—wze—Rﬁ\{0}, wlﬁZIJz<:>wl—ZU2¢—Rf_\{0}.
Definition 3.1. A point X € Q is a local robust weakly efficient solution of the (UP) iff there exists a neighbour-
hood 8 of X such that
F(x) £ F(x), VxeQnB8B.

The set of all local robust weakly efficient solutions of the (UP) is denoted by QZ%"E .
A point ¥ € Q is a local robust efficient solution of the (UP) iff there exists a neighbourhood 8 of ¥ such
that

F(x) A F(¥), VxeQnB$§.

We denote the set of all local robust efficient solutions of the (UP) by QZ;
If 8 = Q, then we have the concepts of robust weakly efficient solution and robust efficient solution,
respectively. We denote the set of all robust weakly efficient solutions and robust efficient solutions by

Qfy and Q7 respectively. It is easy to observe that QZ; is a subset of QZ}‘;E. m|

In what follows, we assume that the objective functions f;, i € $ and constraint functions g;,t € 7, of
the problem (UP) satisfy the following assumptions:

(Bl) Given a fixed ¥ € R", there exist a; > 0, B > 0 such that the functions u; € U; — fi(x, u;), i € P and
vy € Vi = gi(x,v4),t €T, are upper semicontinuous for each x in the neighborhood 8B;(%, a;), i € P
and B;(x, ), t € T, respectively, and the functions fi(-, u;), u; € U;, i € P and g(-, v¢), v € V4,
t € T are Lipschitz of ranks £; > 0 and Zt > 0 on B;(X, a;) and By(%, Bt), respectively, i.e.

lfitx,ui) = fily,ui) < Lillx —yll, Vx,y e Bi(X,a;), uieU;, ieP,
lge(x, v¢) — e (y, vp)| < Lillx - vll, Vx,yeBix,Bi), v e€Vi, teT.
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(B2) For the above ¥ € R", the multivalued functions
(x,u;) € Bi(X, ;) x Ui 3 Iy filx, u;)

are closed at (¥, i1;) for each ii; € U;(X), i € P, and the multivalued functions (x, v¢) € B (X, fr) XV =3
dxgt(x, vy) are closed at (¥, ;) for each 0; € V;(%),t € T, where J, represents the limiting subdiffer-
ential operation wrt the first variable.

Remark 3.2. The above assumptions are motivated by the assumptions used in [14, 34, 58, 59]. f U;, i € P
are singleton sets and 7 is a finite index set, then the above assumptions (B1) and (B2) reduce to those given
in [14]. Moreover, if f;(-, u;) for any u; € U;, i € P and g (-, v¢), for any v; € V4, t € T are convex functions,
while fi(x,-), i € P and g(x,-), t € T, for any x € R" are concave functions, then the above assumptions
are analogous to those in [34]. If the Clarke subdifferentials of objective functions f;,i € # and constraint
functions g;, t € 7 exist, then the above assumptions are analogous to the assumptions givenin [58,59]. O

Remark 3.3. The above assumptions are commonly employed in robust optimization and nonsmooth
analysis, particularly for computing subdifferentials of supremum functions over infinite sets. Under
assumption (B1), the functions f;, i € P, g;, t € 7 are well-defined and locally Lipschitz in the context
of robust optimization. Moreover, assumption (B2) concerns the closedness of the partial subdifferential
with respect to its first variable which can be viewed as a relaxed property compared to the closedness
of subdifferentials for a convex function. Furthermore, when the involved functions are smooth and the
uncertainty sets are convex, both assumptions are automatically satisfied. m]

For each v; € V}, t € T, the limiting/Mordukhovich subdifferential of the function g;(-, v;) at ¥ € R" is
defined as
dxgt(%,v¢) == {E €R" 1 (§, 1) € N(X, g1 (X, v1)); epi(ge (-, 1))} (6)

Motivated by the Limiting Constraint Qualification (LCQ) introduced in [16], we present the following
robust variant, referred to as the Robust Limiting Constraint Qualification (RLCQ).

Definition 3.4. Let ¥ € QO. We say that the RLCQ is satisfied at x iff

(RLCQ) N c | [cht(@h/\/(x;ﬁcj).

AeA(R)  teT =1

Remark 3.5. It is worth observing that, when k = 1 and V;,t € 7 are singleton sets, the RLCQ coincides
with the LCQ introduced in [16]. Furthermore, when C; = R” for all j € K, the RLCQ is analogous
to the LCQ introduced in [15]. Sufficient conditions ensuring the validity of (LCQ) in the case where
Qt(-,vt),vr € V4, is convex for all t € 7, can be found in [18, 19] for the singleton set V;,t € 7. The robust
constraint qualification in terms of Clarke subdifferential given in [57, Definition 3.2] does not consider the
presence of geometric constraints. O

The following example validates the Definition 3.4.
Example 3.6. Consider the closed set C; = [0, 1] and inequality constraint
Qr(x,vp) = vix? —|x| <0, v e[-tt], te[-1,0], xeR.
Then the feasible set is given by Q = C; = [0, 1], and we define G;(¥) = tx?—|x|. Let ¥ = 0 € Q. The limiting
subdifferential is dG;(X) = {1, 1}. From condition RLCQ, we need to verify that
Ny e | [ DL+ NE .
AeA(R) teT
Since Q = Cy = [0, 1], their normal cones at ¥ = 0 coincide:
N(x;Q) = N(x; C1) = (=o0,0].
Thus, it suffices to show that there exists A € A(¥) such that

0¢ Z A{=1,1}.

teT
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By taking A = (1,1,0,0, ...), we get 0 € {-2,0,2}, which implies that condition RLCQ is satisfied at
x =0. m|

To begin with, we establish a robust KKT-type necessary optimality condition for local robust weakly
efficient solutions of the (UP), under the assumption that the RLCQ holds.

Theorem 3.7. (Robust KKT necessary optimality conditions) Let X € QZ%E. Assume that the conditions (B1)
and (B2) are satisfied at X. Suppose the equation w1 + - - - + wy = 0, where w; € N(%;C;), j € K, admits only trivial
solutionw; = 0,j € K. If RLCQ is satisfied at X, then there exist u = (u1, ..., lp) € Rﬁ with 27:1 pui=17A€ R[”,
such that

p
0€ Z uiCO{axﬁ(fl UDRETIRS (Uz'(f)}

i=1

k
+ Z /\tco{o'?xgt(i, vt) v € (Vt(f)} + Z; N(x; C)), (7)
j=

teT”
Armax g (¥,v;) =0, teT.
vte(Vt

Proof. Let x € QZ;‘;E , and define a function ¢ : R” — R as follows:
@(x) := max{F;(x) - Fi(%¥)}, ie®P.

It is straightforward to observe that ¢(X) = 0. Moreover, if F(x) £ F(¥), then ¢(x) > 0. Consequently, there
exists an open neighborhood 8 of ¥ such that

p(X) < p(x), VxeQnSB. (8)
Otherwise, there exists 7 € Q2 N B such that p(i/) < ¢(X). Since p(¥) = 0, therefore
@(7) = max{F;(7) - Fi(¥)} <0, ie®P.

Thus, F(i/) < F(x), which contradicts the fact that X € QZ;‘,’“ Consequently, from equation (8), it follows
that ¥ is a local minimizer of the scalar optimization problem:

min ¢(x),

which is equivalent to the unconstrained problem:

rréer}} P(x) + 0(x;Q), )

where 6 denoting the indicator function defined in (2). Then, it follows that
0 € g +5(; )().

Under assumption (B1), function ¢ is locally Lipschitz near X. Moreover, the indicator function 6(-; Q) is
lower semicontinuous near X.
Thus, from the formulation of the sum rule for limiting subdifferential (Lemma 2.1) together with the
relation in (9), we have
0 € dp(x)+ N(x;Q). (10)

From Lemma 2.2, we have

p p
dpi(x) c | {Zyiaa(x) > wi=Lui20,i 67)}. (11)
i=1 i=1
Since RLCQ is satisfied at ¥, therefore

k
NEO e | | D noe@)| + M) Cp. (12)

AeA(F)  teT =1
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Combining (10)—(12), we deduce

OEU{Zp:yiaFi(f):zp:inL[liZO,iEP}
- - (13)
+ U [Z/\&Gt(x)]+N( ﬂc)

AeA(x) teT

Moreover, since the system w; + --- + wx = 0, where w; € N(¥;C;),j € K, admits only trivial solution
wj =0, j € K, we invoke the formula for normal cones to finite intersections of sets (cf. [46, Corollary 2.17])

to obtain: ; )
N(f,‘ ﬂ C]') C Z N(f,‘ Cj).
j=1 =1

Substituting this into (13), we obtain:

OEU{Zp:yiaPi(f) : Zp:yi =1, 20,i EP}
i=1 i=1
k
+ | | D mocm] + Y N,
=1

AeA(X) teT

(14)

Therefore, there exist y; > 0, i € P with Zp Hi=1, A€ R';rl, uieU,ieP,and vy € Vi, t € 7 such that

0e Z wioFi(%) + > MGy (%) + Z N(%; C)),
teT (15)

Ath(x) =0, te T

Assuming that conditions (B1) and (B2) hold, and using an approach equivalent to that employed in
the demonstration of [14, Theorem 3.3], we conclude that

JFi(x) C co{dy fi(X, u;) : u; € Ui(X)},i € P. (16)

Since V;(X) is nonempty, compact, and convex, therefore there exists v; € V;(X), t € 7, such that g;(¥, v;) =
G¢(%). By applying (6) and argument similar to the proof of [14, Theorem 3.3] under the assumptions (B1)
and (B2), we deduce that

dG(X) C co{dxgt(X,vt) : v € Vi(X)}, t €T . (17)

Now, substituting the inclusions (16) and (17) into (15), we get (7). This completes the proof. O

Remark 3.8. In the case of a finite index set 7 and a scalar objective function, Theorem 3.7 is analogous

to [26, Theorem 3.1]. Since Ql” is contained in QZ%”" , therefore the above necessary condition is also a

necessary condition for a local robust efficient solution. m]
The following example illustrates the above results.

Example 3.9. Consider the following (UP) under data uncertainty:

ir;]gzl (filx, u1), fa(x, u2))

st. xe(y ﬂ Co,
gt(xlvt)sor t 67d/
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where

fi(x, u1) = xysinug + xpcosuy — 1,
falx,u) = |x1| —up,C1 = {x € R? : x% + x% <1},
C2 = [_11 0] X [_1/ 1]/ 8t(x/ Ut) = (vt - Zt)x% - |X2|,

1
E/ 1]/
v €Vy:i=[-t,t], teT :=(0,+x), x € RZ,

Ul € [glzn]/ Up € [

The corresponding robust counterpart (RP) is given by:

min max f1(x,u1), max fr(x,u
min (ule% fi(x, 1)'u2e112 fa(x, 2))

st. xe{xeR?: x2+x3<1,x €[-1,0]},
Qe(x,v¢) = (vy — 2t)x% —|x2| <0, Vo€V, teT,
where,
|lx|| -1, ifx; <0orx; <0,
Fi(x) :== max fi(x,u;) =3 xo—1, if0< x5 <xo,
u1€'”1

x1—1, if0<x <x,

and Fy(x) := maXy,et, fo(x, u2) = |x1] - % It is easy to see that ¥ = (0, 0) is a local robust weakly efficient
solution of the (UP). To verify the assumption (B1), observe that for all x in the neighbourhood of ¥, fi(x, u1)
is continuous over u; € [, 2m].

For Lipschitz continuity, one has

|fi(x, u1) = fi(y, ur)| = |x1 sin(uq) + xp cos(u1) — yq sin(u1) — y2 cos(u)|
= |sin(u1)(x1 — y1) + cos(u1)(x2 — y2)|
< \/(xl —y1)? + (x2 — y2)?
=|x-yl, Vx,ye R?, VYuy € U;.

(18)

Similarly, under these conditions, assumption (B1) evidently holds for fo(x,uz) and g:(x,v;). Therefore,
Q:={xe ﬂjz.zl G : —tx% —|x2] <£0,t € T} = C; N Cy. By performing a direct computation, we obtain

N(x;Q) = N(x;C1 N C2) ={(a,0) : a >0},
N(&;C1) ={0,0)}, N Ca)={(a,0) : 20},

Gi(x) := max gi(x,vy) = ~tx7 — |xal, t €T, Gi(X) =0,
UtE(V[
_ _ 1 -

U@ = {320}, U@ = {3}, M@ =[-tt]teT.

Hence, we obtain dG;(x) = {(0,-1),(0,1)}, which ensures that
J [ D macim| + MEcinca = [ | 240, -10,0, 40} + {(@,0:a 2 0},
/\EA(}E) teT /\ER!Z" t>0

To validate RLCQ, we need to show that

NEO < | [ X0,-40,0,40H + Mz N Co).

/\GR'_Z" t>0
Since N(x; C1 N Cy) = N(%; Q), therefore RLCQ can be written as follows:
oye [J | Yt0,-a,010,

/\GR!Z“ t>0
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which implies that there exists A € R';Tl, such that

(0,00 € > {(0,~41), (0, A1)}

t>0

By taking A = (1, 1,0, ...), we have the following
(0/ 0) € {(O/ _2)/ (0/ 0)/ (O/ 2)}

Consequently, RLCQ holds at ¥ = (0,0). Now for each u; € Ui (X), uz € Up(X), and v; € Vi(%), t € T, we
have

Iy f1(X,u1) = {(sinuy, cosuy)} = co{&xfl(f, ui):up € (Lll(f)} = {(sinu1, cos u1)},
O fo(X,u2) = [-1,1] X {0} = co{0x fo(X, u2) 1 up € Up(%)} = [-1,1] x {0},
dxgt(X,v¢) = {0} x {-1,1} = co{&xgt(f,vt) 10t € (Vt(f)} = {0} x [-1,1].
Therefore, assumption (B2) holds.
By taking p1 = %, U2 = %, A=(1,0,0,...)€ Rlzwl, we obtain the following;:
(0,0) € ur{(sinuy, cosuy)} + ua([-1,1] x {0})
+ D A0y x [1,1]) +{(a,0) = @ >0},

teT”
At(—tx% —|x)=0, teT.

Accordingly, this confirms that the conditions specified in Theorem 3.7 are satisfied.

X1

Figure 1. The blue shaded area represents the feasible region corresponding to Example 3.9.

To formulate sufficient conditions for robust weakly efficient solutions of the problem (UP), motivated
by [12, 14,16, 26,57,59], we discuss the following notion of generalized convexity. Recall here the notation,
F:=(Fy,...,Fp), Gy := (Gt)ter, Fi(x) := maxyeqs; fi(x, u;), i € P,and Gi(x) := maxy,ey; gt(x,v¢), t €T .

Definition 3.10. The function (F, G4-) is said to be
(a) generalized convex on ﬂ;‘:l C;j at the point ¥ € ﬂ;{:l C; iff for any x € ﬁ;‘zl Cj, there exists n €
(Zi N(%;C)))°, such that

fi(x/ ui) - fZ(JE/ ui) 2 <f}11 77>/ Vj*fz € 8Xfl(~f/ ui)/ VHZ‘ € (L{Z(JE)I i€ P/

. . _ _ (19)
Qt(x,ve) — g1 (X, v4) > (x;t,r]), ngt € 0, gt(X,v¢), Vo € Vi(%), t €T

(b) generalized pseudoquasiconvex on ﬂ;‘:l C; at the point X € ﬂ;‘:l Cj iff for any x € ﬂ;‘zl Cj, f*fz_ €dy fi(X, u;),
u;eU;(x),ieP, and Xy, €0:g1(%,vt), vi€Vi(X), t € T, there exists n) € (Z;‘zl N(x; Cj))°, such that

filx,ui) < fi(%,ui) = (&p,m) <0, ieP, 20)
8t(x,v1) < (X, 0) = (X, M) <0, teT.
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Remark 3.11. (i) It is significant to observe that when U;(x), i € P, Vi(X), t € T are singleton sets, then
Definition 3.10 (a) reduces to [16, Definition 3.3 (i)].

(i) When p = 1 and 7 is finite, then our definition reduces to [26, Definition 3.3].

(iii) Since, for locally Lipschitz functions, limiting subdifferentials are examples of convexificator (see,
e.g., [52, Remark 2.2]), therefore, the generalized pseudoquasiconvex is analogous to [12, Definition 2.9].

(iv) In terms of Clarke subdifferential, if C; = R",j € K and 7 is finite, then Definition 3.10 (a) is
analogous to [59, Definition 3.3]. m|

The following example illustrates that generalized pseudoquasiconvexity holds, but generalized con-
vexity does not.

Example 3.12. Letx € R, C; = [0,1], u3 e U1 =[0,1],t €T =[0,1],and v; € V, = [1 -¢t,1+¢t], t € T.
Consider the functions

flx) =x+u, gi(x,v):= —tx? + ;.

Then, Fi(x) = x + 1, G¢(x) = —tx> + 1 +t, Uy (x) = {1}, Vi(x) = {1 + t}. Let us consider, ¥ =1 € Cy, u; = 1,
and v; = 1 +t. Itis easy to see that, d f1(X, u1) = {1}, dxg:(¥, v¢) = {-2t}, and (N(X; C1))° = (=0, 0]. In this
setting, we can verify that the generalized pseudoquasiconvexity of (F1, G;), t € 7 is satisfied at X = 1, but
the generalized convexity is not. m]

The subsequent theorem establishes the sufficient conditions for the optimality of (RP) under the
generalized convexity of (F, Gy).

Theorem 3.13. (Robust sufficient optimality condition) Let ¥ € Q and assume that (F, Gy) is generalized
convex at X € ﬂ;‘:l Cj. Assume that there exist some u = (u1, ..., tp) € R’ with Zle ui=1 7A€ R'Z—l, such that
condition (7) holds. Then x € Q.

Proof. Suppose to the contrary that X ¢ 77 Then, there exists £ € Q such that
Fi(X) < Fi(x), Vie®P,

ie. lIlnee(%ﬁ(x u)<me(1L>{<fz(x u;), YieP.

Given that ¥ fulfills the robust KKT condition, one canidentify u = (u1, ..., up) € R/ satisfying Zle ui =1,
A€ R';T', € cody fi(%, u;), u; € Ui(x), i € P, and x € c00,gt(X,v¢), vr € Vi(X), t €T, such that

k
(Zyz +2Atx )EZN(J?;Cj),
teT =1 (21)

/\t max gt(f, Ut) =0, te T

Ut G(Vf

Therefore, there exist pj, > 0, f}im € Iy fi(X, Uim), Uim € Ui(X), m =1,...,a, a e N, i € P, Ay 20,
X5, € dxgt(X,vy), v € Vi(%),1=1,...,B8,B €N, t €T ,such that

o p
Zy,m_l,zeP, Z/\tlzl,te‘i’,
m=1 =1

(22)

Z[J,mx —xf,zeP Z/\tlxgu— g/, teT.

From equation (21), it follows that

k
( > Zy,mxﬁ S ZAﬂxgﬂ) e YN GG, 3)
=1

teT I=1
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For any n € (Z;‘:l N(%;Cj))°, implies that

p a B
D ) pnE )+ ) A AudEy,, m) 2 0. (24)
i=1 m=1

teT” 1=1

By generalized convexity of (F, G) at X € ﬂ;{:l Cj, for the above % one can find 17 € (Z;{:l N(x;C;))° such
that

24

p
Do D i fi@ i) = filE i)
i=1 m=1

(25)

B
+ 3 A D A8, o) - 1(5, o)) 2 0.
teT” =1

Due to the fact that Ay gi(X,v4) = 0, vy € Vi(X), Il =1,...,B,t € T and from the feasibility of £, i.e.,
Auge(®,v4)<0,1=1,...,B,t €T, we get

Zp:#i(Zalyim(ﬁ(fluim)—ﬁ(fruim))) > 0. (26)
i=1 m=1

It is important to observe that, based on the definition of the max function F;(x), i € $, we obtain
fi(®, uim) < Fi(®), fi(X, uim) = Fi(X),m=1,...,a,i€P. It follows that

Fi(%) - Fi(x) > 0. (27)
This yields a contradiction, which establishes the result and completes the proof. m|

The subsequent theorem establishes the sufficient conditions for the optimality of the (RP) under the
generalized pseudoquasiconvexity of (F, G).

Theorem 3.14. Let X € Q and assume that (F, Gy) is generalized pseudoquasiconvex at X € ﬂ;le Cj.Assume that

there exist = (u1, ..., up) € R’i with Zle pui=1A€ R'T, such that condition (7) holds. Then X € Q&“I’f.

Proof. Suppose to contrary that ¥ ¢ ()/j7. Then, there exists £ € Q) such that

Fi(X) < Fi(x), Vie®,

ie. max f;(%,u;) < max fi(¥,u;), VieP,
u; €U; uiE(LIl'

which implies that

max fi(®,ui) < fi(X,ui), VYu; € Ui(X), VieP,

i
which gives fi(®,u;) < fi(x,u;), Vu; e Ui(x), VieP.
Subsequently, from the feasibility of £, one has

Gi(X) <0 =Gi(x), VteT(x),
which gives (X, v) < (X, v4), VYor eV, VieT(X).

By the generalized pseudoquasiconvexity of (F,Gs) at ¥ € ﬂ;‘zl Cj, there exist n € (Z;‘:] N(x;C)))°,
f}i € oy fi(%,u;), ui € Ui(x),1 € P, and x5, € dxgt(%,04), ve € Vi(X), t € T (%), it follows that

(x*ﬁ,n) <0, ieP, (X, =<0, teT(x). (28)
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Hence, for any JE*f_ € cody fi(C,ui), ui € Ui(x), i € P, f;t € c00:gt(%,vt), vy € Vi(X), t € T(%), and
de Z;‘Zl N(x;Cj), one has

P
<Z”if}i + Z ATy, + d,n> <0, (29)
i=1

teT (X)
which is a contradiction to condition (7) and hence the proof. O
The example below demonstrates the importance of the generalized convexity assumption.
Example 3.15. Consider the following (UP) under data uncertainty:
min  (fi(x,u1), f2(x, u2))
x€R2
st. xeCy, gl(x,v,)<0, teT,

where f1(x,u1) = u1x1 + xg, folx, up) == x:{’ —1upxs, Cr:={x € R? : xp > —|x1|}, Qe(x,vt) = (v — 2t)(x% + x%),
up €[0,1], up € [-1,0], v; € Vi, Vi := [~t,t],t €T :=(0,+), and x € R?.
The corresponding robust counterpart (RP) is given by:

min max f1(x,u1), max fr(x,u
min (ule(u1 flx, 1),u2€(u2f2( , 2))

st. xe{xeR?: x> —|x|},

Qt(x,v¢) = (vy - 2t)(x% + x%) <0, Vo,eV,teT,

3
X1+ Xx x1 >0

where Fi(x) := max fi(x,u1) =4, %
w el > x1 <0

3
X7+ x x1 >0
and F2(x) := max fo(x,up) := :1% 2 )

uelh Xy x1 <0

It is easy to see that assumptions (B1) and (B2) are automatically satisfied. Therefore, Q) := {x € C; :
—t(x% + x%) <0,t € T} = Cy. By performing a direct computation at ¥ = (0,0), we derive

NEQ) =N C) ={(a,a) : a <0}U{(a,—) : a >0},
Gi(x) := max Qr(x,v¢) = —t(xf + x% , teT, G(x)=0,
U (%) =10,1], U(x) =[-1,0], Vi(X) =[-t,t], teT.

Hence, we obtain VG, (%) = {(0,0)}, which ensures that

U [ D maci®] + M

AeA(X) teT

= | [Z{(0,0)}] +{(a,a) : a<0}U{(a,-a): a>0}

AR 120

Consequently, RLCQ holds at ¥ = (0,0). Now for each u; € U(X), up € Up(x), and vy € Vi(%),t € T, we
have

fol(xl 1/[1) = {(ullo)}l foZ(f/ uZ) = {(0/ uZ)}/ vng(f/ Ut) = (0/ O)'
Therefore, assumption (B2) holds. By taking, y1 = %, U2 = %, A =(1,0,0,..) eRl;rl, we have the following
(0/ 0) € ”1{(1’[1/ 0)} + MZ{(O/ uZ)}

+ ZAt(0,0) +{(a,a) : a<0}U{(a,-a): a >0},
teT

At maxgt(f,vt):o, teT.
UtG(Vt
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Hence, from Theorem 3.7, ¥ may be an optimal solution for the (UP). However, forany x* = (-2,0) € Q = Cy,
we observe that
F(x*) - F(x) = (-2,-8) - (0,0) € —intR7.

This implies that ¥ = (0, 0) is not a robust weakly efficient solution of the (UP). Consequently, Theorem 3.13
fails to hold in this case, which highlights the necessity of the generalized convexity at x*.

X2
b
| | 00

X1

Figure 2. The cyan shaded area represents the nonconvex feasible region corresponding to Example 3.15.

4. Robust duality

The notion of duality is of extreme importance in optimization theory [10, 25, 51]. A mixed-type dual
model, incorporating both the Wolfe type [64] and Mond-Weir type [44] dual formulations as special cases,
was introduced by Xu [65]. Many researchers have extensively studied the mixed-type dual model in recent
years [4, 21, 32,42, 53].

In the framework of robust optimization, Bot et al. [11] established robust duality for the family of para-
metric convex optimization problems. Moreover, Wang et al. [63] have developed a robust duality theory
for uncertain nonconvex optimization problems. Building on this, Chen et al. [12] developed a mixed-type
robust dual model for uncertain multiobjective optimization problems by employing convexificators. Sun
et al. [58, 60] developed mixed-type robust dual models for uncertain single-objective optimization prob-
lems using the Clarke subdifferential. These developments were extended in [57] to uncertain semi-infinite
single-objective optimization problems. Subsequently, generalization of these developments to the more
complex setting of uncertain semi-infinite multiobjective optimization problems, within the framework of
the Clarke subdifferential, is given in [56, 59].

Since the robust primal (RP) and the mixed-type robust dual (OD) problems attain equal optimal
objective values under appropriate convexity assumptions and suitable constraint qualifications. Because
of this, instead of solving the primal problem directly, we can solve its dual problem, which is often easier
to handle (see e.g., [14, 30, 55]). Motivated by this, the mixed-type robust dual model (OD) is introduced to
extend duality theory to a broader class of problems by combining features of both Wolfe type and Mond-
Weir type dual formulations. Within this framework, the Lagrangian function L serves as a bridge between
the uncertain primal and dual problems by incorporating the constraints into the objective function.

In this section, we introduce a mixed-type robust dual problem corresponding to the uncertain opti-
mization problem (UP). Under the assumption of generalized convexity, we establish both robust weak
and strong duality relationships between primal and dual formulations. The mixed-type optimistic dual
optimization problem is expressed as a deterministic maximization problem, which can be formulated as
follows:

max L0y, 1,A,0) = (fily, 1) + 3 Aigily, 00, o o0, hp) + 3, Aigily, o0)
(OD) teT teT

st. (y, u,u,A,B,v) € Qop,
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where the feasible set Qpp is defined by

k
Qop = {(y,y,u,/\,ﬁ,v) € ﬂijR’ix‘leR_zJT' XV :
i=1

P
0e Z ymo{&xﬁ(y,ui) Tu; € (L(i(y)} + Z(At + ﬁt)co{&cgt(y,vt) 10; € q/}(y)}

i=1 teT

k p
+ D NWC), Dlui=1, Bigily, o) 20, Vvte(Vt(y),te’T}.

j=1 i=1
Remark 4.1. (i) If Ay =0, t € 7, (OD) reduces to the following uncertain Mond-Weir type dual problem:

max L(]/;u) = (fl(]// u), ... ,fp(y/ ul’))

4
st. O€ Z ywo{&xﬂ(y,ui) tuj € (Lli(y)} + Zﬁtco{8xgt(y,vt) 1Ut € (Vt(y)}

i=1 teT

k P
+ Y NS, > pwi=1,
j=1 i=1

ﬁtgt(y/ Ut) 2 0/ vvt € (‘/t(y)/t € T;

(ii) If B =0, t € 7, (OD) reduces to the following uncertain Wolfe type dual problem:

max  L(y,u,A,0) = (Aly,w) + Y Agiy, o), foly,up) + ) Aigi(y,o1)

teT teT

P
st. Oe Z yico{c?xfi(y, uj):u; € (L(i(y)} + Zﬁtco{axgt(y,vt) tvp € (Vt(y)}

i=1 teT
k P
+ZlN(y;C]'), Zl[.li=1.
= 1=

Building upon the concept of a robust weakly efficient solution in (UP), we now introduce a corre-
sponding robust weakly efficient solution for (OD), which will serve as a foundation for the subsequent
discussion.

Definition 4.2. A point (¥, i, A, %) € Qop is a robust weakly efficient solution of the (OD) iff L(y,u,A,v) 4
L(ij,ii,A,9) forall y € Qop.

To give a robust weak duality theorem, we need the following concept of generalized pseudoconvexity.
Definition 4.3. A function /1 : R" — R is said to be generalized pseudoconvex on ﬂ;{:l Cjatye ﬂ;‘zl C; iff for
any y € ﬂ;‘:l Cj, there exists 1) € (Z;‘zl N(y;Cj))°, such that

h(y) < h(y) = (y),m <0, Vy; € Ih(y).

Remark 4.4. Observe thatif /1 is pseudoconvex then / is generalized pseudoconvex on ﬂ;‘:l Cjatye() ;'{:1 Cj

with =y — i foreach y € ﬂ;‘:l Cj. Moreover, as the next example shows, the converse is not true in
general. O

Example 4.5. Let 1 : R" — R be defined by

Y2
i 2 Z 0/
=4 2 7
yi—Y2, y2<0.

Consider the set Ci={yeR*: yl+y5 <2},
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and the point 7 = (0,0) € C;. Since j is an interior point of Cy, therefore the normal cone satisfies
N(77; C1) = {(0,0)}, and hence (N(i7; C1))° = R. The limiting subdifferential of /1 at j is given by

w9 = {o-2)0)

It is easy to observe that / is generalized pseudoconvex on Cp at i € Cy. Note that for any y with y» > 0,
h(y) < h(0) = 0. Take y = (1,1) € Cy. Then h(y) < h(0), but ((1,-1),y) £ 0. Hence & is not pseudoconvex
on Cy atij € Cy. m]

Define a function H : R" — R such that
P
H(y) = > wiFi(y) + Y (e + BIGH(Y).
i=1 teT

Now, we present the robust weak duality theorem to ensure that, even in the worst-case scenario, the robust
dual objective functions provide a bound on the robust primal objective functions.

Theorem 4.6. (Robust Weak Duality) Let x € Q, and (y,u, u,A,p,v) € Qop along with u := (uq,...,u;),
ui e Ui(y),i€eP,v:=(v1,...,0), v € Vi(y), t € T. If one of the following holds:

(i) If the function (F, Gg) is generalized convex at y.
(i)  Under assumption (B1) and (B2), if function H is generalized pseudoconvex at y.
Then F(x) £ L(y,u,A,v).

Proof. Since (y,u,A,v) € Qop there exist u € R’i with Zle pi =1,

A, B ERL:”, y}i € co{8xﬁ(y, U;):u; G‘LIi(y)}, y;t € co{&xgt(y, 0t):0; E(Vt(y)} (30)
such that
P k
(DD + Y+ Bovy) € DI NWCy, (31)
i=1 teT =1

Bigi(y,v1) >0,  VoreVi(y), teT.

Assume to the contrary that F(x) < L(y,u,A,v).
Then, we get

Fi(x) < fily, ) + ) Mgy, o), VieP.
teT

This implies

p p
Z uiFi(x) < Z pifiy, ui) + Z Arge(y, vr).
i=1 i=1

teT

Since we have by definition f;(y, u;) < maxyeq; fi(y, ui) = Fi(y), i € P, and g(y, v) < maxy,ey;, 8t (v, vt) =
Gi(y), t € T, it follows that

P p
D wiFix) < > wiFily) + Y MGi(y). (32)
i=1 i=1

teT

From (30), it follows that there exist u;, > 0, y’}]_m € Ix fiy, Uim), uim € Ui(y), m =1,...,a, a €N, i € P,
A =>0,B1 20, y;] € gy, vn), vy e Vi(y),1=1,...,6,0 e N, t € T, such that
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a 0
Dlbim=1ieP, Y Au+p)=1teT,
m=1 =1 (33)

a 0
Z HimYy =Yr. i€P, Z(Atz +Bi)Yg, =Yg €T
m=1 I=1

(i) Under generalized convexity at y € ﬂ;‘:l Cj, for any x € ﬂ;{:l Cj, there exist 1 € (Z;'(:l N(y;Cj))°,
u}i € dy fily, ui), ui € Ui(y), i € P, and Uy, € Ix8t(y,ve), v € Vi(y), t € T, we get

fi(x/ Mi) - fl(y/ ui) 2 <u}i’ n)r iep,

Y (34)
gt(xlvt)_gt(%vt) = <vgt/17>/ teT.
Consequently, from (33) we get
o 23
Yoy = D iy, < D tim(Fix, i) = fily, win), i€ P,
m=1 m=1 (35)

o 0
Yooy = D AW < D A+ Bu)(ge(x, 001) = ey, o) tET
=1 =1

Following the definition of max function, we arrive at f;(x, u;n) < Fi(x), fi(y, uim) < Fi(y),m=1,..., q,
i€P,g(x,v1) < Gi(x), ge(y,va) < Ge(y), 1 =1,...,0,t € T, it follows that

W) < ) tim(Fi(x) = Fi(y)),
m=1

5 (36)
Wy < D (et + Bu)(Gr(x) = Gily)).
1=1
Using the previous inequalities, we derive:
4
0.2 " iy m + Y (A + B, 1)
i=1 teT
4
< D ui(Fi(x) = Fi) + ) (A + BO(G(x) = Gr(y), (37)
i=1 teT

where the first inequality follows from equation (31) together with the definition of the polar cone. Rear-
ranging, we obtain

p P
D HiFi) = D iFiy) = ) (A +BGH(x) + D (A +BGi(y)). (38)
i=1 i=1

teT teT

Since x is a feasible point for the primal problem and y is a feasible point for the dual problem, respectively,
therefore we have
Gf(x) < 0/ ﬁtgt(]//vt) ZO/ VUt G(Vt(y)/t €T

Thus, it follows that
P p
D HiFi() 2 ) wiFiy) + ) AGi(y).
i=1 i=1 teT

This contradicts our initial assumption. Hence, the claim is proved.
(if) Since x € Qand (y, u, u, A, B,v) € Qop, we have

gt(x/ vt) < Or ﬁtgt(]/z Ut) > 0/ VUt € (‘/t/ teT.
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By definition of the maximum functions G;, t € 7, it follows that
gi(x,v¢) <maxgi(x,vr) = Gy(x), gi(y,vs) < maxgi(y,vr) = Ge(y), t €T .
v eV} v €Vs

Consequently, we get
Gt(x) < Or ,Bth(]/) = O/ teT. (39)

Since A, B € Rl;rl, therefore using equation (39) in (32), we obtain

p

p
DL wiFi(x) + ) (A +BIGHE) < D wiFily) + ) (A + BGi(y). (40)
i=1

teT i=1 teT

From the definition of H, it follows from (40) that H(x) < H(y). By invoking generalized pseudoconvexity
of H at y, we obtain

(£,1) <0, V&edH(y).
Under assumption (B1), F;, i € P, and G, t € T, are locally Lipschitz. Hence, from Lemma 2.1, one has

p p
IHG) =3 D wiFiy) + (e + BIGH)) © Y widFily) + Y (A + FIGi(y).
i=1 i=1

teT teT”

Furthermore, under assumptions (B1) and (B2), and using equations (16)—(17), we deduce

p
IH(F) yico{ax Fily, ui):u; e(LIi(y)} + D A+ /st)co{ax gi(y, v1):0; e(Vt(y)}.

i=1 teT

Therefore, there exist

y’}i € co{&xﬂ(y,ui) Tu; € ﬂi(y)} and y;t € co{&xgt(y,vt) 10 € "Vt(y)}

P
such that < Z /,Liy’j‘,i + Z(At + ﬁt)y;,n> <0.
i=1 teT
which contradicts (31). Hence, the claim is proved. O

To emphasize the role of generalized convexity of (F, G) in the analysis, consider the following example.

Example 4.7. Consider the following primal problem (UP) under data uncertainty:

min  (fi(x, 1), fo(x, u2)) = (x° + 11, X° + up)

st. xe(Cq ﬂ Co, gi(x,vs):= (v = 2t)|x| <0, teT,

foruy; € [0,1], up € [2,3], vy € V; :=[-t,t],t € T :=(0,+0), C; = [-1,1], C; = [-2,0] and x € R. The
feasible set for the primal problem is given by Q := [-1,0]. Let y € R. We get Ui(y) = {1}, Ua(y) = {3},
Vi(y) = {t}. At this point, for A, € R'T, we introduce the dual problem (OD) for further analysis.

min L(y,u,A,v):= (y5 +up + Z Ae(ve = 2t)|yl, y3 + Uy + Z At(vy — 2t)|y|)

t>0 t>0
s.t. 0€udyfi(y, 1)+ 2y fo(y,3) + Z(At +B1)dx 8y, t) + N(y; C1) + N(y; Ca),
t>0
Bigt(y,vt) == Pr(vr = 2t)ly| 20, Vo € Vi(y) ={t},teT.
By choosing ¥ = -1€Q, i =0,ii1 =1, =3,A; = = (1,0,...), s = t, it holds that (i, i1y, iz, At, B, Ot) €
Qop and that
F(x)=(0,2) < (1,3) = L(i,i,A,D),

which shows that Theorem 4.6 fails since (F, Gg-) is not generalized convex at 7. m]
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We establish a robust strong duality relationship between the primal and dual problems as follows.

Theorem 4.8. (Robust Strong Duality) Let i € QZ}SE. Assume that the conditions (B1) and (B2) hold at
y. Suppose that RLCQ is satisfied at i, and equation w1 + --- + wy = 0, where w; € N(x,C;),j € K, ad-
mits only a trivial solution w; = 0,j € K. Then there exists (ﬁ,ﬁ,i,z‘z) € Rﬁ \ {0} XU x Rlz—l XV such that
(y,@,u,A,0,9),(,[,i,0,A,9) € Qpoum and F(ij) = L(ij,u,A,v). Furthermore, if (F, Gy) is generalized
convex at y € ﬂ;f:l Cj, then (i, 1,1, A,0,9) and (y,@,1,0, A, D) are robust weakly efficient solutions of (OD).

Proof. Since i € QZ;’Q, it follows that i/ € ﬂ;‘zl C;. From Theorem 3.7, there exist fi € R, with Zle pi=1,
Ae lel, such that

p
0€ Y fico{oufi7, ) : s € U(7)|

i=1

k
+ 3 hcoldugi(@,30) 0 € Vi) + YN0, (41)
j=1

teT

it maxgt(y,z")t) :0, teT.
Z_J[E(Vt

Consequently, (7, ﬁ,ﬁ,/_\,O,z_)) and (g,p,a,o,/'\,z‘;) are feasible solutions to (OD). From the conditions
Lgt(y, 0;) =0, t €T and fi(, ii;) = maxyeq; fi(§,ui), i € P, it follows that:

(A, @), ..., fp(7, i) = L7, 1,A,0). (42)

Since (F, Gy ) is generalized convex at y € ﬂ;‘zl Cj, therefore it follows from Theorem 4.6 that for any
feasible solution (v, u, u, A, B, v) of (OD):

(A@, @), ., fp(F,1p)) £ Ly, u, A, 0). (43)

Thus, from equation (42), we obtain:
L(,,A,9) %4 L(y,u,A,0).

Thus, (i, i, i, A,0,9) and (y,@,u,0, A, D) are robust weakly efficient solutions of (OD). This completes the
proof. m|

The following example demonstrates that the condition RLCQ is essential in Theorem 4.8.

Example 4.9. Consider the following primal problem (UP) under data uncertainty:

min  (fi(x, u1), fa(x, u2)) := (x + 11, 3x + uz)
st. xeCy =R, g(x,v) = (v — 20)x2 <0, teT,

foru; €[0,1], up € [-2,-1], 0 € V; := [-t,t],t €T :=(0,+),and x € R.

The feasible set of the primal problem is given by Q = {0}. Thus, ¥ = 0 € QZ%E.
Now observe that Gi(x) = -—tx?, U@ = {1}, WU = {1}, Vi) = [-tt],
9x fi(§, u1) = {1}, 9 fo(§, u2) = {3}, 9x8:(¥, vr) = {0}, v € Vi ().

U [ 2 06|+ N = o3,

AeA(y) teT

However, N(i; Q) = R. Hence, RLCQ does not hold at j. Now, consider the dual problem (OD), we cannot
find out fi := (i1, fiz) € R, \ {0} and A := (A1, 12) € R7 !, such that (7, g, i, 1,0,%), (, i, 71,0, A,3) € Qop. It
means that the Theorem 4.8 fails to hold even though fi(-, u1), f2(-, u2), and g(-,v¢), t € T, are convex and
smooth functions. It is due to the fact that RLCQ does not hold.
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5. Conclusion

This paper extends the work of Hung et al. [26] by generalizing the results from the scalar objective func-
tions with finite inequality constraints to multiobjective optimization problems with an infinite number of
constraints. By using the robust optimization framework and advanced variational analysis techniques, we
introduced the robust limiting constraint qualification (RLCQ) to derive robust KKT necessary optimality
conditions. Furthermore, we proposed the concepts of generalized convexity and generalized pseudoqua-
siconvexity to establish sufficient optimality conditions. Additionally, we developed a mixed-type robust
dual model for the primal problem and examined the concepts of robust weak and strong duality.

This research opens several promising avenues for future exploration in optimization. This study
focuses on the (UP), where uncertainties are confined to the objective and inequality constraint func-
tions. There is significant potential to extend this work by incorporating uncertain parameters into other
types of optimization problems, such as mathematical programs with vanishing constraints, mathematical
programs with equilibrium constraints, and mathematical programs with switching constraints, and by
exploring different uncertainty sets, such as interval-based, norm-based, or ellipsoidal uncertainty. More-
over, the current analysis is limited to limiting subdifferentials. Future work could generalize these results
to more complex functions using alternative nonsmooth calculus tools such as convexificators [31, 20] and
quasidifferentials [5]. Additionally, this framework could be used to extend the results for robust fractional
semi-infinite multiobjective optimization problems in [56], for e-quasi-weakly efficient solutions [49], for
interval-valued approximate solutions [37], and for approximate solutions involving convex symmetric
cone optimization [3].
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