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Abstract: Since its original formulation by Isaac Newton in 1685, the problem of determining bodies
of minimal resistance moving through a fluid has been one of the classical problems in the calculus of
variations. Initially posed for cylindrically symmetric bodies, the problem was later extended to general
convex shapes, as explored by G. Buttazzo, V. Ferone, and B. Kawohl [Minimum problems over sets of concave
functions and related questions, Math. Nachrichten 173 (1995) 71-89] and G. Buttazzo and B. Kawohl [On
Newton’s problem of minimal resistance, Math. Intelligencer 15 (1993) 7-12]. Since then, this broader
formulation has inspired a number of articles dedicated to the study of the geometric and analytical
properties of optimal shapes, with particular attention to their structure, regularity, and behavior under
various constraints. In this article, we provide a comprehensive overview of the principal results that
have been established, highlighting the main theoretical advancements. Furthermore, we introduce
some new directions of research, some of which were described by A.Yu.Plakhov in his book Exterior
Billiards: Systems with Impacts Outside Bounded Domains [Springer, Berlin (2012)] that offer promising
perspectives for future investigation.
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1. Introduction

The problem to determine the optimal shape of a body that minimizes resistance, whether aerodynamic
in air or hydrodynamic in water, represents one of the earliest and most classical problems in the calculus
of variations. This classical inquiry traces back to the seminal work of Sir Isaac Newton, who in 1685
provided a pioneering treatment of the problem. In his Philosophiae Naturalis Principia Mathematica, Newton
introduced a remarkably simple yet insightful model for computing the resistance experienced by a body
moving through an idealized medium, specifically, an inviscid (non-viscous) and incompressible fluid.

In his own words:

“If in a rare medium, consisting of equal particles freely disposed at equal distances from each other, a globe and a
cylinder described on equal diameter move with equal velocities in the direction of the axis of the cylinder, (then) the
resistance of the globe will be half as great as that of the cylinder. ... I reckon that this proposition will be not without
application in the building of ships.”

This early formulation of the minimal resistance problem laid the groundwork for centuries of math-
ematical investigation and practical engineering application. The historical evolution of the problem is
thoroughly described in works such as the book by Goldstine [11], and its essence may be described in the
following terms:

Given a body moving at constant velocity through a fluid medium, and assuming that the body’s rear
end is constrained to have a prescribed maximal cross-sectional area perpendicular to the direction of
motion, determine the shape of the body that experiences the least possible resistance.

Naturally, the specific solution to this problem is deeply influenced by the manner in which resistance is
defined. In order to render the problem mathematically tractable, Newton adopted a number of idealizing
assumptions, including:
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- The fluid is modeled as consisting of discrete particles that are mutually non-interacting, that is each
particle moves independently of the others. These particles travel in straight lines at a uniform velocity,
all aligned parallel to the direction of the undisturbed stream. Equivalently, one may adopt a reference
frame in which the fluid particles are considered to be at rest, uniformly distributed throughout
space, while the solid body moves through this stationary medium with constant velocity. In this
perspective, the motion of the body relative to the fluid generates the same sequence of interactions as
in the original formulation, but the problem is analyzed from the vantage point of the moving object
traversing a quiescent field of particles.

- The resistance encountered by the body arises solely from direct collisions, namely shocks between
the incoming fluid particles and the surface of the body. These interactions are governed by the
classical laws of perfectly elastic collisions, meaning that the kinetic energy and momentum of each
particle are conserved in the interaction, with no energy lost to heat or deformation.

- All secondary and more complex physical phenomena, such as tangential friction (viscous shear stress),
the generation of vorticity, and the onset of turbulence, are entirely neglected. The model thus omits
any rotational or viscous effects in the flow.

While these assumptions render Newton’s model a significant simplification, and indeed a rather crude
approximation of real fluid dynamics, it nevertheless proves remarkably insightful in certain regimes.
Specifically, it yields useful predictions in scenarios such as:

- the motion of a body through a rarefied gas at relatively low speeds;
- the high-speed (supersonic or hypersonic) motion of bodies through an ideal, inviscid gas;

- the behavior of slender bodies, where the flow can be effectively approximated as one-dimensional
along the principal axis of motion.

A comprehensive discussion of the physical validity and mathematical implications of these idealiza-
tions can be found in [15] and in the monograph by Miele [18], which also presents several extensions and
generalizations of the original Newtonian formulation. For further insight, particularly regarding appli-
cations to hypersonic aerodynamics, the reader is referred to the influential work of Hayes and Probstein
[13].

Under the simplifying assumptions described above, one can, through elementary trigonometric rea-
soning, derive what is known as the Newtonian sine-squared pressure law. This law occupies a central place
in Newton’s theory of minimal resistance, providing a quantitative expression for the pressure distribution
on the surface of a body as it interacts with the surrounding medium.

Specifically, the law states that the pressure exerted by the fluid particles at a given point on the body’s
surface is directly proportional to the square of the sine of the angle of incidence. That is, the pressure at
each point varies as sin® 9(x), where 9(x) denotes the local angle between the tangent plane to the surface
and the direction of the undisturbed flow (or, equivalently, between the normal to the surface and the
x-plane).

This simple and powerful relation encapsulates the geometric dependence of aerodynamic or hydrody-
namic resistance in Newton’s idealized setting, and forms the analytical foundation for identifying body
profiles that minimize resistance in a non-interacting particle medium.

Let us now consider a more precise mathematical formulation of the problem under Newton’s assump-
tions. Denote by Q) the prescribed maximal cross section of the body, assumed to lie in a horizontal plane
and to be orthogonal to the direction of motion, which we take to be vertically upward. The front profile of
the body;, that is the portion first encountering the oncoming flow, can be described by a functionu : QO — R,
where u(x) represents the vertical height of the body at the point x € Q.

At any given point on the surface, specifically at (x, u(x)), the incident particles collide with the surface
and impart momentum to the body. Due to Newton’s sine-squared pressure law, and assuming the impact
of each particle occurs only once (that is no multiple collisions or reflections), one finds that the decelerating
force exerted by such a collision is inversely proportional to the expression 1 + [Vu(x)|?.

Integrating this quantity over the entire cross-sectional domain €2, and accounting for the constant
density p of the fluid and the uniform velocity v of the body, the total resistance force experienced by the

body can be expressed as
2 1
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The problem of finding the optimal body shape that minimizes resistance then reduces to the variational
problem

min {F(u) U admissible}, (1)

where F(u) is the resistance functional

_ 1
F(u)—/gmdx.

However, several nontrivial mathematical challenges arise in the analysis of this problem. Most notably,
the integrand of the functional F is neither convex nor coercive. As a result, the classical direct methods
of the calculus of variations, typically relying on weak lower semicontinuity and coercivity to guarantee
the existence of minimizers, are not directly applicable. This significantly complicates the search for an
existence theorem.

The identification of an appropriate class of admissible functions for the minimization problem (1) is a
subtle and nontrivial matter. Without carefully imposed constraints, the problem becomes ill-posed and
loses its physical and mathematical meaning.

To illustrate this, consider the scenario in which no restrictions are placed on the admissible functions
u. In such a case, the minimization problem becomes degenerate. Indeed, for each positive integer 7, let
us define the sequence of functions

uy(x) = ndist(x, 0Q2),

where dist(x, dQ2) denotes the Euclidean distance from the point x € Q) to the boundary dQ. These functions
represent increasingly steep conical profiles that peak in the interior of QO and vanish along the boundary.
A straightforward computation shows that

lim / _ dx =0,
n—oo Jo 1+ [Vt ()2

while the resistance functional remains strictly positive for any nontrivial profile. This implies that the
infimum of the resistance functional is zero, but this value cannot be attained by any admissible function
u. Hence, no minimizer exists in this unrestricted setting, rendering the variational problem devoid of
meaningful solutions.

To remedy this issue, it is natural to introduce a constraint on the height of the body’s profile, such as
bounding u from above. A typical choice is to restrict the class of admissible functions to those satisfying

O<u(x)<M forall x € Q,

for some fixed positive constant M. This condition enforces a physically reasonable bound on the maximal
height of the body and ensures the geometry remains contained within a compact region.

However, even this constraint does not, by itself, guarantee the existence of a minimizer. Indeed, further
complications arise when one considers sequences of oscillatory functions that remain bounded in height
but oscillate with increasingly high frequency. As an illustrative example, consider the sequence

un(x) = M sin®(nlx|),

which clearly satisfies the height constraint 0 < u,(x) < M. Yet, despite this uniform bound, we still have
for the associated resistance functional

lim / _ dx =0,
n—oo [ 1+ [V, (x)?

indicating that the total resistance can be made arbitrarily small, even though the functions u, remain
bounded between 0 and M. In other words, no optimal profile exists in this setting, despite the boundedness
constraint on the height.

In addition, the strong oscillations of the functions u, are in clear contradiction to Newton’s fundamen-
tal physical assumption that each particle interacts with the body’s surface at most once. Indeed, highly
oscillating profiles give rise to multiple potential points of impact along the same trajectory, thereby violat-
ing the model’s foundational premise. Thus, to obtain a well-posed variational problem with guaranteed
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existence of minimizers, it becomes necessary to impose additional structural conditions on the admissible
profiles, so as to preclude such pathological oscillatory behavior and ensure some kind of compactness of
minimizing sequences.

In the following sections we present the existence results of optimal shapes for the minimum resistance
problem. However, Newton’s model is flexible enough to allow for several generalizations, which are
necessary when considering situations closer to real life. In particular, the following generalizations are of
interest.

- The optimization problem presented above is expressed within the framework of Cartesian coordi-
nates, under the assumption that the boundary of the solid body E can be represented as the graph of
a suitably function u. While this formulation is convenient for certain analytical and computational
purposes, it lacks invariance under geometric transformations and does not fully capture the intrinsic
geometry of the problem. For a more natural and coordinate-independent perspective, it is desirable
to reformulate the problem intrinsically, as a variational principle involving the minimization of a
cost functional defined by an integral over the boundary JE of the domain. This intrinsic formulation
has been developed and rigorously analyzed in [7], and we shall briefly revisit it in what follows.

- In certain situations, the imposition of a prescribed height constraint is too restrictive, limiting the
set of admissible configurations in a way that may not be physically realistic. As a result, alternative
forms of constraints have been considered in the literature and are often more appropriate, depending
on the specific nature of the problem under study. Among these, volume constraints, ensuring that
the total measure of the admissible bodies E remains fixed, or perimeter constraints, controlling the
total surface area |JE|, are of particular interest. These types of constraints often arise naturally in
physical models and variational formulations, and they allow for a richer and more flexible class of
admissible competitors in the optimization problems.

- Beyond the basic drag minimization considered in the Newton’s problem, there are other shape
functionals of considerable importance in practical applications, particularly in the context of aero-
dynamics and fluid dynamics. One notable example is the /ift generated by an airfoil or a solid body
immersed in a flow, which plays a critical role in aircraft performance. In many design problems,
while the primary objective may be to minimize the drag, it is essential to ensure that the lift remains
above a certain prescribed threshold in order to maintain sufficient aerodynamic support.

Within the framework of Cartesian coordinates, and following the Newton geometrical approach, the
lift generated along the x; axis, can be represented by the functional

_ Vu -eq
L(u) = _/Q 1+ Vul? ax,

where e denotes the unit vector in the x; direction, and u defines the shape via its graph. Under this
formulation, the associated optimization problem takes the form

i 1 . . .
min { ‘/Q T VeGP dx : u admissible, L(u) > Lo},

where Ly > 0 is a prescribed minimum lift requirement. This constrained minimization problem
reflects the practical necessity of balancing aerodynamic efficiency (through drag reduction) with
functional performance (via sufficient lift).

- In Newton'’s classical model, the surrounding fluid is idealized as being composed of stationary parti-
cles, with the motion attributed entirely to the solid body traversing through it. This idealization can
be interpreted as a zero-temperature approximation, wherein thermal agitation of the fluid particles is
entirely neglected. However, in realistic physical scenarios, the ambient fluid is at a positive tempera-
ture, and its constituent particles exhibit incessant, random motion. This thermal motion introduces
additional effects that significantly influence the interaction between the fluid and the moving body.
Consequently, Newton’s model must be extended to accommodate this richer framework by incor-
porating the impact of temperature on the resistance functional. Such a generalization, accounting
for thermal contributions to the dynamical behavior, has been rigorously developed in [20] and [25].
A comprehensive exposition of this extended theory is also presented in the monograph [22].
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- Another significant limitation of Newton’s model consists in its restrictive treatment of particle-body
interactions, which produces the expression of the resistance functional. In the classical formulation,
the resistance is computed solely based on the first collision between the fluid particles and the
solid body, with no consideration given to subsequent interactions. While this assumption is entirely
appropriate in the context of convex bodies, where multiple reflections are geometrically precluded, it
becomes insufficient when the analysis is extended to broader classes of admissible shapes, including
non-convex or even multiply connected bodies. In such cases, the possibility of multiple reflections
or intricate scattering phenomena must be carefully accounted for, necessitating a profound revision
of the original optimization framework. Moreover, this more general framework is connected to the
study of low visibility phenomena in geometric optics, where one seeks configurations that minimize
the detectability of a body by a stream of incoming particles. For a detailed presentation of these issues
and their mathematical treatment, we refer the reader to the article [19] and to the comprehensive
monograph [22].

2. The Cartesian model

In this section, we turn our attention to the classical Newton’s problem of minimal resistance, specifically
for solid bodies whose exposed (or free) surface can be represented in Cartesian coordinates by {y =u(x) :
X € Q}.

Here Q c R? denotes a prescribed bounded, convex domain that describes the maximal cross-sectional
area of the body. The function u : {3 — R describes the height profile of the body’s surface above the
domain ), and it is assumed to be concave. This assumption of concavity is essential in the physical
modeling of the problem, as it reflects the requirement that each fluid particle has at most a single impact
with the body, a foundational principle in Newton’s formulation.

Moreover, in order to ensure that the optimization problem is mathematically well-posed, it is necessary
to impose a constraint on the maximal height that the body may attain. This upper bound is justified both
by the considerations discussed in the introduction.

The optimal resistance problem is then

. 1 .
mm{/91+|Vu|2 dx : u ECM}, (2)

where the class of admissible functions Cy is defined by

CM:{M:Q—>R, uconcave,OSuSM}. 3)

More generally, one may consider a broader class of variational problems in the same admissible set Cy,
of the form

min{/gqb(x,u,Vu)dx : uECM}, 4)

where ¢ : R? — R is a given integrand, possibly modeling more general physical effects or cost criteria
beyond Newton’s classical formulation.

A crucial feature of the admissible class Cys is its compactness in suitable Sobolev function spaces,
which provides the way to prove the existence of minimizers. This is formalized in the following theorem
(see [17], [6], [26] for details).

Theorem 2.1. Let M > 0 be fixed. Then for every p < +oo the class Cp is compact with respect to the strong
topology of the Sobolev space Wllo’f Q).

The compactness established in Theorem 2.1 ensures that any minimizing sequence admits a strongly
convergent subsequence, which allows to prove the existence of optimal solutions to the general minimiza-
tion problem (4). The precise existence result is as follows (see Theorem 2.1 in [6]).

Theorem 2.2. Let ¢ : Q x R x R? — R be a function such that

(i) ¢ is nonnegative and measurable for the o-algebra L; ® B ® By, where L denotes the Lebesgue o-algebra and
B, By are the Borel g-algebras on R and R? respectively;
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(i) for almost every x € Q the function ¢(x, -, ) is lower semicontinuous on R x RY.

Then, for any fixed M > 0 the minimization problem (4) admits at least one solution in Cpy. In particular, the original
Newton’s problem (2) possesses an optimal solution.

Beyond the constraint on the maximal height, namely the pointwise bound 0 < u < M which ensures
the physical and mathematical well-posedness of the problem, one can consider alternative or additional
types of constraints imposed on the class of admissible functions. These functions are still required to be
nonnegative and concave, reflecting the geometric and dynamical assumptions of the model.

A particularly natural and physically meaningful alternative to the pointwise height constraint is a
global bound on the volume of the solid body. In the geometric context considered here, this volume

constraint is expressed as
/ udx <V,
Q

where V' > 0 is a prescribed upper bound on the admissible volume. Imposing this condition leads to the
definition of a new class of admissible functions, denoted by Vv, given by

Vv = {u concave, i > 0, /

udx SV}.
Q

The concavity assumption allows us to derive a lower bound on the volume in terms of the maximum
height of the solid body. Specifically, it is easy to show, by comparing the body itself with the cone of equal

height, the inequality
(¢
Ludx > m”M”Lm.

This estimate immediately implies the inclusion Vi C C(441)v/|q and allows us to deduce the compactness
of the class Vi via Theorem 2.1. As a direct consequence, the existence of minimizers in the class Vy
follows from Theorem 2.2.

Another particularly interesting class of admissible functions arises when one imposes a constraint on
the free surface area of the solid body. This constraint translates into the following integral inequality:

/\/1+|Vu|2dx+/ udH* 1 <s,
Q 2Q

where H?~! denotes the d—1 dimensional Hausdorff measure on the boundary dQ, and S > 0is a prescribed
constant that represents the maximal allowed surface area of the body. The first integral accounts for the
area of the graph of u over the interior of (), while the second term represents the vertical contribution
along the lateral boundary. This leads to the definition of the admissible class Hs, given by

Hs = {u > 0, u concave, /\/1 + |Vul? dx +/ udH < S}.
Q Q

0!

Once again, the structural assumption that u is concave plays a key role in deriving geometric estimates. In
particular, by comparing again the body itself with the cone of equal height, one can establish the inequality

100
S T||”||L°°-

As a consequence of this estimate, we obtain the inclusion Hs C Cgy/j9q- This allows us to deduce the
compactness property for the class Hs from those already established for the class Cy (via Theorem 2.1),
and in turn, to infer existence results for minimization problems posed on Hs by invoking Theorem 2.2.

For a more detailed treatment of the Newton’s problem in these classes of admissible shapes, we refer
the reader to [3], [14], [27].

It is important to emphasize that the Newton minimal resistance problem does not admit smooth (i.e.,
globally regular) solutions. In fact, one can rigorously establish the following property on the gradient
behavior of admissible solutions.

Theorem 2.3. Let u be a solution to Newton’s minimal resistance problem (2). Then, at any point x € Q) where u is
differentiable, we have either Vu(x) = 0 or |Vu(x)| > 1.
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Remark 2.4. This result immediately precludes the possibility of regular (e.g., C') solutions. Indeed,
consider the upper boundary of the region where the function attains its maximal value, {u = M}; at points
on this boundary, the gradient necessarily satisfies |Vu(x)| > 1, then violating any condition of smooth
decay. Consequently, any solution must exhibit a certain region of singularity (specifically, discontinuities
in Vu).

At present, it remains an open question whether additional singularities exist elsewhere in the domain
and, if so, what their precise structure and location might be. The nature and distribution of such singular
points continue to pose a challenging and intriguing problem in the analysis of variational models with
geometric constraints as the Newton’s minimal resistance problem. m]

The original resistance problem was considered by Newton in the framework of radial functions; more
precisely, if () is a two-dimensional circle of radius R and u(r) only depends on the radial variable, the
resistance functional in (2) takes the form

R
o [
0 1+

R
min{/ —" _dr : uconcave, 0 < u SM} (5)
0

The corresponding minimization problem

1+ |u’?

can be solved explicitly by means of the Euler-Lagrange equation

2

ru’ =C(1+ u’z) on the set {u’ # 0}

for a suitable constant C < 0. In parametric form we obtain u(r) = M on an interval [0, o] and

r(t) = 21+

vVt € [1,T]. (6)
M- T 32
u(t) =M 4( T4 lnt)

Here the quantities 7o and T are defined through the strictly increasing function

=t (LT3
f(t)= (1+t2)2( R lnt) vt >1
by setting:
s _ _4RT
T=f"M/R), ry= T

Notice that |u’(r)| > 1forall r > rg and that [u’(r;)| = 1; in particular, the derivative |u’| never belongs to the
interval |0, 1[. We emphasize that, for all values of R and M, the optimal radial profile invariably exhibits
a flat region at its top, a feature originally anticipated by Newton in his foundational analysis.

The explicit expression (6) of the optimal radial profile allows to compute the asymptotic behavior of
the radius g of the upper flat part and of the relative resistance

Co=2 o d
N A

as M/R — +o0, being () the disk of radius R. We have
27 - 27 -
ro/R = 72(M/R) *,  Co~ 3 M/R) 2,

A natural and intriguing question that arises in this context is whether, when Q is a circular domain,
the optimal solution to Newton’s problem of minimal resistance, when restricted to the class of all concave
functions, coincides with the radial solution described above. This expectation appears quite reasonable,
given the inherent symmetry of the circular domain and the intuitive appeal of radial profiles. However,
despite this seemingly natural conjecture, the Newton minimal resistance problem reveals a surprising and
nontrivial symmetry-breaking phenomenon. This unexpected behavior is a consequence of the following
result, established in [4].
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Figure 1. Optimal radial shapes with R = 1 and M =1 (left), M = 2 (center), M = 0.5 (right).

Theorem 2.5. Assume that u is an optimal solution for the Newton problem (2) which is of class C? in an open set
w C Qand that u < M in w. Then we have

detV?u =0 inw. (7)

Indeed, whiletheoptimal radial solution given in (6) is smooth in the region {r > 7o},
it fails to satisfy the flatness condition specified in (7) within this domain. This discrepancy has an
immediate consequence: it precludes the possibility that the solution, when Q) is a circle, remains purely
radial.

Figure 2 shows an optimal non-radial shape; we refer the interested reader to [5], where numerous
images of optimal radial and non-radial bodies are provided.

Figure 2. Optimal convex shape with R =1 and M = 2.

3. The intrinsic model

An alternative and more geometrically intrinsic formulation of Newton’s classical problem of minimal
resistance involves expressing the resistance of a solid body E ¢ RY*! as a boundary integral over its
surface JE, without explicit reference to a particular coordinate representation such as its Cartesian graph.

Suppose the convex solid body E is described by the epigraph of a concave function u : Q — R, where
Q) is the maximal cross section, so that the boundary JE can be represented locally as the graph of u. At
each point x € JE, the unit outward normal vector v(x) to the surface is then given by the normalized

vector
(—VM ’ 1)

V1 +|Vul?

This representation enables a change of variables from an integral over the domain Q to a surface integral
on JE, yielding the classical expression for the resistance:

1 _ v 3 d
[ e = [ (o) dntico), ®

V=
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where v, denotes the component of the normal vector in the vertical direction (the (d + 1)-th coordinate),
and s, denotes the positive part of s. This motivates the consideration of a broader class of functionals,
given in the general form

F(E) = /a ) £, v(x)) dH (x) 9)

where f : R*! x §¢ — R is a given continuous integrand depending on both the position x on the surface
and on the unit normal vector v(x) at that point.
The admissible configurations are taken to be convex bodies E satisfying

Ck,o = {E convex subset of R”*! : K c E c Q},

where K and Q are two compact subsets of R4 with K c Q.
In this setting, the Newton minimal resistance problem takes the following intrinsic variational form:

min{ / fx,v(x))dH? : E€ cK,Q}. (10)
JE

Again, additional constraints on the volume |E| or on the surface |dE| can be imposed. The following result
has been obtained in [7].

Theorem 3.1. Let f : R¥*! x S% — R be a bounded continuous function. Then the minimum problem (10) admits
at least one solution.

Remark 3.2. By taking K = Qx {0} and Q = Q x [0, M], with f(x,v) = (v,)3, we recover the classical
Newton’s problem of minimal resistance. m|

4. The model with positive temperature

One of the notable weak points of Newton’s classical model lies in its complete disregard for the influence
of body regions that lie below the maximal cross-sectional area on the overall resistance of a body E.
According to this model, only the part above the maximal cross-section contributes to the resistance,
while the remaining geometry of the body is treated as irrelevant. This simplification, however, stands
in contrast to the experimental evidence, which consistently demonstrate that these sub-maximal regions
play a significant role in the dynamics. Accordingly, more refined and realistic models must account for
the contribution of the entire geometry of the body, not merely its surface profile above the cross section Q.

In Newton’s original formulation, the fluid through which the body moves is idealized to consist of
particles that remain stationary, with motion attributed solely to the body itself. This abstraction effectively
models the fluid as being at zero temperature, where thermal agitation is absent. If, however, one allows the
fluid particles to exhibit random, chaotic motion, then it becomes natural to associate such a modification
with a physical framework of non-zero temperature environment. In this context, the interaction between
the body and the fluid becomes more intricate: the entire boundary JE of the body E acquires relevance in
the analysis of resistance

The scenario in which the fluid particles are endowed with a positive temperature, allowing for random
thermal motion, has been rigorously investigated in the work [25]. For the sake of completeness and
to facilitate a better understanding of the modifications introduced by this setting, we briefly recall the
formulation of that model in what follows.

The model has been proposed in [25] (see also [22]). The body E is now supposed static, while fluid
particles move with a distribution density of velocities p(v).

After some simple mechanical considerations one finds the expression of the resistance force

R(E) = /a i f(v(x)) dH?

where the vector f(v) is given by
flv) = —21// (v-v):p(v)do
R4

being s_ the negative part of s.
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Remark 4.1. For instance, in the classical Newton’s case p(v) is the Dirac distribution 6_y,, where n is the
vector (0,0, ..., 1), which gives the resistance force in the direction n proportional to the integral

/ (va(x))> dH,
JE

which is consistent with the expression (8). m|

In Figure 3 below a plot of an optimal radially symmetric shape in the case of positive temperature.

Figure 3. Optimal convex radially symmetric shape in the case of positive temperature.

5. Some related problems

In recent years, a number of promising and stimulating directions of research have emerged in relation
to the classical and modern formulations of problems involving minimal resistance. In what follows, we
provide a brief overview of a selection of these novel research trajectories. For a more extended exposition
and additional references we refer the interested reader to the monograph [22], which offers a detailed
presentation of the subject.

The Newton’s model for resistance is limited to the class of convex bodies, due to the fact that only
the first impact between the fluid particles and the surface of the body is taken into account and
contributes to the resulting resistance force. This simplification excludes the possibility of multiple
reflections or interactions that can occur in more complex geometries. However, the convexity
assumption can be relaxed by extending the analysis to a broader class of bodies, namely those
for which every fluid particle has at most one impact with the body’s surface. This generalized
framework preserves the core assumptions of Newton’s model allowing a slightly wider variety of
shapes. Several investigations in this extended class of bodies can be found in the works [9], [10],
[16], and [23].

In situations where fluid particles may have more than a single impact with the surface of the body,
the mathematical characterization of resistance becomes significantly more intricate. The simple
framework assumed in Newton’s model no longer suffices, as one must account for the complex
trajectories resulting from multiple reflections. These scenarios introduce a level of dynamical com-
plexity that needs different analytical tools, some of which are related to the theory of billiards. An
interesting attempt to address this more general and challenging setting can be found in the work
[19], where an analysis of the resistance in the presence of multiple impacts is undertaken.

Another limitation in the original formulation of Newton’s problem is the absence of tangential
friction, that is on the contrary present in real-world fluid-body interactions. In Newton’s idealized
model, only the normal component of the impact force is considered, neglecting the frictional forces
that arise due to the motion between the fluid particles and the surface of the body. This simplification,
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while mathematically convenient, renders the model less applicable to practical scenarios where such
frictional effects play a significant role in determining the overall resistance. To address this physically
relevant situation, a modified approach has been proposed in [14], where the classical framework is
extended to incorporate tangential friction into the resistance computation.

The case of rotating bodies introduces yet another interesting and physically significant class of minimal
resistance problems. When a body, moving into a medium, has a rotational motion, the expression
of the resistance force has to be suitably revised in order to take into account the additional effects
induced by rotation. The analysis of resistance in rotating bodies, when in addition tangential friction
is present, includes the study of the Magnus effect, a phenomenon where a spinning body moving
through a fluid shows a lateral deflection of its trajectory, well-known in various sports (for instance
soccer, tennis, golf, baseball, ...). A comprehensive treatment of this phenomenon is presented in
the monograph [22], where an entire chapter is dedicated to its mathematical modeling and physical
implications.

Another interesting class of problems, closely related to those concerning minimal resistance, involves
the concept of low visibility of bodies. In this context, visibility can be analyzed using mathematical
tools analogous to those in the study of resistance, treating the interaction of particles as the deflection
of lightrays. Of particular interest is the extremal case of invisible bodies, that leave not deflected almost
allincoming rays in a given direction. A rigorous mathematical treatment of these visibility problems,
including the construction and analysis of such invisible bodies, can be found in the works [1] and
[24], to which we refer the interested reader for a detailed presentation.

The opposite behavior occurs when one has problems concerned not with minimizing, but rather
maximizing the visibility of an object. In this setting, the objective is to design a body such that
every incident light ray is reflected back along a path opposite to its direction of incidence. Such
bodies, which possess the remarkable ability to return incoming rays toward their source regardless
of the angle of incidence, are commonly referred to as retroreflectors and play an important role in
several applications. For a rigorous mathematical presentation of this class of problems, including
the construction of retroreflecting shapes, we refer the interested reader to the article [2], [12], [21].
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References

[1]

(2]

3]

[4]

[5]

[6]

[7]

[8]

A. Aleksenko, A. Plakhov: Bodies of zero resistance and bodies invisible in one direction, Nonlinearity 22
(2009) 1247-1258.

P. Bachurin, K. Khanin, ]. Marklof, A. Plakhov: Perfect retroreflectors and billiard dynamics, J. Mod. Dyn.
5 (2011) 33-48.

M. Belloni, A. Wagner: Newton’s problem of minimal resistance in the class of bodies with prescribed volume,
J. Convex Analysis 10/2 (2003) 491-500.

F.Brock, V.Ferone, B. Kawohl: A symmetry problem in the calculus of variations, Calc. Var. 4/6 (1996)
593-599.

G. Buttazzo: A survey on the Newton problem of optimal profiles, in: Variational Analysis and Aerospace
Engineering, Springer Optimization and its Applications 33, Springer, Berlin (2009), 33—48.

G. Buttazzo, V. Ferone, B. Kawohl: Minimum problems over sets of concave functions and related questions,
Math. Nachrichten 173 (1995) 71-89.

G. Buttazzo, P. Guasoni: Shape optimization problems over classes of convex domains, J. Convex Analysis
4 (1997) 343-351.

G. Buttazzo, B. Kawohl: On Newton'’s problem of minimal resistance, Math. Intelligencer 15 (1993) 7-12.



[9]

[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]

[18]
[19]

[20]

[21]
[22]

[23]

[24]
[25]

[26]

[27]

Journal of Convex Analysis 261

M. Comte, T. Lachand-Robert: Newton’s problem of the body of minimal resistance under a single-impact
assumption, Calc. Var. Partial Diff. Equations 12 (2001) 173-211.

M. Comte, T. Lachand-Robert: Existence of minimizers for the Newton’s problem of the body of minimal
resistance under a single-impact assumption, J. Anal. Math. 83 (2001) 313-335.

H. H. Goldstine: A History of the Calculus of Variations from the 17th through the 19th Century, Springer,
Heidelberg (1980).

P.Gouveia, A.Plakhov, D.Torres: Two-dimensional body of maximum mean resistance, Appl. Math.
Comput. 215 (2009) 37-52.

W.D. Hayes, R. F. Probstein: Hypersonic Flow Theory, Academic Press, New York (1966).

D. Horstmann, B. Kawohl, P. Villaggio: Newton’s aerodynamic problem in the presence of friction, NoDEA
Nonlinear Diff. Equations Appl. 9/3 (2002) 295-307.

A.Kneser: Ein Beitrag zur Frage nach der zweckmifSigsten Gestalt der Geschofspitzen, Archiv Math. Physik
2 (1902) 267-278.

E. Mainini, M. Monteverde, E. Oudet, D. Percivale: Newton’s aerodynamic for non-convex bodies, Rend.
Lincei Mat. Appl. 28 (2017) 885-896.

P.Marcellini: Nonconvex integrals of the calculus of variations, in: Methods of Nonconvex Analysis, Varenna
1989, Lecture Notes in Mathematics 1446, Springer, Berlin (1990), 16-57.

A.Miele: Theory of Optimum Aerodynamic Shapes, Academic Press, New York (1965).

A.Yu. Plakhov: Newton'’s problem of the body of least resistance with a bounded number of collisions, Russian
Math. Surveys 58/1 (2003) 191-192.

A.Yu.Plakhov: Newton’s problem of the body of minimal mean resistance, Sb. Math. 195/7-8 (2004)
1017-1037.

A.Yu. Plakhov: Mathematical retroreflectors, Discr. Contin. Dyn. Syst. A 30 (2011) 1211-1235.

A.Yu.Plakhov: Exterior Billiards: Systems with Impacts Outside Bounded Domains, Springer, Berlin
(2012).

A.Yu. Plakhov: Newton'’s problem of minimal resistance under the single impact assumption, Nonlinearity
29 (2016) 465-488.

A.Plakhov, V.Roshchina: Invisibility in billiards, Nonlinearity 24 (2011) 847-854.

A.Yu. Plakhov, D. F. M. Torres: Newton's aerodynamic problem in media of chaotically moving particles, Sb.
Math. 196/5-6 (2005) 885-933.

N. Van Goethem: Variational problems on classes of convex domains, Commun. Appl. Analysis 8/3 (2004)
353-371.

A.Wagner: A remark on Newton'’s resistance formula, Z. Angew. Math. Mech. 79/6 (1999) 423-427.



	Introduction
	The Cartesian model
	The intrinsic model
	The model with positive temperature
	Some related problems

