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Abstract: We consider a family of nonlocal functionals F, depending on a small parameter ¢ > 0 and
impose a generic Dirichlet constraint on a periodic array of small balls of radius s centered on a 0-
periodic lattice. We investigate the asymptotic behaviour of this type of constrained functionals when
the order parameter ¢ tends to zero. Such analysis is deeply affected by the interplay between the three
scales ¢, 0, and r5,. Assuming that € = o(rs,) we perform a complete analysis when the datum assigned
on the perforation coincides with a function in C!(R%;R™). More precisely, according to the scaling
among the periodicity and the radius of the ‘perforation’, we prove the I'-convergence of F,, with respect
to the strong L? topology, to some local functionals defined on Sobolev spaces as ¢ — 0, accounting for
a possible penalization term of capacitary type.
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1. Introduction

In the past two decades there has been a growing interest in the variational analysis of nonlocal functionals
of convolution type, motivated by applications ranging from peridynamics and phase transitions to image
processing and collective dynamics (see e.g. [1, 6, 7, 12, 19, 20, 21, 22, 26]). A central aspect of these
studies concerns the rigorous passage from nonlocal to local models as the interaction range tends to zero.
This transition, first identified by Bourgain, Brezis and Mironescu [7] for Gagliardo seminorms, was later
formalized in the framework of I'-convergence by Ponce [21]. There, it was shown that, with fixed Q) a
bounded regular set in R?, families of energies of the form

Eo(u) = /Q /Q £ox, v, uly) - u(x)) dx dy

I'-converge, as ¢ — 0, to local integral functionals of Sobolev type, provided that the kernels f; satisfy some
suitable growth conditions of order p > 1 and concentrate on the diagonal.

In this paper we will examine some problems related to such nonlocal energies, for 1 < p < d, in
particular when constraints are imposed at a fine scale. In the local case a large literature has been devoted
to the effect of Dirichlet or pinning constraints imposed on a fine distribution of small inclusions, in the
spirit of the classical homogenization in perforated domains. The seminal paper by Cioranescu and Murat
[13] showed that, for local energies of the form

/ f(x,Vu)dx,
Q

with f(x, &) satisfying growth conditions of order p > 1 in the variable &, and subject to homogeneous
Dirichlet conditions on a 6-periodic array of small holes of radius 75, when p < d, a critical scaling rs ~ 6*/@=P)
leads to the appearance of an additional capacitary term in the limit functional. This term reflects the
averaged energetic contribution of the pinning constraint. Subsequent works extended these results to
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vectorial problems, nonperiodic geometries, discrete-to-continuum setting, and nonlinear or degenerate
growth conditions (see, among others, [5, 9, 24, 25]).

Actually, inhomogeneous Dirichlet conditions can be also considered in the same setting. In such cases,
the limit energy acquires a penalization depending on the deviation of u from the prescribed datum 1,
yielding expressions of the type

| FamVidx+C [ - yp dx,
Q Q

with C related to the p-capacity of the reference inclusion. These problems, which we may call bilateral or
inhomogeneous perforation problems, constitute the local analogue of the setting studied in this paper.

In the nonlocal framework, the analysis of Dirichlet-type constraints on perforated domains has been
initiated in [3], where the authors considered convolution-type functionals

= [ [ ffe e g
R4 Q(E)

with u = 0 on a periodic array of balls of radius 5 centered on a 0-periodic lattice. The asymptotic
behavior of F, s depends crucially on the interplay among the three scales ¢, 6, and r5. When ¢ = o(rs)
and r5 = O(6%/147P)), the T-limit coincides with a local homogenized functional augmented by a local
capacitary term; when ¢ = O(rs), a nonlocal capacitary density appears, while slower decay of ¢ yields trivial
or unconstrained limits. A fundamental tool in that analysis is a nonlocal Gagliardo-Nirenberg-Sobolev
inequality (Theorem 5.1 in [3]), ensuring L¥ control of suitable interpolations in terms of the nonlocal
energy.

The present paper extends that analysis to the bilateral (inhomogeneous) Dirichlet setting, where the
order parameter is required to match a prescribed datum v € C1(R?; R™) on the perforations. We consider
functionals of the form

u(x+&£) u(x) _
Fe(u) = /Rd/g(g) )dxdé u=1onP,,

where P, is a §.-periodic array of balls of radius 7.

54/@=p)

Assuming ¢ = o(r¢) and . /0, — B > 0, we show that, with respect to the strong L-topology,

/ from(Vu) dx + ,Bd_p/ e —P)dx, ueWW(Q;R™),
[(LP)-lim Fo(u) = § /0 0

+00, otherwise,

where fhom is the homogenized density defined through a ‘suitable non-local version of the asymptotic
homogenization cell formula” and ¢ is identified as a ‘suitable nonlocal capacitary density’

¢(z) = inf {/ from(V0)dx : v —z € LV (R:;R™), v = 0in Bl}.
R4

The additional term [, ¢(u — ¢) dx represents the energetic cost of enforcing the bilateral constraint,
extending to the inhomogeneous case the results of [3]. Depending on the scaling of 7., one recovers the
classical dichotomy: negligible constraint when g = 0 and total pinning when 8 = +oo.

Our analysis connects naturally with the recent work by Braides, Noselli, and Vincini [10], who studied
the equilibrium of hyperelastic bodies subjected to general kinematic constraints on many small regions. In
their model, the displacement u is required to satisfy u(x) € Fy, where F, is a closed set possibly depending
on x, and the constraint is imposed on a fine distribution of small “perforations”. They proved that, under
suitable assumptions on the strain-energy density o and on Fy, the I'-limit functional takes the form

/G(Vu)dx+/(p(x,u(x))dx,
Q Q

where ¢(x, -) arises from a capacitary-type cell problem depending on F, and the recession function of o.
Their framework includes both homogeneous and inhomogeneous, unilateral, or even nonlinear constraints,
and provides a unified mechanical interpretation of micro-scale pinning in hyperelastic media. The present
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work can thus be viewed as a nonlocal analogue of the asymptotic theory developed in [10], specialized to
the case of affine Dirichlet data F, = {{/(x)} and convolution-type nonlocal energies.

From a conceptual standpoint, the results proved here clarify how the capacitary penalization mech-
anism arises universally in both local and nonlocal regimes, whether the constraint is homogeneous,
inhomogeneous, or nonlinear, and how the nonlocal effects vanish in the subcritical regime ¢ = o(r;). Our
approach relies on a nonlocal joining lemma, a truncation argument, and the asymptotic characterization
of capacitary densities via I'-convergence, but the main novelty lies in the uniform control of energies in
presence of nonzero Dirichlet data.

Finally, we remark that this study opens several perspectives: the extension to the critical case p = d
and to non-homogeneous kernels, the inclusion of randomly distributed perforations, and the treatment of
anisotropic or nonlinear constraint sets in the spirit of [10]. Such developments would further bridge the
fine asymptotic analysis of nonlocal functionals with the mechanical modeling of materials endowed with
complex micro-constraints.

2. Notation

In what follows d, m € N will be fixed natural numbers denoting the dimension of the reference and target
spaces of the functions we consider, respectively. Given t € R, |t] denotes the integer part of ¢; for x € RY,
r >0, B,(x) (if x = 0, simply B,) stands for the open ball of centre x and radius r, Q,(x) (if x = 0, simply
Q,) stands for the cube x + (-5, %)d . We denote by S9~! the unit sphere in R%. If A is a subset of R? then
dist(x, A) = inf{ly — x| : y € A}. A™8(A) is the subfamily of open subsets with Lipschitz boundary. By
A CC B we mean that the closure of A is a compact subset of B. If A CC B, a cut-off function between A and
B is a (smooth) function ¢ with0 < ¢ <1, ¢ =0on dB and ¢ = 1 on A. Given a real function h(-), we use
the symbols o(h) to denote a generic function g such that lim;_,o(g(t)/h(t)) = 0. If E is a measurable subset
of R? we denote by |E| its Lebesgue measure. We use standard notation for Lebesgue and Sobolev spaces.
If p <d,p* = (pd)/(d — p) is the Sobolev exponent of p. If u is an integrable function on a measurable set

E c R? with |E| > 0,
1
Ug := E/Eu(x)dx

denotes the average of u on E. We use also standard notation for I'-convergence [8, 14], indicating the
topology with respect to which it is performed. Unless otherwise stated, the letter C denotes a generic
strictly positive constant. Relevant dependencies on parameters will be as usual emphasised by putting
them in parentheses.
3. Setting of the problem and main results
Let Q c R? be a bounded open set with Lipschitz boundary and let us fix a function ¢ € C(R%;R™), and
1<p<d. Lete, 0, e be given positive parameters with 6, > r. > ¢ > 0. We set

P =) By, (5i), (1)

iezd

and, given f : RY x R™ — [0, +o0) Borel function, we introduce the non-local functionals F, : LP(Q;R") —
[0, +00] defined as

/ / f(cE,Dgu(x))dx d& ifu(x)=y(x)ae. onP.NQ,
R JQ.(8)

Fe(u) := 2

+00 otherwise,

where Dfu(x) := ulx + eé) — u(x) 3)

&
and for every subset A of R? we set
Ac(&)={x e A|lx+e& € A} 4)
We consider the following set of assumptions on the function f above:

(H) (positive p -homogeneity) f(&,tz) = t? (&, z) for every (&, z) € RY x R™ and t > 0;
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(G) (growth) the functions m(&) := i?f—l f(&, z)and M(&) :=sup f(&, z) satisfy:

ze§m-1

(GO) there exist Ag, rg > 0 such that m(&) > Ag if |&] < rg;
G [ MENEP + 1 de < oo
(L)  (p-Lipschitz continuity) there exists C > 0 such that for every & € R¥
f(& w) = f(&, 2 < CME)(|=P™ +lwl Dlw - 2| Vz,w e R™.

The main results of the paper are provided by the following theorems.

Theorem 3.1. Let F, be defined by (2), with f satisfying assumptions (H), (G) and (L). Assume moreover that

e
lim — =0 5
elir(l) Ve ( )
and
lim % = ©6)
e—0 # _ﬁ

for some real number p > 0. Then
I'(LP)- lirr(l) Fe(u)

[ o+ gt [ ) - g ifue W@,
Q Q

+0c0 otherwise,

where fuom(S) is defined for S € R"™4 gs

fuon(8) = lim % inf { / Fly - x,0(y) — o(x))dx dy : v € z)S(QR)}, @)

Qr JQr

with
D(Qr) :={u el (RGR™):u(x)=Sxforae xeR?, dist(x, R/\Qg) < 1}.

loc

and for every z € R™
¢(z):=inf {/Hfhom(Vv)dx:v—zeLP*(Rd;Rm), v =0in Bl,vewlif(Rd;Rm)}. ®)
R

Remark 3.2. Note that the positive p - homogeneity assumption (H) is inherited by f;,» and ¢, that is,

From(tS) = t¥ from(S) Vt >0, VS e R"™4,

p(tz) =tPp(z) Vt>0, VzeR"™.
Moreover assumption (G) easily yields that
molSI” < from(S) < MolS" VS € R"™ ©)

for two suitable strictly positive constants mg, Mp.
On the other hand, the density ¢ can be also characterized as follows

(10)

¢(z) = inf { /Rd From(Vu)dx : u = —z'in By, u € WP (RY; R™) CompaCﬂY}'

supported

According to the estimate (9) and formula (10), taking into account also characterization b) of the p-capacity
of a set in R? of Proposition 4.1, and (18), we also deduce that



298 M. S. Gelli

mo capp(B1)|z|p < p(z) <My capp(B1)|z|” Vz € R™. (11)

Thanks to (9) and (11) we eventually get that, for any u € WLP(R;R™), it holds

Cl(/QWul’” dx + capp(Bl) /Q [u(x) — P (x))P dx) <T(LP)- 113(1) Fe(u)
and

[(LF)- lir% Fe(u) < Cz(/ [Vul|P dx + capp(Bl)/ [u(x) — P (x))P dx),
E— Q Q
for some suitable strictly positive constants Cy, Cs. ]

Remark 3.3. If f(&,") is convex for every & € RY, the asymptotic formula (7) reduces to

fun(S) = [ £(&,5)de

(see [2, Theorem 6.2]). Note moreover that, under this convexity assumption, hypothesis (L) is implied by
assumptions (H) and (G). ]

The next results concern the asymptotic behaviour of energies of type (2) when the scaling among the
periodicity scale and the radius of the perforations does not satisfy (6).

Theorem 3.4. Let F, be defined by (2), with f satisfying assumptions (H), (G) and (L). Assume moreover that

. &
lli]f(l) P 0 (12)
and
. Te
lim = +o00, (13)
e—0 i

&

Then T'(LP)-lim, 0 Fc(1) < +oo if and only if u = ¢ in Q and
MW=l Fe) = [ fron(Vp(0)dx
where from(S) is defined for S € R™4 as in (7).

Theorem 3.5. Let F, be defined by (2), with f satisfying assumptions (H), (G) and (L). Assume moreover that

L&
111)1(1) Z =0 (14)
and
. Ve
lim — =0. (15)
e—0 7
O¢
Then

/ from(Vu)dx ifu € WLP(Q;R™),
Q

I'(LF)- lir% Fe(u)=
e +00 otherwise,

where from(S) is defined for S € R™4 as in (7).
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4. Preliminary results
In this section we collect some results that will be used in Section 5.
Capacity
Let us recall the notion of p-capacity. Given an open set A C R? and a set E cC A we define the relative
p-capacity of E in A as
capp(E,A) = inf {/ IVul dx : u € CL(A), u > 1in a neighbourhood of E} .
A

If A = R? we simply write cap,,(E). It follows by the very definition that the set function cap,,(E, A) is
increasing in the variable E and decreasing in the variable A. More precisely,

capp(El,A) < capp(Ez,A) if E1 C Ey;

16
capp(E,Al) < capp(E,Az) if A1 2 Aj. (16)

Note that it can be easily shown that cap ) (E) > 0if|E| > 0 and it is well known that the following properties
hold true.

Proposition 4.1. For any E CC A open set it holds

(a) capp(E,A) = inf {/ [VulP dx :u € Wol’p(A), u=1ae. in E};
A

(b) cap,(E) = inf { /R [Vl dx s u e w;f(Rd) NLP(RY), u =1ae. in E};
(©) capp(E) = Rl_igloo capp(E, Br) = 11Qr>1f0 capp(E, BR).
Remark 4.2. A straightforward computation shows that

inf {/A |VulP dx : u € CL(A), u = t in a neighbourhood of E} = |t|pcapp(E,A).
Moreover, one may consider, for z € R, the vectorial infimum problems

inf {/A |VulP dx : u € CL(A;R™), u = z in a neighbourhood of E} . (17)

Note that, thanks to the rotational invariance of (17), it can be proved that

inf {/A IVulP dx : u € CL(A;R™), u = z in a neighbourhood of E} = capp(E,A),
forany z € R such that|z| = 1. Indeed, up to arotation, itis enough to prove the equality forz = (1,0, ..., 0).

In this case we can confine the infimum in (17) to functions v € WO1 P(A;R™) such that v = (v1,0,...,0).
Hence, we can conclude that, for any z € R™,

inf{ / Vul dx : u € Wy?(A;R™), u = z ae. in E} = cap,(E, A)[z]". (18)
A

Convolution-type energies
For any open set A C R and u € LP(A;R™), with p > 1, we define

Fo(u, A) = /R d /A Py f(g, Dfu(x))dx de, (19)

with f : R x R™ — [0, +o0) a Borel function satisfying hypotheses (H) and (G).
Note that F.(-, Q) is exactly the functional F.(-) on functions u € LP(€};R™) that satisfy the constraint
u=1¢yonP.NQ.
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Letr > Oand define f,(&, z) = 1p,(&)|z|P. For sucha choice of f,(&, z) we denote the associated functional

in (19) as
GQ’”(u,A)z//
rJAe(é)

where Dfu(x) and A (&) are defined by (3) and (4), respectively.
The nonlocal functionals G.” (1, Q) will have a relevant role in the sequel as they provide a natural
lower bound for F,. Indeed, taking into account hypothesis (G), it holds

Dfu(x)‘p dx dé, (20)

Fe(u) = A0G2F (u,Q) Vu e LP(Q;R™). (21)

Estimate (21) will be crucial to identify the domain of any I'(L?)-lim,_F, in view of the following
compactness result in the strong LP-topology of sequences of functions with uniformly bounded energy
(see [2, Theorem 4.2]).

Theorem 4.3. Let A be any bounded open Lipschitz set of R? and assume that {u.}. C LP(A;R™) be such that for
somer >0

sup {”ug”Lp(A’-Rm) + GQ’p(uS,A)} < +00.

e>0
Then, for any ej — 0, {u,, }; is relatively compact in L¥ (A;R™) and every limit of a converging subsequence lies in
WLP(A;R™).

The last result on convolution type energies that will be used in the sequel is the following I'-convergence
result (see [2, Theorem 6.1]).

Theorem 4.4. Let F.(-, Q) be defined by (19), with f satisfying assumptions (H) and (G). Then

/ From(Vu)dx ifu € WHP(Q;R™),
Q

T(LP)- lim (i, Q) =
=0 400 otherwise,

(22)

where fpom is defined in (7).

5. Supporting results

In this section we present some key results instrumental for the proofs of Theorems 3.1, 3.4, and 3.5. Their
proofs can be found in [3].

A Gagliardo-Nirenberg-Sobolev type inequality and a compactness property

We state here a nonlocal version of the classical Gagliardo-Nirenberg-Sobolev inequality in Sobolev
spaces. This result will be crucial to prove a closure and compactness theorem in LP"(RY; R™) for sequences
with bounded nonlocal energies (20) (see Proposition 5.2). In turn Proposition 5.2 will allow us to prove
the convergence of the infimum problems defining the approximating capacitary energy densities.

Theorem 5.1. (Gagliardo-Nirenberg-Sobolev type inequality) Let p € [1,d). Then there exists a constant
C =C(p,d,r) > 0 such that for every u € LP(R%; R™)

<

( / |T€u(x)|r’*dx) < CGYP(u,RY), (23)
R4

where Teu(x) := @/ u(y)dy on Fek +[0,7e), k € Z¢4, with 7 := \/dr?.
Fek+[0,7e)?

Proposition 5.2. Let p € (1,d) and {u.}. € LP(R%;R™) be such that for some r > 0

(i)  suplluellrrkrm) < +oo for every compact set K C RY;
e>0

(i) sup G (e, RY) < +c0.
e>0
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Then, for any €;j — 0, {u,,}; is relatively compact in LZJC(Rd ; R™) and every limit of a converging subsequence lies
in WP (RGR™) 0 LV (RER™).

A joining lemma

Here we state the analog of Lemma 3.1 in [4] for our nonlocal functionals. It allows to restrict our
attention in our I'-convergence analysis to sequences of converging functions that are constant on suitable
annuli surrounding the perforations. The proof of this result is essentially identical to that of Lemma 3.1
in [4] so we omitted it (for more details see [4]).

Lemma 5.3. Let 6; — 0as j — +oo. Let T > rg be fixed and let 0 < &; < p; < % with € = o(p;j) as j — +oo. Let
the sequence u; converge to u in LP(Q, R™) with sup; ngr(u]-) < +o00. Set

Zi(Q) = {i € 2 : dist(i5;, R \ Q) > &;},

then, given N € N, for every i € Z;(Q) there exists k; € {1,--- ,N — 1}, a sequence w; still converging to u in
LP(Q),R™) and jo € N, such that for j > jo

wi =ujon Q\ U A;., w; = u]l: on 8Bp;(i6j) + Bre;,

i€Z;(Q)
C
Ty (), Q) = Fj (uj, Q)| < 7. (24)
where, i € Z;(Q), set
Aji={xeQ: 27 p; < |x —i5jl < 27Mp;}, (25)
i . i._ 3o-ki,.
Uj .—]ﬁ ujp P 12 pj- (26)

i
i

Truncation Lemma

By the composition with a suitable Lipschitz function, the following technical lemma allows us to replace
a given sequence u; with equibounded energies and L”-norms, by a new sequence uniformly bounded in
L* and with a small gap in energy. As already quoted for Lemma 5.3, we skip the proof and refer to [4].

Lemma 5.4. Let {u;} with supj(ﬁj(uj) + |lujllr@mrm)) < +oo. Then for every n > 0 and M > 1 there exist
Ry > M > 0 and a sequence of Lipschitz functions ®; p : R™ — R™ with Lip(®jm) =1, ®jm(z) = z if |z| <M
and ®; pm(z) = 0 if |z| > Ry, such that it holds

7:6‘]' ((D],M(u])/ Q) < 7:6]‘ (ujl Q) +7

for every j € N such that ¢; < o, with &9 depending on Q. Moreover we can extract a subsequence (ji) such that
®j. . m =: Dy do not depend on k € N,

Approximating capacitary energy densities
Forany ¢ > 0,T > rp, R>2+T¢,and z € R™, let us define

(27)

_ v—zelP(RLR™), v=0in By,
(PS,R(Z) = inf {ﬁT(v,BR) : ,

v =zonR? \ BRr—eT

where we denote 7’€T the functionals in (19) with f(&,z) = 0 forany & € R4, such that |&| > T.

In [3] many fine properties of the densities (péT,’ r are established in order to determine the pointwise and
locally uniform limit of ¢Z,R(') when the parameters R, T go to +o0, and ¢ goes to 0. We summarize these
properties in Proposition 5.5 for future reference. We remark that these ingredients clarify the nature of the
energetic contribution near the perforations, leading to the appearance of the density functions ¢ defined

by (8).
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Proposition 5.5. Let f satisfy assumptions (H), (G) and (L). Then there exist constants C, C1, Co > 0 independent
of €, T and R such that for every z, w € R™ we have

Cilzlf < (pZ’R(Z) < Cylz|P Yz e R™
p¢ @) = @ g (@) < C(IzP~! + fwf ™o — z].
In addition, if R, — +o0as ¢ — 0, it holds
lim g7 ¢ (2) = 97 (2)
uniformly on compact sets, where
@l (z) := inf {/ thom(Vv) dx : v—z el LP(RGR™), 0 =0 in Bl,} 28)
R ve W (RGR™)
being f.L the limit energy density of T(LP)-lim. o f,|  (see Theorem 4.4).

The properties of the densities (pZ/R quoted above allow us to prove the following result about the
L!-convergence of suitable Riemann sums to the capacitary densities ¢?.
Proposition 5.6. Let ¢; — 0and Rj — +ooas j — +oo and let (1) be a bounded sequence in L*=(Q; R™) such that
sup; ﬁ}f(u]’) < 400 and uj — u in LP(C;R™), for some u € WLP(Q;R™). Let A;'. and u;, i € Z;j(Q), be as in (25)
and (26), respectively, with p; = O(6;) and k; arbitrarily chosen. Let \I/]T : QO — R bedefined by

T _ T ki
Vi = ) ol 10, 6,00,
i€Z,(Q)

where
Q(ng (6é]Z) = 6é]1 + 68le-
Then \I/]T — pT(u) in LY(Q).

6. Proof of Theorem 3.1

We divide the proof into four steps: we first show that it suffices to prove the theorems for the truncated
functionals F? (Step 1), and, for what concerns the I'-lim inf, for sequences in L¥ (Q3; R™) that are equibounded
in L*(€); R™) (Step 2). Eventually, we deal separately with the I'-lim inf (Step 3) and the I'-lim sup inequalities
(Step 4).

Step 1. We claim that it is not restrictive to prove both theorems under the additional assumption that
there exists T > 0 such that f(&,z) =0if |&] > T.

Indeed, given f(¢&,z) a Borel function satisfying (H), (G) and (L), associated to F., we consider, for
T >0, f1(&,z)=1p,(5)f(&, z) and the associated F!.

If we assume that for every T > 0

| wdes g [ gTu-g)dx ifuewHQR"),
Q Q

+00 otherwise,

T(LP)-Tim F () = (29)

where thO . and @ are defined by (7) and (8), respectively. Arguing as in the proof of [2, Lemma 5.1], we
can easily infer that the result stated there holds even in the constrained case, that is

[(LP)-lim F.(u) = lim T(LP)-Lim FI(u).
e—0 T—+c0 e—0

Hence, by the Monotone Convergence Theorem, the statement follows once we prove that for every S € R
and z € R™

lim fT(S) = fion(S),  lim ¢7(2) = p(2).
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The equalities above are, in turn, again a straightforward consequence of the Monotone Convergence
Theorem.

Step 2. We may confine to prove the I'-lim inf inequality for u, — u € LF((; R™) with u,, u equibounded
in L*(Q;R™). Indeed, given ¢; — 0" asj — +ococand u € WLP(Q;R™), let uj — uin LP(Q;R™) be such that
sup; F Z] (uj) < +o0. Using the fact that ip € L*(Q;R™) and up to passing to a subsequence (not relabelled),
given n > 0 and M > [|{||L~q;rm), by applying Lemma 5.4, one may find Ry > M and a Lipschitz function
Dy : R™ — R™, with Lip(Pp) =1, Pp(z) = z if |z] < M and Pps(z) = 0if |z] > Ry such that

FL(uj) > FL(®wm (1)) = 1. (30)

It is easy to check that @y (1) € WIP(Q; R™) and Dpq(u;) — Ppm(u) in LP(Q; R™), so that assuming that

r(LP)-hmsianf{(an(u))z /Q fE (VOm(u)) dx + g7 /Q T (Pp(u) — ) dx,

by (30) we also get

lim inf F{ (1)) > /Q £ (V®um(u))dx + g7 /Q T (Dp(u) — ) dx — 1.

The conclusion follows letting M — +co and  — 0.

Step 3. With fixed T > rg, we now prove the validity of the I'-lim inf inequality for F, assuming that
the function f in (19) satisfies f(&,z) = 0 forany & € R9 such that |£] > T, and testing the liminf inequality
for a given u along sequences such that sup ||u[[ ~qrm) < +00. In order to keep track of the bound on the
energy density f we denote as usual F, with FL.

The main idea of the proof is to take advantage of Lemma 5.3 iteratively. More precisely, with ¢; — 07
asj — +oo, letu € WLP(Q; R™) and let u; — u in LP(Q; R™) be such that sup; FETj(u]-) + |[ujl|L~ < +o0. Given
N e N, let {w}l. }j be the sequence constructed in Lemma 5.3 applied with p; = 6.,/4 and {u;}; as above.

Now we apply again Lemma 5.3 to {w} }j with pj = (1 + o(1))re; and obtain a new sequence {w;}; with

the property that, on any cube 6.i + [-0,, 5.]¢, w; is constant both on an annulus centered on a spherical
surface centered in 6.7 and radius p;. of order 6, and amplitude €T, and both on an annulus centered on a

spherical surface centered in 6.i and radius p’of order r, and amplitude ¢T. Moreover, for the sequence
{w;}; the gap in energy with respect to the initial {u;}, is still controlled as

C
|Fe;(uj) — Fe;(wj)| < 2 N
Set
Fj = U Bp;i(égji),
i€Z;(Q)

where p; is obtained in the first application of Lemma 5.3, and define

wi(x) ifxeQ\F;
9= i i x e BL(oui)
f P} SR

with u;f is defined in (26), relatively to p;
Notice that, by (H), (G0) and Lemma 5.3, sup; Gg’,’p (vj,Q) < +oco. Hence, by Theorem 4.3, {v;}; is

relatively compact in LP(€; R™). Arguing as in [5], we now show that v; — u in LF(Q; R™). Specifically, for
he{0,...,N—1}set

— 35-h-2 By .— o[ X
T = 42 ’ )(](X) =X (68/)’
where x" coincides with Lo B, ON Q1 and is extended Qq-periodically in R4,

Zh={ieZ{Q):ki=h}, DI:= U O (i+Q1), YI(x):= 1 (x),

iezh
j
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where k; € {0, ..., N — 1} is the number selected for any i € Z;(Q2) by Lemma 5.3.
Recall that
)(]}.Z Sy =101\ B, | >0 weakly*in L®(RY)

and note that,

Z

-1
gbjh — 1 strongly in L'(Q).
0

=
I

Moreover, since )(]’7 > )(;.) for every h € {0, ..., N — 1}, we have that

N-1 N-1
_ ok o 0 no*
]lQ\pj—hZ;)l,bj)(j Z}(jhz(l)wj mg > 0. (31)

Let us consider a subsequence (not relabelled) such that Lovr, = g in L*(Q) and v; — v strongly in
LP(Q; R™). Hence
lopvj = g0, loywj — gu  weakly in LP(CQ;R™).

Taking into account that Lovrvj = lorwj, we conclude that v = u thanks to the lower bound on g
ensured by (31).
By Lemma 5.3, we have

C C
F;;rj(uj) > FéT.],(wj) -25 = ﬁf(wj) -25
C
> Fl(wj, Q\ Fj) + 7] (wj, F)) - 2% (32)
C
> F (v, Q) + T (wy, Fj) =2

since by definition w; = v; in Q \ F;, and v; is constant on each 8BP,-_(5€].1') + Bgr.
]
By Theorem 4.4, it holds

.. T T
l}ri}:gfﬁj(vj,ﬂ)Z/thom(Vu)dx. (33)

We now turn to the estimate of the energy contribution on F;: ﬁjf (wj, F)).
Set
wi= | By (0c,)

iGZ]‘(Q)

where ﬁ; < r¢; is obtained by the second iteration of Lemma 5.3, and define
wi(x) ifxeF;j\W,
0= B ifxeBu(oui),
] pitt

where zb; is defined in formula (26), relatively to ‘5; Since wj is constant on each dB ;i (6¢;i) + Be;r we get
]
ﬂjr(wj,Fj) = ﬁ]r(wj,Fj \ W) + fg]r(wj, W)

> T (05, F)) = ), Tl (01, By(64,1)
i€Z;(Q)

With fixed i € Zj(Q), let v} i(y) := 0j(6¢;i + 1, y) be defined on the ball Byi, with R; = p?r;}.l and extended
to u]Z. outside this ball. Setting s; := e]'r;],l, taking into account that 0 ; is equal to w; on the unitary ball and

equal to u]Zf outside Byi, we get
]

~ . d- d- i i
7:5]?(77]',1'/ Bp;(éejl)) = r(jejpgjs]r(vj,ir BR;:) 2 r@gjpgosTj,R;(u]l' - w]l) (34)
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We take
V@)= ) ¢l - w)lo, w00
iez, @)
By (34), we get
rg:p e, \*7P
ff(wj,l:j) > —d]/ wT(x) dx:( : ) /‘I’.T(x)dx. (35)
I of Ja 75 o /

d-p
O,
&j

We underline that, by construction, w; coincides with ¢ on each Brfj (0¢,1) then

w]’: = ]ﬁi Y(x)dx, (36)
]

where A;. is the annulus determined by the second iteration of Lemma 5.3. Hence, by Proposition 5.6,

applied to {u; — 1}, with s, R;. in place of ¢}, R;, respectively, we have

\y]T — @l (u - 1) in LY(Q). (37)
Hence, by (35), we deduce that

1iminfﬂf(wj,Fj) > pgi-p / e (u — 1) dx. (38)
]—>+00 Q
By (32), (33), and by the arbitrariness of N € N, we infer that

l}r_r}JringZj(uj)2/thTom(Vu)dx+/3d_p/Q(pT(u—gb)dx.

We conclude that, under the assumptions of Theorem 3.1,
1"fFT,‘>/TV +d—r’/T— .
}13:2 e (Uf) 2 thom( u)dx +p Q(p (u —1p)dx

Step 4. With fixed T > ry, we now prove the validity of the I-lim sup inequality for FI. By a density
argument it suffices to prove the inequality for u € C2°(R%; R™). For sucha u, fixed an open set O’ € A™8(R¥)
such that Q' 52 Q, and given ¢; — 0 as j — +o0, by Theorem 4.4 there exists a sequence (i;), converging
in LP(QY;R™) to u, such that

lim 7.(i1;, Q) = / £k (Vu)dx. (39)
jotoo o~ em

Taking into account Lemma 5.4, up to replacing i; with a suitable truncated function, we may also assume
that sup j lI#;]l . (;rm) < +oo. In order to exhibit a suitable sequence that satisfies the constraint on the
perforations, we introduce the functions #; = ﬁj:ﬂ.Q/\péj + Plp oy Following the same strategy of Step
3, given N € N, we consider the sequence {w}} constructed in Lemma 5.3 applied with )’ in place of Q,
pj = 0¢;/4 and 11; in place of uj, and applying in turn Lemma 5.3 to {w}} with p; = 2r,; we obtain a sequence
{w;} such that

C

Feol (wj, Q' \ Ej) < 7l (i1, ) +25 (40)

where
Ej= U By (0c,1).
i€Z;(Q)

We now pass to the estimate of the energetic contribution on the set E;. With the same notation of Step
3, set

i
Rlzﬁ S‘:i

’ ] 7
] Te; Te;

and let u}lf, w]l: the average of w; on the two annuli obtained by applying twice Lemma 5.3.
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Fori e Z;j(CY),let %;,; € LP(Bgi;R™) be such that
]
T (= _ T j j
7’5]. (@i, BR;;) = (psj,R;(u;. - w;) +o(gj).
Then set

L (X =0yl ‘
U]',i(x) = vj'i(f’—g.), X € Bp;-_(ejz),
j

and

wj(x) if x E(Q'\E]')UW]'
uj(x) = . . .
vji(x) ifxe BP;((SS].Z) \ Bﬁ;(égjz),
where W; is defined xactly as in Step 3. Note that
. d- . d- ' -
?;]T(vj,i, Bp;;(égjl)) = ré{ijgL'SjT(vjli, BR;) = ré{jp((PsTj,R;l(u; - w;) +0(gj)). (41)

Moreover the sequence {u;} satisfies the constraint and, arguing as in Step 3, we also deduce that u; — u
in LP(€; R™). We finally pass to the estimate of the energy. By (41), we get

Fl () < Fl @, )+ > Fl(w;, B, 1(0,1) \ B (04,1)) + o)

i€Z;(Y)
T ’ d=p T i i 42)
=T @, Q)+ ) i (] ) —w)) +olep)
i€Z;(QY) !
Applying Proposition 5.6 as in Step 3, we deduce that
d
> e gt —wh = g [Ty @3)

ieZ;(Q)

Hence, by (39), (40), together with (42), (43), we get that

lim sup ﬁ]r(uj) < /Q thom(Vu) dx + P /Q ol (u—1)dx + %

j—+oo

The conclusion follows by the arbitrariness of N € N and letting O’ — Q.

The proofs of Theorems 3.4 and 3.5 follow the same strategy and take advantage of the estimate
established in the proof of Theorem 3.1. We skip all the details and we note only that under the hypothesis
of Theorem 3.4, (35) allows to conclude immediately that the I'-liminf F, < +co if and only if @(u — ) is
equal to zero a.e. in Q. One may argue analogously for the I'-lim sup F, exploiting the estimate (42) under
the hypothesis of Theorem 3.5.
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