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1. Introduction and structure of the paper
In 1959, Kolmogorov and Sinai developed the metric entropy from Shannon’s information theory into
ergodic theory. Since then, the notion of entropy has played a crucial role in the study of dynamical
systems. In 1965, the notion of topological entropy, denoted here by ℎ𝑡𝑜𝑝( 𝑓 ), of a classical dynamical
system, determined by a single continuous self-map 𝑓 : 𝑋 → 𝑋 of a compact topological space 𝑋, was
introduced by Adler, Konheim and McAndrew [1] as a topological conjugacy invariant. In 1971, Bowen [6]
and Dinaburg [9] gave a new, but equivalent, definition in the case when the space under consideration is
metrizable.

Another approach which resembles the construction of Hausdorff measure and Hausdorff dimension
was used by Bowen [7] to extend the concept of topological entropy for noncompact sets. This approach
was developed by Pesin and Pitskel [20] and presented in details by Pesin [19] who elaborated a dimension
theory of Carathéodory structures.

Due to the Krylov-Bogoliubov Theorem [8] for a continuous map 𝑓 : 𝑋 → 𝑋 there exists a Borel
probability 𝑓 -invariant measure 𝜇, defined on a Borel 𝜎-algebra on 𝑋. Therefore, the space of 𝒫 𝑓 (𝑋) of
𝑓 -invariant probability measures defined on the 𝜎-algebra𝔅(𝑋) of the Borel subsets of 𝑋 is not empty. Thus,
one can define and study measure-theoretic entropy, denoted here by ℎ𝜇( 𝑓 ), of a continuous transformation
𝑓 with respect to a measure 𝜇 ∈ 𝒫 𝑓 (𝑋). The famous variational principle relates topological entropy of a
continuous self-map 𝑓 : 𝑋 → 𝑋, acting on a compact metric space 𝑋, to its measure-theoretic entropy.

It says that ℎ𝑡𝑜𝑝( 𝑓 ) = sup{ℎ𝜇( 𝑓 ) : 𝜇 ∈ 𝒫 𝑓 (𝑋)}.
Equivalently, it can be rewritten for the topological pressure 𝑃top( 𝑓 , 𝜑) of the map 𝑓 (Theorem 9.10 in

[22]) as

𝑃top( 𝑓 , 𝜑) = sup
𝜇∈𝒫 𝑓 (𝑋)

{
ℎ𝜇( 𝑓 ) +

∫
𝑋

𝜑 𝑑𝜇
}
, (1)

where 𝜑 : 𝑋 → R is a continuous potential.
Also, it is known a dual variational principle (Theorem 9.12 in [22]) for a continuous self-map 𝑓 : 𝑋 →

𝑋, with finite topological entropy. It expresses the measure-theoretic entropy ℎ𝜇0( 𝑓 ) of 𝑓 through the
topological pressure 𝑃top( 𝑓 , 𝜑), it says that ℎ𝜇0( 𝑓 ) = inf{𝑃top( 𝑓 , 𝜑) −

∫
𝑋
𝜑𝑑𝜇0 : 𝜑 ∈ 𝐶(𝑋)} if and only if

ℎ𝜇0( 𝑓 ) is upper semi-continuous at 𝜇0, where 𝐶(𝑋) is the space of all continuous maps 𝜙 : 𝑋 → R.
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One of the aims of the thermodynamic formalism is to establish the existence of measures with maximal
entropy. Such measures, called equilibrium states, include as specific examples Gibbs measures and
physical measures. With some additional assumptions a classical dynamical system admits a measure of
maximal entropy.

There are several proposals to extend the notions of measure-theoretic entropy and topological pres-
sure to more general settings. One of them are nonautonomous discrete dynamical systems (in short:
NADDS), determined by sequences of continuous self-maps 𝑓1,∞ := { 𝑓𝑛 : 𝑋 → 𝑋}𝑛∈N, which are natural
generalization of a classical dynamical system.

Kolyada and Snoha [15] introduced and studied the notion of topological entropy of NADDS. Many
properties for such dynamical systems have been studied for many years (cf. [2], [11], [12], [14], [15], [18],
[23]). For example, Huang, Wen and Zeng [11] introduced and studied the topological pressure of NADDS.
Equivalent definitions of topological pressures and basic properties of these notions one can find in [16].

A main difficulty in setting up the variational principle for NADDS is a lack of common invariant
measures; there is no counterpart to the Krylov-Bogoliubov Theorem.

Kawan [12] considers at the same time a sequence of probability spaces 𝑋1,∞ := {𝑋𝑛 , 𝜇𝑛}𝑛∈N and a
sequence of continuous maps 𝑓1,∞ := { 𝑓𝑛 : 𝑋𝑛 → 𝑋𝑛+1}𝑛∈N defined on the sequence of compact metric
spaces {𝑋𝑛}𝑛∈N with a sequence of measures 𝜇1,∞ := {𝜇𝑛 − measure on 𝑋𝑛}𝑛∈N. The sequence of measures
𝜇1,∞ is called 𝑓1,∞-invariant if ( 𝑓 ∗𝑛 )𝜇𝑛 = 𝜇𝑛+1, for any 𝑛 ∈ N. Let 𝒫𝑛 be a finite measurable partition of
𝑋𝑛 and let 𝒫1,∞ := {𝒫𝑛}𝑛∈N be the sequence of all finite partitions. Recall that the entropy of a finite
measurable partition 𝑃 = {𝑃1 , ..., 𝑃𝑚} of a probability space (𝑋,𝒜, 𝜇), where 𝒜 is a 𝜎-algebra of 𝑋, is
defined as 𝐻𝜇(𝑃) := −∑𝑚

𝑖=1 𝜇(𝑃𝑖) log(𝜇(𝑃𝑖)). Kawan defines topological entropy ℎ𝑡𝑜𝑝( 𝑓1,∞) in the same way
as Kolyada and Snoha in [15]. Since the measure entropy of a partition 𝒫1,∞ defined as follows

ℎ𝜇1( 𝑓1,∞ ,𝒫1,∞) := lim sup
𝑛→∞

1
𝑛
𝐻𝜇1(

𝑛−1∨
𝑖=0

𝑓 −𝑖1 𝒫𝑖+1)

can be infinite even for simple systems (see Example 14 and Example 18 in [12]) he chooses a sufficiently
nice subclass ℰ𝑚𝑎𝑥 from the class of all sequences 𝒫1,∞, called maximal admissible class (for definition see
Subsection 3.2 of [12]), to get a reasonable notion of metric entropy. But to get partial variational principle
he even chooses a subclass ℰ𝑀 ⊂ ℰ𝑚𝑎𝑥 , called Misiurewicz class, described in Subsection 4.1 of [12], to
define measure entropy

ℎℰ𝑀
( 𝑓1,∞) := sup

𝒫1,∞∈ℰ𝑀

ℎ𝜇1( 𝑓1,∞ ,𝒫1,∞).

His main result (Theorem 28 in [12]) is a partial variational principle. It ensures that for an equicontin-
uous topological nonautonomous dynamical system (𝑋1,∞ , 𝑓1,∞), with 𝑓1,∞-invariant sequence 𝜇1,∞, the
inequality ℎℰ𝑀

( 𝑓1,∞) ≤ ℎ𝑡𝑜𝑝( 𝑓1,∞) holds.
Local measure entropies, in sense of Brin and Katok [8], are well defined for discrete nonautonomous

dynamical systems. In this context, there were several approaches to relate the topological entropy of a
system to its local measure entropies.

For example, some generalization of the result of Kawan [12] was given by Biś [2] who applied local
lower measure entropy ℎ𝐿𝑜𝑤𝜇 ( 𝑓1,∞)(𝑥) and local upper measure entropy ℎ

𝑈𝑝𝑝
𝜇 ( 𝑓1,∞)(𝑥) of the system at a

point 𝑥 ∈ 𝑋, with respect to a Borel probability measure 𝜇 on 𝑋.
Theorem 1 in [2] says that for a Borel probability measure 𝜇 on 𝑋 a subset 𝐸 ⊂ 𝑋 and 𝑠 > 0 one has: If

for any point 𝑥 ∈ 𝐸 the inequality ℎ𝐿𝑜𝑤𝜇 ( 𝑓1,∞)(𝑥) ≥ 𝑠 holds and 𝜇(𝐸) > 0, then ℎ𝑡𝑜𝑝( 𝑓1,∞ , 𝐸) ≥ 𝑠.

Feng and Huang [10] proved that the topological entropy of NADDS coincides with the supremum of
integrals of lower local measure entropy function, where the supremum is taking over all Borel probability
measures with full support.

In the paper, we prove that for the topological pressure of a nonautonomous dynamical system the
abstract variational principle and dual abstract variational principle (Theorem A) hold. In Theorem B,
assuming that the classical variational principle holds for topological pressure, we show the relations
between different measure entropies and invariant measures of the system. Next, we use Misiurewicz
construction to introduce Misiurewicz pressure and Misiurewicz entropy. In Theorem C we prove that for
Misiurewicz pressure the abstract variational principle and abstract dual variational principle hold as well.
In Theorem D, assuming that the classical variational principle holds for Misiurewicz pressure, we show
the relations between different measure entropies and invariant measures of the system.
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The paper is organized as follows. In Section 2, we introduce Convex Analysis approach to NSDDS. In
particular we present necessary notions and ideas to formulate Theorem A on abstract variational principle
for the topological pressure of a nonautonomous dynamical system 𝑓1,∞ := { 𝑓𝑛 : 𝑋 → 𝑋}𝑛∈N. We show
that topological pressure determines a pressure function. The variational principle stated in Theorem A for
topological pressure ensures that there always exist measures for which the right-hand side of (2) attains
the maximum. In Corollary 2.1 we state that such a measure is unique. We define the space𝒫 𝑓1,∞(𝑋) of 𝑓1,∞-
invariant measures and provide examples (Example 2.2 and Example 2.3) of nonautonomous dynamical
systems for which this space 𝒫 𝑓1,∞(𝑋) is not empty. In Theorem B, under the assumption that for a
nonautonomous dynamical system 𝑓1,∞ := { 𝑓𝑛 : 𝑋 → 𝑋}𝑛∈N we have also classical variational principle
for topological pressure, we present relations between different entropies of the system. In particular
we prove that 𝑓1,∞-invariant measures are determined by the positivity of the abstract measure entropy.
Next we define Misiurewicz entropy and Misiurewicz pressure of a nonautonomous dynamical system
𝑓1,∞ := { 𝑓𝑛 : 𝑋 → 𝑋}𝑛∈N. We show that Misiurewicz pressure determines a pressure function. We state
Theorem C, expressed for the Misiurewicz pressure, which is an analogue of Theorem A expressed for the
topological pressure of a nonautonomous dynamical system. The variational principle stated in Theorem
C for Misiurewicz pressure ensures that there always exist measures for which the right-hand side of (5)
attains the maximum. In Corollary 2.4 we state that such a measure is unique. Next we state Theorem D,
expressed for the Misiurewicz pressure, which is an analogue of Theorem B expressed for the topological
pressure.

Section 3 is devoted to the main result of Biś et al. [3], where the authors used methods from Convex
Analysis to obtain upper semi-continuous entropy-like maps adapted to any pressure function on a suitable
Banach space, and without summoning any dynamics. An abstract pressure function (Definition 3.1)
defined on a Banach space is introduced. In Theorem 3.2 stated for an abstract pressure function we obtain
an abstract measure entropy, abstract variational principle and abstract dual variational principle.

In Section 4, we introduce in details the notion of topological pressure of NADDS, apply the results of
[3], and provide proofs of Theorem A and Theorem B. In Section 5, we introduced Misiurewicz pressure
of a nonautonomous dynamical system, based on [17], and present proofs of Theorem C and Theorem D.

2. Main results
In this self-contained paper we present two different definitions of pressures of NADDS determined
by continuous self-maps 𝑓1,∞ := { 𝑓𝑛 : 𝑋 → 𝑋}𝑛∈N. The first one is called the topological pressure (see:
Definition 4.1) and the second one is called the Misiurewicz pressure (see: Definition 5.1). To both pressures
we apply the main results of [3], where the authors used methods from Convex Analysis to obtain upper
semi-continuous entropy-like maps adapted to any abstract pressure function on a suitable Banach space,
and without summoning any dynamics.

For a compact metric space (𝑋, 𝑑)we denote by𝑃(𝑋) the space of all Borel probability measures on𝑋, and
by 𝐶(𝑋) the space of all continuous maps 𝜑 : 𝑋 → R, called potentials. Let 𝑃top( 𝑓1,∞ , 𝜑) (resp., ℎ𝑡𝑜𝑝( 𝑓1,∞))
denote the topological pressure (resp., the topological entropy) a NADDS 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞

𝑛=1, with
respect to the potential 𝜑 ∈ 𝐶(𝑋). Applying the strategy of [3] to topological pressure of NADDS we get
the following abstract variational principle and abstract dual variational principle.

Theorem A. Let 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞
𝑛=1 be a nonautonomous discrete dynamical system defined on a

compact metric space (𝑋, 𝑑) with ℎ𝑡𝑜𝑝( 𝑓1,∞) < +∞. Then there exists an upper semi-continuous function
𝔥 𝑓1,∞ : 𝒫(𝑋) → R such that

𝑃top( 𝑓1,∞ , 𝜑) = max
𝜇∈𝒫(𝑋)

{
𝔥 𝑓1,∞(𝜇) +

∫
𝑋

𝜑 𝑑𝜇
}

∀𝜑 ∈ 𝐶(𝑋) (2)

and

𝔥 𝑓1,∞(𝜇) = inf
𝜑 ∈𝐶(𝑋)

{
𝑃top( 𝑓1,∞ , 𝜑) −

∫
𝜑 𝑑𝜇

}
∀𝜇 ∈ 𝒫(𝑋). (3)
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Corollary 2.1. Let 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞
𝑛=1 be a nonautonomous discrete dynamical system with finite topological

entropy ℎ𝑡𝑜𝑝( 𝑓1,∞), and a continuous potential 𝜑 ∈ 𝐶(𝑋). Then there exists a unique measure 𝜇 ∈ 𝑃(𝑋) such that
𝑃top( 𝑓1,∞ , 𝜙) = 𝔥 𝑓1,∞(𝜇) +

∫
𝑋
𝜑 𝑑𝜇.

In the next theorem we introduce a new entropy like quantity ℎ∗
𝑓1,∞

(𝜇) (for definition see Subsection
4.4) for a NADDS and we present some properties of an abstract measure-entropy of nonautonomous
dynamical systems.

Let 𝒫 𝑓1,∞(𝑋) be the space of 𝑓1,∞-invariant measures, i.e.

𝒫 𝑓1,∞(𝑋) := {𝜇 ∈ 𝒫(𝑋) :
∫

(𝜓 ◦ 𝑓𝑛)𝑑𝜇 =

∫
𝜓𝑑𝜇, ∀𝑛∈N ,𝜓 ∈ 𝐶(𝑋)}.

Below we present examples of NADDS admitting common invariant measures.

Example 2.2. Assume that (𝑋, 𝑑) is a compact metric space and there are two commuting continuous maps
𝑓 , 𝑔 : 𝑋 → 𝑋, that are different from the identity map on 𝑋. Then, a Borel probability measure 𝜇 which
is 𝑓 -invariant, is 𝑔-invariant as well (see [21] p. 98). So, for 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞

𝑛=1 consisting of pairwise
commuting maps (i.e. 𝑓𝑛 ◦ 𝑓𝑚 = 𝑓𝑚 ◦ 𝑓𝑛 for any 𝑚, 𝑛 ∈ N) there exists a common 𝑓1,∞-invariant measure 𝜈
and 𝒫 𝑓1,∞(𝑋) ≠ ∅. □

Example 2.3. The orthogonal group 𝑂(𝑚) acting on the 𝑚-dimensional sphere 𝑆𝑚 is a non-abelian group
admitting 𝑂(𝑚)-invariant Haar measure. Therefore, for any 𝑓1,∞ = { 𝑓𝑛 : 𝑆𝑚 → 𝑆𝑚}∞

𝑛=1, with 𝑓𝑛 ∈ 𝑂(𝑚) for
any 𝑛 ∈ N, the Haar measure is 𝑓1,∞-invariant and 𝒫 𝑓1,∞(𝑋) ≠ ∅. □

Theorem B. Let 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞
𝑛=1 be a nonautonomous discrete dynamical system defined on a compact

metric space (𝑋, 𝑑). Let 𝑃top( 𝑓1,∞ , ·) : 𝐶(𝑋) → R be the pressure function and 𝔥 𝑓1,∞ : 𝒫(𝑋) → R its variational
metric entropy given by the equality (3). Assume that 𝒫 𝑓1,∞(𝑋) ≠ ∅ and 𝑃top( 𝑓1,∞ , ·) also satisfies a variational
principle

𝑃top( 𝑓1,∞ , 𝜑) = sup
𝜇∈𝒫 𝑓1,∞ (𝑋)

{
ℎ 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
∀𝜑 ∈ 𝐶(𝑋) (4)

with respect to a non-negative metric entropy map ℎ 𝑓1,∞ : 𝒫 𝑓1,∞(𝑋) → [0,+∞[.
Then

(a) If 𝜑 ∈ 𝐶(𝑋) and 𝜇𝜑 ∈ 𝒫(𝑋) attains the maximum in (2), then 𝜇𝜑 is 𝑓1,∞-invariant, that is,∫
(𝜓 ◦ 𝑓𝑛) 𝑑𝜇𝜑 =

∫
𝜓 𝑑𝜇𝜑 ∀ 𝑛 ∈ N ∀𝜓 ∈ 𝐶(𝑋).

(b) Given 𝜇 ∈ 𝒫(𝑋), one has 𝜇 ∈ 𝒫 𝑓1,∞(𝑋) if and only if 𝔥 𝑓1,∞(𝜇) ⩾ 0.

(c) For every 𝜇 ∈ 𝒫 𝑓1,∞(𝑋), one has 0 ⩽ ℎ 𝑓1,∞(𝜇) ⩽ ℎ∗
𝑓1,∞

(𝜇) ⩽ 𝔥 𝑓1,∞(𝜇).

(d) For every 𝜑 ∈ 𝐶(𝑋)

𝑃top( 𝑓1,∞ , 𝜑) = max
𝜇∈𝒫 𝑓1,∞ (𝑋)

{
𝔥 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
= max
𝜇∈𝒫 𝑓1,∞ (𝑋)

{
ℎ∗𝑓1,∞(𝜇)+

∫
𝜑 𝑑𝜇

}
.

In the second part of the paper we consider Misiurewicz pressure 𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) (see Definition 5.1)
and Misiurewicz entropy ℎ𝑀𝑖𝑠( 𝑓1,∞) of 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞

𝑛=1, defined by the equality ℎ𝑀𝑖𝑠( 𝑓1,∞) :=
𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜙0), where 𝜙0 ≡ 0. We get the following results, similar to Theorem A and Theorem B.

Theorem C. Let 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞
𝑛=1 be a nonautonomous discrete dynamical system defined on a compact

metric space (𝑋, 𝑑), with ℎ𝑀𝑖𝑠( 𝑓1,∞ , 𝑋) < +∞. Then there exists an upper semi-continuous function 𝔥𝑀𝑖𝑠
𝑓1,∞

:
𝒫(𝑋) → R such that

𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) = max
𝜇∈𝒫(𝑋)

{
𝔥𝑀𝑖𝑠
𝑓1,∞

(𝜇) +
∫
𝑋

𝜑 𝑑𝜇
}

∀𝜑 ∈ 𝐶(𝑋) (5)
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and

𝔥𝑀𝑖𝑠
𝑓1,∞

(𝜇) = inf
𝜑 ∈𝐶(𝑋)

{
𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) −

∫
𝜑 𝑑𝜇

}
∀𝜇 ∈ 𝒫(𝑋). (6)

Corollary 2.4. Let 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞
𝑛=1 be a nonautonomous discrete dynamical system with ℎ𝑀𝑖𝑠( 𝑓1,∞) < ∞

and a continuous potential 𝜑 ∈ 𝐶(𝑋) there exists a unique measure 𝜇1 ∈ 𝑃(𝑋) such that 𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) = 𝔥𝑀𝑖𝑠
𝑓1,∞

(𝜇1)+∫
𝑋
𝜑 𝑑𝜇1.

In the next theorem we introduce a new entropy-like quantity ℎ∗𝑀𝑖𝑠
𝑓1,∞

( see Subsection 5.5) for a NADDS
and we present some properties of an abstract measure-entropy of 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞

𝑛=1.

Theorem D. Let 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞
𝑛=1 be a nonautonomous discrete dynamical system defined on a compact

metric space (𝑋, 𝑑). Let 𝑃𝑀𝑖𝑠( 𝑓1,∞ , ·) : 𝐶(𝑋) → R be the Misiurewicz pressure function and 𝔥𝑀𝑖𝑠
𝑓1,∞

: 𝒫(𝑋) → R
denote its variational metric entropy given by the equality (6). Assume that 𝒫 𝑓1,∞(𝑋) ≠ ∅ and 𝑃𝑀𝑖𝑠( 𝑓1,∞ , ·) also
satisfies a variational principle

𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) = sup
𝜇∈𝒫 𝑓1,∞ (𝑋)

{
ℎ𝑀𝑖𝑠
𝑓1,∞

(𝜇) +
∫

𝜑 𝑑𝜇

}
∀𝜑 ∈ 𝐶(𝑋) (7)

with respect to a non-negative metric entropy map ℎ𝑀𝑖𝑠
𝑓1,∞

: 𝒫 𝑓1,∞(𝑋) → [0,+∞[.
Then

(a) If 𝜑 ∈ 𝐶(𝑋) and 𝜇𝜑 ∈ 𝒫(𝑋) attains the maximum in (5), then 𝜇𝜑 is 𝑓1,∞-invariant, that is,∫
(𝜓 ◦ 𝑓𝑛) 𝑑𝜇𝜑 =

∫
𝜓 𝑑𝜇𝜑 ∀ 𝑛 ∈ N ∀𝜓 ∈ 𝐶(𝑋).

(b) Given 𝜇 ∈ 𝒫𝑎(𝑋), one has 𝜇 ∈ 𝒫 𝑓1,∞(𝑋) if and only if 𝔥𝑀𝑖𝑠
𝑓1,∞

(𝜇) ⩾ 0.

(c) For every 𝜇 ∈ 𝒫 𝑓1,∞(𝑋), one has 0 ⩽ ℎ𝑀𝑖𝑠
𝑓1,∞

(𝜇) ⩽ ℎ∗𝑀𝑖𝑠
𝑓1,∞

(𝜇) ⩽ 𝔥𝑀𝑖𝑠
𝑓1,∞

(𝜇).

(d) For every 𝜑 ∈ 𝐶(𝑋)

𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) = max
𝜇∈𝒫 𝑓1,∞ (𝑋)

{
𝔥𝑀𝑖𝑠
𝑓1,∞

(𝜇) +
∫

𝜑 𝑑𝜇
}
= max
𝜇∈𝒫 𝑓1,∞ (𝑋)

{
ℎ∗𝑀𝑖𝑠
𝑓1,∞

(𝜇) +
∫

𝜑 𝑑𝜇
}
.

Remark 2.5. In context of group actions or semigroup actions results similar to Theorem B or Theorem D
one can find in [4]. □

3. Abstract variational principle
This section is on the main result of Biś et al. [3], where the authors used methods from Convex Analysis
to obtain upper semi-continuous entropy-like maps adapted to any pressure function on a suitable Banach
space, and without summoning any dynamics. Thus, this strategy is unspecific enough to be applied to
either the classical topological pressure associated to a single dynamics (as done in [3]) or to the recently
defined notions of topological pressure and Misiurewicz pressure for nonautonomous dynamical systems,
we address in this work. Such an abstract variational principle can be applied to obtain variational
principles using either the space of probability measures or the space of finitely additive set functions. To
present the main result of [3], let us first introduce the basis notions and notations.

Let (𝑋, 𝑑) be a locally compact metric space (with the distance 𝑑), 𝔅 be its 𝜎-algebra of Borel sets, 𝒫(𝑋)
denote the space of Borel probability measures on 𝑋 with the weak∗-topology, 𝒫𝑎(𝑋) stand for the set of
Borel real-valued normalized finitely additive set functions with the total variation distance (which we
will simply call finitely additive probabilities), and 𝐶(𝑋) the space of continuous maps 𝜓 : 𝑋 → R with the
supremum norm (whose elements are called potentials).
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In what follows we will consider a Banach space B over the field R equal to either

𝐿∞(𝑋) =
{
𝜑 : 𝑋 → R | 𝜑 is measurable and bounded

}
or 𝐶𝑐(𝑋) =

{
𝜑 ∈ 𝐶(𝑋) | 𝜑 has compact support

} (8)

endowed with the norm ∥𝜑∥∞ = sup𝑥 ∈𝑋 |𝜑(𝑥)|. The Riesz representation theorem asserts that the dual of
𝐶𝑐(𝑋) is identified with the collection of all finite signed measures on (𝑋,𝔅), whose positive normalized
continuous functionals correspond to the space 𝒫(𝑋). It is known that the latter set is compact when
equipped with the weak∗ topology. On the other hand, the dual of 𝐿∞(𝑋) is isometrically isomorphic to
the space of regular finitely additive bounded signed measures on (𝑋,𝔅) with the total variation norm,
whose subset of positive normalized elements is represented by 𝒫𝑎(𝑋).
Definition 3.1. A function Γ : B → R is called a pressure function if it satisfies the following conditions:
(C1) Increasing: 𝜑 ⩽ 𝜓 ⇒ Γ(𝜑) ⩽ Γ(𝜓) ∀𝜑, 𝜓 ∈ B.

(C2) Translation invariant: Γ(𝜑 + 𝑐) = Γ(𝜑) + 𝑐 ∀𝜑 ∈ B ∀ 𝑐 ∈ R.

(C3) Convex: Γ(𝑡 𝜑 + (1 − 𝑡)𝜓) ⩽ 𝑡 Γ(𝜑) + (1 − 𝑡)Γ(𝜓) ∀𝜑, 𝜓 ∈ B, ∀ 𝑡 ∈ [0, 1].
For a pressure function Γ : B → R we get the following.

Γ(𝜓) − ∥𝜑 − 𝜓∥∞ = Γ(𝜓 − ∥𝜑 − 𝜓∥∞) ⩽ Γ(𝜑) ⩽ Γ(𝜓 + ∥𝜑 − 𝜓∥∞)
= Γ(𝜓) + ∥𝜑 − 𝜓∥∞ ,

|Γ(𝜑) − Γ(𝜓)| ⩽ ∥𝜑 − 𝜓∥∞ ∀𝜑, 𝜓 ∈ B.

The following is the main abstract variational principle and the upper semi-continuous metric entropy map
arising from convex analysis that we will use later.
Theorem 3.2. [3, Theorem 1] Let (𝑋, 𝑑) be a metric space and Γ : B → R be a pressure function.

(a) If 𝑋 is locally compact and B = 𝐶𝑐(𝑋) then there exists an upper semi-continuous entropy map 𝔥 such that

Γ(𝜑) = max
𝜇∈𝒫(𝑋)

{
𝔥(𝜇) +

∫
𝜑 𝑑𝜇

}
∀𝜑 ∈ 𝐶𝑐(𝑋) (9)

Besides, 𝔥(𝜇) = inf
𝜑 ∈𝐶𝑐(𝑋)

{
Γ(𝜑) −

∫
𝜑 𝑑𝜇

}
∀𝜇 ∈ 𝒫(𝑋)

and if 𝛼 : 𝒫𝑎(𝑋) → R ∪ {+∞,−∞} is another function for which (9) holds then 𝛼 ⩽ 𝔥. Furthermore, if ℰ𝜑(Γ)
denotes the set of maximizing elements in (9) then there is a residual subset ℜ ⊂ 𝐶𝑐(𝑋) such that #ℰ𝜑(Γ) = 1 for
every 𝜑 ∈ ℜ.

(b) If B = 𝐿∞(𝑋), then

Γ(𝜑) = max
𝜇∈𝒫𝑎(𝑋)

{
𝔥(𝜇) +

∫
𝜑 𝑑𝜇

}
∀𝜑 ∈ 𝐿∞(𝑋) (10)

where 𝔥(𝜇) = inf𝜑 ∈B
{
Γ(𝜑) −

∫
𝜑 𝑑𝜇

}
for every 𝜇 ∈ 𝒫𝑎(𝑋). Besides, the map 𝔥 is upper semi-continuous and

maximal among any other upper semi-continuous functions attaining the supremum in (10).

4. Topological entropy and topological pressure of NADDS
4.1. Basic definitions and properties
In this section we introduce a topological entropy and topological pressure of NADDS given by a sequence
𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞

𝑛=1 of continuous maps of a compact metric space (𝑋, 𝑑). The sequence of self-maps
determines a sequence of metrics

𝑑𝑛(𝑥, 𝑦) := 𝑚𝑎𝑥{𝑑( 𝑓𝑖 ◦ 𝑓𝑖−1 ◦ ... ◦ 𝑓1(𝑥), 𝑓𝑖 ◦ 𝑓𝑖−1 ◦ ... ◦ 𝑓1(𝑦)) : 1 ≤ 𝑖 ≤ 𝑛 − 1},
where 𝑥, 𝑦 ∈ 𝑋. Following Kolyada and Snoha [13], we define a topological entropy of the NADDS
determined by 𝑓1,∞ as follows. Fix a positive integer 𝑛 and 𝜖 > 0. We say that a subset 𝐴 ⊂ 𝑋 is
(𝑛, 𝜖)-separated if for any distinct points 𝑎1 , 𝑎2 ∈ 𝐴

𝑑𝑛(𝑎1 , 𝑎2) := 𝑚𝑎𝑥{𝑑( 𝑓𝑖 ◦ 𝑓𝑖−1 ◦ ... ◦ 𝑓1(𝑎1), 𝑓𝑖 ◦ 𝑓𝑖−1 ◦ ... ◦ 𝑓1(𝑎2) : 1 ≤ 𝑖 ≤ 𝑛 − 1} ≥ 𝜖.

Let 𝑠(𝑛, 𝜖, 𝑓1,∞) := 𝑚𝑎𝑥{𝑐𝑎𝑟𝑑(𝐴) : 𝐴 𝑖𝑠 (𝑛, 𝜖) − 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜 𝑓 𝑋}.
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Definition 4.1. The quantity

ℎ𝑡𝑜𝑝( 𝑓1,∞) := lim
𝜖→0

lim sup
𝑛→∞

1
𝑛
𝑙𝑜𝑔(𝑠(𝑛, 𝜖, 𝑓1,∞))

is called the topological entropy of a NADDS determined by 𝑓1,∞. □

Topological pressure of a NADDS, determined by 𝑓1,∞, with respect to a potential 𝜑 ∈ 𝐶(𝑋) we define as
follows

𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜑) := lim
𝜀→0+

lim sup
𝑛→∞

1
𝑛

log𝑃𝑛( 𝑓1,∞ , 𝜑, 𝜀),

where for any 𝑛 ∈ N and 𝜀 > 0

𝑃𝑛( 𝑓1,∞ , 𝜑, 𝜀) := sup
𝐸

{∑
𝑥∈𝐸

𝑒𝑆
𝑓1,∞
𝑛 𝜑(𝑥) : 𝐸 is an (𝑛, 𝜀)-separated subset of 𝑋

}
and

𝑆
𝑓1,∞
𝑛 𝜑(𝑥) := 𝜑(𝑥) + 𝜑( 𝑓1(𝑥)) + 𝜑( 𝑓2 ◦ 𝑓1(𝑥)) + · · · + 𝜑( 𝑓𝑛−1 ◦ 𝑓𝑛−2 ◦ ... ◦ 𝑓1(𝑥)).

Notice that for the potential 𝜑0 ≡ 0 one has

𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜑0) = ℎ𝑡𝑜𝑝( 𝑓1,∞).
From the definition of pressure we get for any 𝜑 ∈ 𝐶(𝑋) the following inequalities

ℎ𝑡𝑜𝑝( 𝑓1,∞) + inf
𝑥∈𝑋

𝜑(𝑥) ≤ 𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜑) ≤ ℎ𝑡𝑜𝑝( 𝑓1,∞) + sup
𝑥∈𝑋

𝜑(𝑥).

The topological pressure has the following properties.
Lemma 4.2. If 𝜑 ≤ 𝜓 ⇒ 𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜑) ≤ 𝑃𝑡𝑜𝑝( 𝑓1,∞ ,𝜓), for any 𝜑,𝜓 ∈ 𝐶(𝑋).
Proof. Let 𝑛 ∈ N and 𝑥 ∈ 𝑋. If 𝜑 ≤ 𝜓, then

𝑆
𝑓1,∞
𝑛 𝜑(𝑥) = 𝜑(𝑥) + 𝜑( 𝑓1(𝑥)) + 𝜑( 𝑓2 ◦ 𝑓1(𝑥)) + · · · + 𝜑( 𝑓𝑛−1 ◦ 𝑓𝑛−2 ◦ · · · ◦ 𝑓1(𝑥)).

≤ 𝜓(𝑥) + 𝜓( 𝑓1(𝑥)) + 𝜓( 𝑓2 ◦ 𝑓1(𝑥)) + · · · + 𝜓( 𝑓𝑛−1 ◦ 𝑓𝑛−2 ◦ · · · ◦ 𝑓1(𝑥)).
= 𝑆

𝑓1,∞
𝑛 𝜓(𝑥),

therefore

𝑃𝑛( 𝑓1,∞ , 𝜑, 𝜀) = sup
𝐸

{∑
𝑥∈𝐸

𝑒𝑆
𝑓1,∞
𝑛 𝜑(𝑥) : 𝐸 is an (𝑛, 𝜀)-separated subset of 𝑋

}
≤ sup

𝐸

{∑
𝑥∈𝐸

𝑒𝑆
𝑓1,∞
𝑛 𝜓(𝑥) : 𝐸 is an (𝑛, 𝜀)-separated subset of 𝑋

}
= 𝑃𝑛( 𝑓∞ ,𝜓, 𝜀).

Passing to the limsup with 𝑛 → ∞ and limit with 𝜀 → 0+ we get

𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜑) ≤ 𝑃𝑡𝑜𝑝( 𝑓1,∞ ,𝜓). □

Lemma 4.3. 𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜑 + 𝑐) = 𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜑) + 𝑐, for any 𝜙 ∈ 𝐶(𝑋) and 𝑐 ∈ R.
Proof. Notice that

𝑆
𝑓1,∞
𝑛 (𝜑+𝑐)(𝑥)
= 𝜑(𝑥) + 𝜑( 𝑓1(𝑥))+𝜑( 𝑓2 ◦ 𝑓1(𝑥)) + · · · + 𝜑( 𝑓𝑛−1 ◦ 𝑓𝑛−2 ◦ · · · ◦ 𝑓1(𝑥)) + 𝑛𝑐

= 𝑆
𝑓1,∞
𝑛 𝜑(𝑥) + 𝑛𝑐.

Therefore,

𝑃𝑛( 𝑓1,∞ , 𝜑 + 𝑐, 𝜀) = sup
𝐸

{∑
𝑥∈𝐸

𝑒𝑆
𝑓1,∞
𝑛 (𝜑+𝑐)(𝑥) : 𝐸 is an (𝑛, 𝜀)-separated subset of 𝑋

}
= 𝑒𝑛𝑐 sup

𝐸

{∑
𝑥∈𝐸

𝑒𝑆
𝑓1,∞
𝑛 𝜑(𝑥) : 𝐸 is an (𝑛, 𝜀)-separated subset of 𝑋

}
= 𝑒𝑛𝑐𝑃𝑛( 𝑓1,∞ , 𝜑, 𝜀).
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Taking logarithms of both sides and passing to the limsup with 𝑛 → ∞ and limit with 𝜀 → 0+ we get

𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜑 + 𝑐) = 𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜑) + 𝑐. □

Lemma 4.4. 𝑃𝑡𝑜𝑝( 𝑓∞ , 𝑡𝜑 + (1 − 𝑡)𝜓) ≤ 𝑡𝑃𝑡𝑜𝑝( 𝑓∞ , 𝜑) + (1 − 𝑡)𝑃𝑡𝑜𝑝( 𝑓∞ ,𝜓), ∀𝑡 ∈ [0, 1] and for any 𝜑,𝜓 ∈ 𝐶(𝑋).

Proof. Choose 𝑡 ∈ [0, 1], then

𝑆
𝑓1,∞
𝑛 (𝑡𝜑 + (1 − 𝑡)𝜓)(𝑥)
= (𝑡𝜑 + (1 − 𝑡)𝜓)(𝑥) + · · · + (𝑡𝜑 + (1 − 𝑡)𝜓)( 𝑓𝑛−1 ◦ 𝑓𝑛−2 ◦ ... ◦ 𝑓1(𝑥))
= 𝑡𝑆

𝑓1,∞
𝑛 𝜑(𝑥) + (1 − 𝑡)𝑆 𝑓1,∞

𝑛 𝜓(𝑥).

By the Holder’s inequality (with 𝑝 = 1
𝑡 and 𝑞 = 1

1−𝑡 ) we get∑
𝑥∈𝐸

𝑒𝑆
𝑓1,∞
𝑛 (𝑡𝜑+(1−𝑡)𝜓)(𝑥) ≤

(∑
𝑥∈𝐸

𝑒𝑆
𝑓1,∞
𝑛 (𝜑(𝑥))

) 𝑡
·
(∑
𝑥∈𝐸

𝑒𝑆
𝑓1,∞
𝑛 (𝜓(𝑥))

)1−𝑡
,

where 𝐸 is an (𝑛, 𝜀)-separated subset of 𝑋. Therefore

𝑃𝑛( 𝑓1,∞ , 𝑡𝜑 + (1 − 𝑡)𝜓, 𝜀) ≤ 𝑃𝑛( 𝑓∞ , 𝜑, 𝜀)𝑡 · 𝑃𝑛( 𝑓∞ ,𝜓, 𝜀)1−𝑡 .

Taking logarithms of both sides and passing to limsup with 𝑛 → ∞ and limit with 𝜀 → 0+ we obtain

𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝑡𝜑 + (1 − 𝑡)𝜓) ≤ 𝑡𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜑) + (1 − 𝑡)𝑃𝑡𝑜𝑝( 𝑓1,∞ ,𝜓). □

As a consequence we get the following property.

Corollary 4.5. Given a NADDS determined by 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞
𝑛=1 with

ℎ𝑡𝑜𝑝( 𝑓1,∞) < +∞, then 𝑃top( 𝑓1,∞ , ·) is a pressure function.

4.2. Proof of Theorem A
Proof. Since 𝑃𝑡𝑜𝑝( 𝑓1,∞ , ·) : 𝐶(𝑋) → R is a pressure function the unifying statement of Theorem 3.2 provides
an abstract variational principle for a nonautonomous discrete dynamical system determined by 𝑓1,∞ =

{ 𝑓𝑛 : 𝑋 → 𝑋}∞
𝑛=1 and the topological pressure 𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜑), with respect to 𝜑 ∈ 𝐶(𝑋). □

4.3. Proof of Corollary 2.1
For a pressure function Γ :𝐶(𝑋) → R and potential 𝜙 ∈𝐶(𝑋) we say that 𝜇∈𝑃(𝑋) is a tangent functional to
Γ at 𝜙 if the inequality Γ(𝜙 + 𝜓) − Γ(𝜙) ≥

∫
𝜓𝑑𝜇 holds for any 𝜓 ∈ 𝐶(𝑋). Let 𝒯𝜙(Γ) be the space of tangent

functionals to Γ at 𝜙 and let

ℰ𝜙(Γ) := {𝜇 ∈ 𝑃(𝑋) : Γ(𝜙) = 𝔥(𝜇) +
∫

𝜓𝑑𝜇}.

Let us recall the definition of the Gateaux differential (or Gateaux derivative), which is a generalization
of the concept of directional derivative in differential calculus. Let 𝐹 be a function on an open set 𝑈 of a
Banach space 𝑋 into the Banach space 𝑌, the Gateaux differential 𝑑𝐹(𝑢;𝜓) of 𝐹 at 𝑢 ∈ 𝑈 in the direction 𝜓 ∈ 𝑋

is defined as
𝑑𝐹(𝑢;𝜓) = lim

𝑡→0

𝐹(𝑢 + 𝑡 · 𝜓) − 𝐹(𝑢)
𝑡

.

If the limit exists for all 𝜓 ∈ 𝑋, then one says that 𝐹 is Gateaux differentiable at 𝑢.
Now we can provide the proof of Corollary 2.1.

Proof. Fix a nonautonomous discrete dynamical system 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞
𝑛=1, with finite topological

entropy ℎ𝑡𝑜𝑝( 𝑓1,∞), and a continuous potential 𝜑 ∈ 𝐶(𝑋). From Theorem A it follows that for the pressure
function 𝑃𝑡𝑜𝑝( 𝑓1,∞ , ·) : 𝐶(𝑋) → R and a continuous potential 𝜑 ∈ 𝐶(𝑋) there exists a measure 𝜇 ∈ 𝑃(𝑋)
such that 𝑃top( 𝑓1,∞ , 𝜑) = 𝔥 𝑓1,∞(𝜇) +

∫
𝑋
𝜑 𝑑𝜇. It remains to show that this measure 𝜇 is uniquely determined.

Since the function 𝑃𝑡𝑜𝑝( 𝑓1,∞ , ·) : 𝐶(𝑋) → R is convex, for any 𝜙,𝜓 ∈ 𝐶(𝑋) we obtain that the function

𝑡 → 𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜙 + 𝑡 · 𝜓) − 𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜙)
𝑡
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is increasing and therefore there exist limits:

𝑑+𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜙)(𝜓) := lim
𝑡↘0+

𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜙 + 𝑡 · 𝜓) − 𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜙)
𝑡

,

𝑑−𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜙)(𝜓) := lim
𝑡↗0−

𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜙 + 𝑡 · 𝜓) − 𝑃𝑡𝑜𝑝( 𝑓1,∞ , 𝜙)
𝑡

,

hence the pressure function 𝑃𝑡𝑜𝑝( 𝑓1,∞ , ·) is Gateaux differentialble at 𝜙.
From Theorem 2 in [3] it follows that for the pressure function Γ(·) = 𝑃𝑡𝑜𝑝( 𝑓1,∞ , ·) we get equality

ℰ𝜙(Γ) = 𝒯𝜙(Γ), for any 𝜙 ∈ 𝐶(𝑋). Using the Gateaux differentiability of the pressure function 𝑃𝑡𝑜𝑝( 𝑓1,∞ , ·)
and the Corollary 4 in [3] we get that for 𝜙 there exists a unique tangent functional in 𝒯𝜙, that completes
the proof. □

Analyzing the proof of Corollary 2.1, it can be seen that for a nonautonomous discrete dynamical
system 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞

𝑛=1, defined on a compact metric space (𝑋, 𝑑), an abstract pressure function
Γ 𝑓1,∞ : 𝐶(𝑋) → R with Γ 𝑓1,∞(0) < ∞ and a potential 𝜑 ∈ 𝐶(𝑋) there exists a unique measure 𝜇 on 𝑋 such
that Γ 𝑓1,∞(𝜑) = 𝔥 𝑓1,∞(𝜇) +

∫
𝑋
𝜑 𝑑𝜇 if and only if Γ 𝑓1,∞ : 𝐶(𝑋) → R is Gateaux differentiable at 𝜑.

In general case for a nonautonomous dynamical system 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞
𝑛=1, there is no common

𝑓𝑛-invariant Borel probability measure, for any 𝑛 ∈ N (see Example 4.6).

Example 4.6. Consider 𝑓1,∞ = { 𝑓𝑛 : 𝑆1 → 𝑆1}∞
𝑛=1. Assume that 𝑓𝑖 , where 𝑖 = 1, 2, are circle diffeomorphisms,

such that each of them has two fixed points: a source 𝑝𝑖 and a sink 𝑞𝑖 which split 𝑆1 into two arcs 𝐴𝑖 and
𝐵𝑖 each of them being contracted to 𝑞𝑖 . Additionally, we assume that {𝑝1 , 𝑞1} ∩ {𝑝2 , 𝑞2} = ∅. By Proposition
3.1.6 in [21] any measure 𝜇 that is 𝑓𝑖-invariant has to be supported in the set {𝑝𝑖 , 𝑞𝑖}. Therefore 𝑓1 and 𝑓2
do not have a common invariant measure, which consequently gives that 𝒫 𝑓1,∞(𝑋) = ∅. □

However, there are many special cases of nonautonomous dynamical systems for which invariant
measures exist (see Example 2.2 and Example 2.3).

4.4. Proof of Theorem B
Theorem B generalizes the analogous property established in [3] for a single dynamics. Theorem B result
relates the restriction to 𝒫 𝑓1,∞(𝑋) of the variational metric entropy 𝔥 𝑓1,∞ with the star-entropy of NADDS,
defined by

𝜇 ∈ 𝒫 𝑓1,∞(𝑋)

↦→ ℎ∗𝑓1,∞(𝜇) := sup
{

lim sup
𝑛→+∞

ℎ 𝑓1,∞(𝜇𝑛) | 𝜇𝑛 ∈ 𝒫 𝑓1,∞(𝑋) and lim
𝑛→+∞

𝜇𝑛 = 𝜇
}
,

where the convergence of (𝜇𝑛)𝑛 ∈N takes place in the weak∗-topology.
Now we can present a proof of Theorem B.

Proof. Let 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞
𝑛=1 be a nonautonomous discrete dynamical system, defined on a compact

metric space 𝑋, and let 𝑃top( 𝑓1,∞ , ·) be the topological pressure function.
(a) As 𝑃top( 𝑓1,∞ , ·) satisfies the variational principle (4) with respect to a common 𝑓1,∞-invariant Borel

probability measures 𝜇 on 𝑋, it is easy to conclude that, for every 𝜑, 𝜓 ∈ 𝐶(𝑋) and every 𝑓𝑛 , we have

𝑃top( 𝑓1,∞ , 𝜑 + 𝜓 ◦ 𝑓𝑛 − 𝜓) = 𝑃top( 𝑓1,∞ , 𝜑) = 𝑃top( 𝑓1,∞ , 𝜑 + 𝜓 − 𝜓 ◦ 𝑓𝑛). (11)

Indeed, by the variational principle we get

𝑃top( 𝑓1,∞ , 𝜑 + 𝜓 ◦ 𝑓𝑛 − 𝜓) = sup
𝜇∈𝒫 𝑓1,∞ (𝑋)

{
ℎ 𝑓1,∞(𝜇) +

∫
(𝜑 + 𝜓 ◦ 𝑓𝑛 − 𝜓) 𝑑𝜇

}
= sup

𝜇∈𝒫 𝑓1,∞ (𝑋)

{
ℎ 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
= 𝑃top( 𝑓1,∞ , 𝜑),

where the second equality is due to the assumption that the measure 𝜇 is 𝑓𝑛-invariant and similarly with
regard to the second equality in (11).
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Now we claim that every probability measure attaining the maximum in (2) is 𝑓1,∞-invariant. Consider
𝜓 ∈ 𝐶(𝑋), 𝑓𝑛 : 𝑋 → 𝑋 and fix 𝜇𝜑 , 𝜇1 , 𝜇2 ∈ 𝒫(𝑋) provided by (2) such that

𝑃top( 𝑓1,∞ , 𝜑) = 𝔥 𝑓1,∞(𝜇𝜑) +
∫

𝜑 𝑑𝜇𝜑

𝑃top( 𝑓1,∞ , 𝜑 + 𝜓 ◦ 𝑓𝑛 − 𝜓) = 𝔥 𝑓1,∞(𝜇1) +
∫

𝜑 𝑑𝜇1 +
∫

(𝜓 ◦ 𝑓𝑛) 𝑑𝜇1 −
∫

𝜓 𝑑𝜇1

𝑃top( 𝑓1,∞ , 𝜑 + 𝜓 − 𝜓 ◦ 𝑓𝑛) = 𝔥 𝑓1,∞(𝜇2) +
∫

𝜑 𝑑𝜇2 +
∫

𝜓 𝑑𝜇2 −
∫

(𝜓 ◦ 𝑓𝑛) 𝑑𝜇2.

The first two equalities, property (11) and the variational principle (2) now yield

𝔥 𝑓1,∞(𝜇𝜑) +
∫

𝜑 𝑑𝜇𝜑 = 𝔥 𝑓1,∞(𝜇1) +
∫

𝜑 𝑑𝜇1 +
∫

(𝜓 ◦ 𝑓𝑛) 𝑑𝜇1 −
∫

𝜓 𝑑𝜇1

⩾ 𝔥 𝑓1,∞(𝜇𝜑) +
∫

𝜑 𝑑𝜇𝜑 +
∫

(𝜓 ◦ 𝑓𝑛) 𝑑𝜇𝜑 −
∫

𝜓 𝑑𝜇𝜑

and so
∫
(𝜓 ◦ 𝑓𝑛) 𝑑𝜇𝜑 −

∫
𝜓 𝑑𝜇𝜑 ⩽ 0. In a similar way, we deduce that

𝔥 𝑓1,∞(𝜇𝜑) +
∫

𝜑 𝑑𝜇𝜑 = 𝔥 𝑓1,∞(𝜇2) +
∫

𝜑 𝑑𝜇2 +
∫

𝜓 𝑑𝜇2 −
∫

(𝜓 ◦ 𝑓𝑛) 𝑑𝜇2

⩾ 𝔥 𝑓1,∞(𝜇𝜑) +
∫

𝜑 𝑑𝜇𝜑 +
∫

𝜓 𝑑𝜇𝜑 −
∫

(𝜓 ◦ 𝑓𝑛) 𝑑𝜇𝜑

so
∫
𝜓 𝑑𝜇𝜑 −

∫
(𝜓 ◦ 𝑓𝑛) 𝑑𝜇𝜑 ⩽ 0. Therefore, for any 𝑛 ∈ N the equality

∫
𝜓 𝑑𝜇𝜑 =

∫
(𝜓 ◦ 𝑓𝑛) 𝑑𝜇𝜑 holds, it

means that the measure 𝜇𝜑 is 𝑓𝑛-invariant, for any 𝑛 ∈ N. Thus, 𝜇𝜑 is 𝑓1,∞-invariant.
(b) The proof of this assertion is similar to the one given in [22, p. 222] for single dynamics. Indeed, from

the assumptions that ℎtop( 𝑓1,∞) < +∞ and that the topological pressure satisfies a variational principle with
the non-negative metric entropy map ℎ 𝑓1,∞ we conclude the following. We claim that for given 𝜇 ∈ 𝒫(𝑋),

𝜇 ∈ 𝒫 𝑓1,∞(𝑋) ⇔
∫

𝜑 𝑑𝜇 ⩽ 𝑃top( 𝑓1,∞ , 𝜑) ∀𝜑 ∈ 𝐶(𝑋).

Indeed, for 𝜇 ∈ 𝒫 𝑓1,∞(𝑋) the variational principle yields that the inequality
∫
𝜑 𝑑𝜇 ⩽ 𝑃top( 𝑓1,∞ , 𝜑) holds

for any 𝜑 ∈ 𝐶(𝑋).
Now suppose that 𝜇 is a finite signed measure such that for any 𝜑 ∈ 𝐶(𝑋) we have

∫
𝜑 𝑑𝜇 ⩽

𝑃top( 𝑓1,∞ , 𝜑). In the first step we show that 𝜇 takes only non-negative values. To this aim suppose
that 𝜑 ≥ 0, 𝜖 > 0 and 𝑛 ∈ N. Then∫

𝑛 · (𝜑 + 𝜖)𝑑𝜇 = −
∫

−𝑛 · (𝜑 + 𝜖)𝑑𝜇 ≥ −𝑃top( 𝑓1,∞ ,−𝑛 · (𝜑 + 𝜖))

≥ −[ℎ𝑡𝑜𝑝( 𝑓1,∞) + sup
𝑥∈𝑋

(−𝑛 · (𝜑 + 𝜖))]

= −ℎ𝑡𝑜𝑝( 𝑓1,∞) + 𝑛 · inf
𝑥∈𝑋

(𝜑 + 𝜖) > 0 for large 𝑛.

Therefore
∫
(𝜑 + 𝜖)𝑑𝜇 > 0. Since 𝜖 is arbitrary small we get

∫
𝜑𝑑𝜇 ≥ 0 and 𝜇 is a measure.

In the next step we show that 𝜇 is a probability measure. Take 𝑛 ∈ Z, then∫
𝑛𝑑𝜇 ≤ 𝑃top( 𝑓1,∞ , 𝑛) = ℎ𝑡𝑜𝑝( 𝑓1,∞) + 𝑛.

So for 𝑛 ∈ N we get 𝜇(𝑋) =
∫

1𝑑𝜇 ≤ 1 + ℎ𝑡𝑜𝑝( 𝑓1,∞)
𝑛 and hence 𝜇(𝑋) ≤ 1. On the other hand, for negative 𝑛 we

get 𝜇(𝑋) =
∫

1𝑑𝜇 ≥ 1 + ℎ𝑡𝑜𝑝( 𝑓1,∞)
𝑛 which yields 𝜇(𝑋) ≥ 1. Therefore we have proved that 𝜇(𝑋) = 1.

In the next step we show that 𝜇 ∈ 𝒫 𝑓1,∞(𝑋). For any 𝑚 ∈ Z, arbitrary 𝜑 ∈ 𝐶(𝑋) and fixed 𝑛 ∈ N due to
(11) we get

𝑚

∫
(𝜑 ◦ 𝑓𝑛 − 𝜑)𝑑𝜇 ≤ 𝑃top( 𝑓1,∞ , 𝑚 · (𝜑 ◦ 𝑓𝑛 − 𝜑)) = 𝑃top( 𝑓1,∞ , 0) = ℎ𝑡𝑜𝑝( 𝑓1,∞).

If 𝑚 > 1 then dividing by 𝑚 and letting 𝑚 go to ∞ we get
∫
(𝜑 ◦ 𝑓𝑛 − 𝜑)𝑑𝜇 ≤ 0. If 𝑚 < −1 then dividing by

𝑚 and letting 𝑚 go to −∞ we get
∫
(𝜑 ◦ 𝑓𝑛 − 𝜑)𝑑𝜇 ≥ 0.
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Therefore for any potential 𝜑 ∈ 𝐶(𝑋) and arbitrary 𝑛 ∈ N we have
∫
𝜑 ◦ 𝑓𝑛𝑑𝜇 =

∫
𝜑𝑑𝜇, so 𝜇 ∈ 𝒫 𝑓1,∞(𝑋).

The claim has been proved.
Therefore, by formula (3) we get

𝜇 ∈ 𝒫 𝑓1,∞(𝑋) ⇔ 𝔥 𝑓1,∞(𝜇) ⩾ 0.

Thus we have proved that the values of the map 𝔥 𝑓1,∞ determine the elements of the set 𝒫 𝑓1,∞(𝑋).
(c) By definition, for every 𝜇 ∈ 𝒫 𝑓1,∞(𝑋) one has 0 ≤ ℎ 𝑓1,∞(𝜇) ⩽ ℎ∗

𝑓1,∞
(𝜇). Moreover, by the variational

principle (4), for each 𝜇 ∈ 𝒫 𝑓1,∞(𝑋)

ℎ 𝑓1,∞(𝜇) ⩽ 𝑃top( 𝑓1,∞ , 𝜑) −
∫

𝜑 𝑑𝜇 ∀𝜑 ∈ 𝐶(𝑋)

and therefore
𝔥 𝑓1,∞(𝜇) = inf

𝜑 ∈𝐶(𝑋)

{
𝑃top( 𝑓1,∞ , 𝜑) −

∫
𝜑 𝑑𝜇

}
⩾ ℎ 𝑓1,∞(𝜇). (12)

Consequently, if ℎ∗
𝑓1,∞

(𝜇) > 𝔥 𝑓1,∞(𝜇) for some 𝜇 ∈ 𝒫 𝑓1,∞(𝑋), then there would exist 𝜈 ∈ 𝒫 𝑓1,∞(𝑋) satisfying
ℎ 𝑓1,∞(𝜈) > 𝔥 𝑓1,∞(𝜈), contradicting (12). This proves that

0 ⩽ ℎ 𝑓1,∞(𝜇) ⩽ ℎ∗𝑓1,∞(𝜇) ⩽ 𝔥 𝑓1,∞(𝜇) ∀𝜇 ∈ 𝒫 𝑓1,∞(𝑋). (13)

(d) Observe now that the inequalities (13) imply that

sup
𝜇∈𝒫 𝑓1,∞ (𝑋)

{
ℎ 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
⩽ max

𝜇∈𝒫 𝑓1,∞ (𝑋)

{
ℎ∗𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
⩽ max

𝜇∈𝒫 𝑓1,∞ (𝑋)

{
𝔥 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
.

On the other hand, as 𝒫 𝑓1,∞(𝑋) ⊂ 𝒫(𝑋) and 𝔥 𝑓1,∞ is upper semi-continuous, for every 𝜑 ∈ 𝐶(𝑋) we have

max
𝜇∈𝒫 𝑓1,∞ (𝑋)

{
𝔥 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
⩽ max

𝜇∈𝒫(𝑋)

{
𝔥 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
.

Therefore, from the variational principles (2) and (4) we obtain

max
𝜇∈𝒫 𝑓1,∞ (𝑋)

{
𝔥 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
⩽ max

𝜇∈𝒫(𝑋)

{
𝔥 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
= 𝑃top( 𝑓1,∞ , 𝜑) = sup

𝜇∈𝒫 𝑓1,∞ (𝑋)

{
ℎ 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
⩽ max

𝜇∈𝒫 𝑓1,∞ (𝑋)

{
ℎ∗𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
⩽ max

𝜇∈𝒫 𝑓1,∞ (𝑋)

{
𝔥 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
.

Consequently,

𝑃top( 𝑓1,∞ , 𝜑) = max
𝜇∈𝒫 𝑓1,∞ (𝑋)

{
𝔥 𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
= max

𝜇∈𝒫 𝑓1,∞ (𝑋)

{
ℎ∗𝑓1,∞(𝜇) +

∫
𝜑 𝑑𝜇

}
.

The proof is complete. □

5. Misiurewicz entropy and Misiurewicz pressure for NADDS
5.1. Basic definitions
In 1976, Misiurewicz [17] defined a topological pressure and a measure-theoretic entropy for a Z𝑛

+ action on
a compact space. His celebrated result says that the variational principle holds for a Z𝑛

+ action on a compact
space. Our definition of Misiurewicz pressure of 𝑓1,∞ was inspired by his definition of the topological
pressure for a Z𝑛

+ action [17].
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In this section we consider a NADDS 𝑓1,∞ := { 𝑓𝑛 : 𝑋 → 𝑋}𝑛∈N defined on a compact space 𝑋. For
this purpose let 𝒲 be the set of all neighborhoods of the diagonal {(𝑥, 𝑥) : 𝑥 ∈ 𝑋} ⊂ 𝑋 × 𝑋 ordered by
inclusion. It is known (see [13]) that this is uniform structure for 𝑋.

For any 𝑛 ∈ N, neighborhood 𝛿 ∈ 𝒲 , potential 𝜙 ∈ 𝐶(𝑋) and any finite subset 𝐸 ⊂ 𝑋 we define:

𝛿𝑛 :=
𝑛⋂
𝑖=1

( 𝑓𝑖 ◦ ... ◦ 𝑓1 × 𝑓𝑖 ◦ ... ◦ 𝑓1)−1𝛿,

𝜙𝑛(𝑥) :=
𝑛∑
𝑖=1

𝜙 ◦ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥),

𝑝(𝜙𝑛 , 𝐸) := log
∑
𝑥∈𝐸

𝑒𝑥𝑝
[ 𝑛∑
𝑖=1

𝜙( 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥))
]
.

It is clear that 𝛿𝑛 ∈ 𝒲 and 𝜙𝑛 ∈ 𝐶(𝑋). A finite set 𝐸 ⊂ 𝑋 is called:
(1) (𝑛, 𝛿)𝑀-separated if for any distinct points 𝑥, 𝑦 ∈ 𝐸 we have (𝑥, 𝑦) ∉ 𝛿𝑛 ,
(2) (𝑛, 𝛿)𝑀-spanning if for any 𝑥 ∈ 𝑋 there exists 𝑦 ∈ 𝐸 such that (𝑥, 𝑦) ∈ 𝛿𝑛 .
Define

𝑃𝑛,𝛿( 𝑓1,∞ , 𝜙) := sup{𝑝(𝜙𝑛 , 𝐸) : 𝐸 ⊂ 𝑋 and 𝐸 is (𝑛, 𝛿)𝑀-separated},

𝑃𝛿( 𝑓1,∞ , 𝜙) := lim sup
𝑛→∞

1
𝑛
𝑃𝑛,𝛿( 𝑓1,∞ , 𝜙).

Definition 5.1. The quantity 𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜙) := sup𝛿∈𝒲 𝑃𝛿( 𝑓1,∞ , 𝜙) is called the Misiurewicz pressure of
𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}𝑛∈N, with respect to a potential 𝜑 ∈ 𝐶(𝑋). Taking the potential 𝜑0 ≡ 0 we can define
Misiurewicz entropy of 𝑓1,∞ as

ℎ𝑀𝑖𝑠( 𝑓1,∞) := 𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑0).
5.2. Pressure function
Proposition 5.2. The map 𝜑 ↦−→ 𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) is a pressure function.

Proof. The proof is based on the three lemmas below. □

Lemma 5.3. If 𝜑,𝜓 ∈ 𝐶(𝑋) and 𝜑 ≤ 𝜓, then 𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) ≤ 𝑃𝑀𝑖𝑠( 𝑓1,∞ ,𝜓).

Proof. Choose a neighborhood 𝛿 ∈ 𝒲 and an (𝑛, 𝛿)𝑀-separated set 𝐸. Then for 𝑥 ∈ 𝐸 and potentials
𝜑,𝜓 ∈ 𝐶(𝑋) with 𝜑 ≤ 𝜓 we get the following inequalities

𝑛∑
𝑖=1

𝜑[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)] ≤
𝑛∑
𝑖=1

𝜓[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)],∑
𝑥∈𝐸

exp
𝑛∑
𝑖=1

𝜑[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)] ≤
∑
𝑥∈𝐸

exp
𝑛∑
𝑖=1

𝜓[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)],

log
∑
𝑥∈𝐸

exp
𝑛∑
𝑖=1

𝜑[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)] ≤ log
∑
𝑥∈𝐸

exp
𝑛∑
𝑖=1

𝜓[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)],

sup
𝐸

{
log

∑
𝑥∈𝐸

exp
𝑛∑
𝑖=1

𝜑[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)]
}
≤ sup

𝐸

{
log

∑
𝑥∈𝐸

exp
𝑛∑
𝑖=1

𝜓[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)]
}
.

In other words, we obtained the inequality 𝑃𝑛,𝛿( 𝑓1,∞ , 𝜑) ≤ 𝑃𝑛,𝛿( 𝑓1,∞ ,𝜓), which yields

𝑃𝛿( 𝑓1,∞ , 𝜑) = lim sup
𝑛→∞

1
𝑛
𝑃𝑛,𝛿( 𝑓1,∞ , 𝜑) ≤ lim sup

𝑛→∞

1
𝑛
𝑃𝛿( 𝑓1,∞ ,𝜓) = 𝑃𝛿( 𝑓1,∞ ,𝜓).

Applying the supremum over 𝛿 ∈ 𝒲 to both sides of the inequality we get

𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) = sup
𝛿∈𝒲

𝑃𝛿( 𝑓1,∞ , 𝜑) ≤ sup
𝛿∈𝒲

𝑃𝛿( 𝑓1,∞ ,𝜓) = 𝑃𝑀𝑖𝑠( 𝑓1,∞ ,𝜓).

The proof of the lemma is complete. □
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Lemma 5.4. For any 𝜑 ∈ 𝐶(𝑋) and 𝑐 ∈ R the following equality holds

𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑 + 𝑐) = 𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) + 𝑐.

Proof. Fix a potential 𝜑 ∈ 𝐶(𝑋). For a neighborhood 𝛿 ∈ 𝒲 , an (𝑛, 𝛿)𝑀-separated set 𝐸, and 𝑐 ∈ R we get

log
∑
𝑥∈𝐸

exp
𝑛∑
𝑖=1

(𝜑 + 𝑐)[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)] = log
∑
𝑥∈𝐸

exp{𝑛 · 𝑐 +
𝑛∑
𝑖=1

𝜑[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)]}

= log
∑
𝑥∈𝐸

exp{𝑛 · 𝑐} · exp
{ 𝑛∑

𝑖=1
𝜑[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)]

}
= 𝑛 · 𝑐 + log

∑
𝑥∈𝐸

exp
{ 𝑛∑

𝑖=1
𝜑[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)]

}
.

Therefore

lim sup
𝑛→∞

1
𝑛

log
∑
𝑥∈𝐸

exp
𝑛∑
𝑖=1

(𝜑 + 𝑐)[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)]

= 𝑐 + lim sup
𝑛→∞

1
𝑛

log
∑
𝑥∈𝐸

exp
𝑛∑
𝑖=1

𝜑[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)]

Applying the supremum over 𝛿 ∈ 𝒲 to both sides of the above equality we get

𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑 + 𝑐) = 𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) + 𝑐. □

Lemma 5.5. For any 𝜑,𝜓 ∈ 𝐶(𝑋) and 𝑎 ∈ [0, 1] we have

𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝑎𝜑 + (1 − 𝑎)𝜓) ≤ 𝑎 · 𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) + (1 − 𝑎) · 𝑃𝑀𝑖𝑠( 𝑓1,∞ ,𝜓).

Proof. Let 𝜑,𝜓 ∈ 𝐶(𝑋) and 𝑎 ∈ [0, 1]. For a neighborhood 𝛿 ∈ 𝒲 , an (𝑛, 𝛿)𝑀-separated set 𝐴 ⊂ 𝑋 we get
respectively

𝑛∑
𝑖=1

(𝑎 · 𝜑 + (1 − 𝑎) · 𝜓)[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)] = 𝑎 ·
𝑛∑
𝑖=1

𝜑[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)] + (1 − 𝑎)
𝑛∑
𝑖=1

𝜓[ 𝑓𝑖 ◦ ... ◦ 𝑓1(𝑥)],∑
𝑥∈𝐴

𝑒
∑𝑛

𝑖=1(𝑎·𝜑+(1−𝑎)·𝜓)[ 𝑓𝑖◦...◦ 𝑓1(𝑥)] =
∑
𝑥∈𝐴

𝑒 𝑎·
∑𝑛

𝑖=1 𝜑[ 𝑓𝑖◦...◦ 𝑓1(𝑥)]+(1−𝑎)
∑𝑛

𝑖=1 𝜓[ 𝑓𝑖◦...◦ 𝑓1(𝑥)]

≤
{∑
𝑥∈𝐴

𝑒
∑𝑛

𝑖=1(𝜑[ 𝑓𝑖◦...◦ 𝑓1(𝑥)]
}𝑎

·
{∑
𝑥∈𝐴

𝑒
∑𝑛

𝑖=1(𝜓[ 𝑓𝑖◦...◦ 𝑓1(𝑥)]
}1−𝑎

,

where the last inequality is due to Holder’s inequality. Thus

log
∑
𝑥∈𝐴

𝑒
∑𝑛

𝑖=1(𝑎·𝜑+(1−𝑎)·𝜓)[ 𝑓𝑖◦...◦ 𝑓1(𝑥)]

≤ 𝑎 log
∑
𝑥∈𝐴

𝑒
∑𝑛

𝑖=1(𝜑[ 𝑓𝑖◦...◦ 𝑓1(𝑥)] + (1 − 𝑎) log
∑
𝑥∈𝐴

𝑒
∑𝑛

𝑖=1(𝜑[ 𝑓𝑖◦...◦ 𝑓1(𝑥)].

Taking supremum of both sides over the sets 𝐴 which are (𝑛, 𝛿)𝑀-separated and applying the definition of
𝑃𝑛,𝛿( 𝑓1,∞ , 𝜙) we obtain

𝑃𝑛,𝛿( 𝑓1,∞ , 𝑎 · 𝜑 + (1 − 𝑎) · 𝜓) ≤ 𝑎 · 𝑃𝑛,𝛿( 𝑓1,∞ , 𝜑) + (1 − 𝑎) · 𝑃𝑛,𝛿( 𝑓1,∞ ,𝜓),

lim sup
𝑛→∞

1
𝑛
𝑃𝑛,𝛿( 𝑓1,∞ , 𝑎 · 𝜑 + (1 − 𝑎) · 𝜓)

≤ 𝑎 lim sup
𝑛→∞

1
𝑛
· 𝑃𝑛,𝛿( 𝑓1,∞ , 𝜑) + (1 − 𝑎) lim sup

𝑛→∞
· 1
𝑛
𝑃𝑛,𝛿( 𝑓1,∞ ,𝜓).
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In this way we have obtained the inequalities

𝑃𝛿( 𝑓1,∞ , 𝑎 · 𝜑 + (1 − 𝑎) · 𝜓) ≤ 𝑎 · 𝑃𝛿( 𝑓1,∞ , 𝜑) + (1 − 𝑎) · 𝑃𝛿( 𝑓1,∞ ,𝜓),

sup
𝛿∈𝒲

𝑃𝛿( 𝑓1,∞ , 𝑎 · 𝜑 + (1 − 𝑎) · 𝜓) ≤ 𝑎 · sup
𝛿∈𝒲

𝑃𝛿( 𝑓1,∞ , 𝜑) + (1 − 𝑎) · sup
𝛿∈𝒲

𝑃𝛿( 𝑓1,∞ ,𝜓).

The proof of the lemma is complete. □

5.3. Proof of Theorem C
Proof. Since 𝑃𝑀𝑖𝑠( 𝑓1,∞ , ·) : 𝐶(𝑋) → R is a pressure function the unifying statement of Theorem 3.2
provides an abstract variational principle for the nonautonomous discrete dynamical system determined
by 𝑓1,∞ = { 𝑓𝑛 : 𝑋 → 𝑋}∞

𝑛=1 and Misiurewicz pressure 𝑃𝑀𝑖𝑠( 𝑓1,∞ , 𝜑) with respect to 𝜑 ∈ 𝐶(𝑋). □

5.4. Proof of Corollary 2.4
Proof. The proof of Corollary 2.4 is very similar to the proof of Corollary 2.1. □

5.5. Proof of Theorem D
Theorem D result relates the restriction to 𝒫 𝑓1,∞(𝑋) of the variational metric entropy 𝔥𝑀𝑖𝑠

𝑓1,∞
with the star-

entropy of NADDS, defined by

𝜇 ∈ 𝒫 𝑓1,∞(𝑋)

↦→ ℎ∗𝑀𝑖𝑠
𝑓1,∞

(𝜇) := sup
{

lim sup
𝑛→+∞

ℎ𝑀𝑖𝑠
𝑓1,∞

(𝜇𝑛) | 𝜇𝑛 ∈ 𝒫 𝑓1,∞(𝑋) and lim
𝑛→+∞

𝜇𝑛 = 𝜇
}
,

where the convergence of (𝜇𝑛)𝑛 ∈N takes place in the weak∗-topology.

Proof. The proof of Theorem D is very similar to the proof of Theorem B. We leave this proof to the reader
as a simple exercise. □

Acknowledgments: The author is grateful to the anonymous referees for reading the manuscript very
carefully, for the apposite comments and valuable suggestions that have helped to improve the manuscript.
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