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Abstract: We analyse the irrigation problem as an optimal control problem within the context of agri-
cultural planning. By formulating irrigation as an optimal control system, we aim to optimize the water
usage, while ensuring efficient agricultural productivity. A key parameter in our model is the percentage
of water loss due to deep percolation, denoted by 𝛽, which is difficult to estimate and sensitive to envi-
ronmental perturbations. As a result, the problem becomes a parametric optimal linear-control one with
an inequality state constraint. The main goal of this work consists in investigating how perturbations
of 𝛽 affect the optimal solution and the optimal cost, with the help of parameter sensitivity analysis.
To achieve this, we reformulate the parametric optimal linear-control problem as a finite-dimensional
non-linear programming one for which we derive necessary and second-order sufficient optimality con-
ditions. Additionally, we design a parameter sensitivity analysis. Numerical results are provided to
illustrate the designed parameter sensitivity analysis which shows that as 𝛽 increases, the irrigation
period of time and the irrigation water flow rate also increase.
Keywords: Parametric optimal control, parameter sensitivity analysis, non-linear programming meth-
ods, agricultural irrigation problem.
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1. Introduction
According to the Food and Agriculture Organization, freshwater resources are rapidly declining and water
scarcity is nowadays a critical challenge for sustainable development. Droughts exacerbate this crisis
specially in vulnerable regions [11]. It is then of foremost importance to implement measures to improve
water-use efficiency and agricultural productivity.

Over the past two decades, different optimization approaches for the efficient use of the irrigation water
have been proposed. In this respect, see, e.g., [7, 12, 13, 14, 15, 16, 17, 18, 23] where soil water balance
models are used, or [2, 19, 25]. These last three are based on Richards equation. Approaches based on the
maximization of biomass yield at harvest, as in, e.g., [4], are also of high relevance in this respect.

In this paper, we focus on minimizing the irrigation water used to produce healthy crops within the
framework of optimal control. In general and in such setting, the amount of water used is treated as a control
variable and the aim consists in minimizing the amount of irrigation water used to produce a healthy crop.

Our starting point is an optimal control problem proposed in [17], where the main goal is to maintain
adequate soil moisture for the development of a healthy plant from sowing to harvest. The problem is
formulated in as a state-constrained optimal control problem, linear in both the cost function and the
dynamics.

Although the Pontryagin Maximum Principle is a powerful tool to characterize the analytical solution
of optimal control problems (see [10, 24]), the presence of state constraints may obstruct its identification.
The situation may be more difficult when the dynamic model depends on unknown or hard-to-estimate
parameters and the objective is to determine the solution as a function of these parameters.

Our goal is to determine solutions of the optimal control problem proposed in [17] as a function of
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a parameter. One may hope the use of numerical methods by direct method to be of help. Numerical
methods consist on discretization of the optimal control problem leading to a non-linear programming
problem. However, the resulting non-linear programming problem is, in general, a large-scale problem
(see, e.g., [3, 22]) with a large number of variables due to the discretization step needed to ensure that
numerical solutions are good approximations of the analytical ones. When the structure of the optimal
solution is known, as in our case of interest [17], the alternative is to construct a parametric problem with
a reduced number of variables, and to solve it by the indirect method. The presence of hard-to-estimate
parameters calls for a parameter sensitivity analysis to study the variations of optimal solution and optimal
cost in terms of such parameters. To do that, and at first sight, we could take advantage of the linear-control
framework of our problem. In principle, this would allow us to appeal to various results of convex analysis
to study how changes of the parameter affect the stability of trajectories, controls and multipliers. However,
the presence of the state constraint, although convex, prevents the direct application of known parametric
sensitivity analysis for reasons we explain next. Indeed, there exists an impressive and interesting panoply
of research works on sensitivity analysis for different optimization problems (see, e.g., [9]). Optimal linear-
control problems with state constraints are not an exception. In general, sensitivity analysis is conducted
transcribing parametric optimal linear-control problems into non-linear programming problems, whose
solutions allow a prediction on the switching structure of the original problem (see, e.g., [6, 21]). In [6]
optimal control problems with mixed state-control constraints and with the control appearing linearly in the
objective function are considered. They propose two methods for transcribing parametric optimal linear-
control problems into non-linear programming formulations, together with an approach for conducting
sensitivity analysis. Such transcription methods are designed for mixed state-control constrained problems
and can not be applied to our irrigation problem of interest. In [21], Maurer and Vossen study parametric
optimal control problems with state constraints and with the control appearing linearly in the objective
function, assuming that the optimal control has finitely many bang-bang and boundary arcs and, moreover,
assuming that the control is discontinuous at junction times. However, this last discontinuity assumption
of the boundary control at junction times in [21] is a feature we can not guarantee for our optimal control
problem with a 𝐿1 cost. On the contrary, the analysis in [17] and numerical findings indicate that the
optimal control may be continuous at some junction times.

Thus, in the absence of any applicable scheme from the literature, we need a new approach to conduct
sensitivity analysis of the irrigation problem considered in [17]. The main difficulty of the approaches to
sensitivity analysis as those proposed in [6, 21] consists in transcribing the parametric optimal linear-control
problem into a non-linear programming one. Here, and based on the transcription methods proposed in
[6, 21], we reformulate our parametric optimal linear-control problem of interest as a finite dimensional
non-linear programming problem. For this problem, and following [5], we derive necessary and sufficient
optimality conditions, and we establish a parameter sensitivity analysis. We then illustrate our results
numerically by considering the irrigation problem of interest.

This paper is organized as it follows. In Section 2, we present the optimal control problem and the
structure of its optimal solution. In Section 3, we reformulate the optimal control problem into a low
dimensional non-linear optimization problem. Furthermore, we discretize it and we derive necessary and
second-order sufficient optimality conditions. Parameter sensitivity analysis associated with the optimal
solution and the optimal value function is also carried out, in Section 4. Finally, in Section 5, we provide
numerical simulations in order to illustrate our findings.

2. Parametric optimal linear-control problem
The non-parametric optimal linear-control problems applied to agricultural irrigation proposed in [12, 17]
play a central role in this paper. In this section, we present the irrigation problem and we briefly summarize
the characterization of its optimal solution profile as done in [12, 17].
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2.1. Formulation

OC(𝛽)



min
∫ 𝑡 𝑓

0
𝑢(𝑡)𝑑𝑡

s. t. ¤𝑥(𝑡) = 𝑢(𝑡) + rfall(𝑡) − evtp(𝑡) − 𝛽𝑥(𝑡) a.e. 𝑡 ∈ [0, 𝑡 𝑓 ],
𝑥(0) = 𝑥0 ,

𝑢(𝑡) ∈ [0, 𝛾], ∀𝑡 ∈ [0, 𝑡 𝑓 ],
𝑥min − 𝑥(𝑡) ≤ 0, ∀𝑡 ∈ [0, 𝑡 𝑓 ],

where

• 𝑡 represents time;

• 𝑡 𝑓 is the planning irrigation time;

• 𝑥 is the state variable with 𝑥(𝑡) denoting the amount of water in the soil at time 𝑡;

• 𝑢 is the control with 𝑢(𝑡) expressing the flow rate of irrigation water at 𝑡;

• 𝛾 is the maximum flow rate of irrigation water entering the system;

• rfall(𝑡) is the daily precipitation at 𝑡;

• evtp(𝑡) is the estimated evapotranspiration for the type of crop at 𝑡;

• 𝛽 ∈ [𝛽min , 𝛽max] represents the percentage of water loss due to the run-off and deep infiltration;

• 𝑥0 is the initial quantity of the water in the soil;

• 𝑥min is the hydrological need of the crop.

We remark that evtp(𝑡) at 𝑡 is calculated based on the model [1] and it is assumed that real data from a
weather station is used. Here, we refrain from adding any discussion on the formulation of the irrigation
problem, or alternative approaches. Instead, we refer the reader to [12, 17, 18] and the references therein.
Observe that OC(𝛽) is a parametric optimal control problem with the parameter 𝛽 taking values within the
interval [𝛽min , 𝛽max].

2.2. Characterization of the solution
Next, we recall the main results of [12, 17] characterizing the optimal solution.

For each 𝛽 ∈ [𝛽min , 𝛽max], the existence of solution of OC(𝛽) problem is guaranteed and any optimal
control is globally optimal, due to the convexity of OC(𝛽). However, because the cost function is not strictly
convex, the uniqueness of the solution cannot be guaranteed.

Gathering the results in [17, Propostion 1], the normality is ensured. Moreover, from the results
in [17, Section 3.4] and complemented by [12], we characterize the optimal solution of OC(𝛽), for each
𝛽 ∈ [𝛽min , 𝛽max], by means of the Pontryagin Maximum Principle (Theorem 9.3.1 of [26]). This requires the
following assumptions (see [12, 17]):

(A1) the upper bound of the control 𝛾 is large and never reached;

(A2) function 𝑔, defined by 𝑔(𝑡) = rfall(𝑡) − evtp(𝑡), is Lipschitz continuous for all 𝑡 ∈ [0, 𝑡 𝑓 ];

(A3) the optimal trajectory 𝑥̄ does not have contact points (means that the trajectory does not touch the
boundary at isolated points) and it has an unique boundary interval [𝑡in , 𝑡out], with 𝑡in ≥ 0 and
𝑡out ≤ 𝑡 𝑓 1, and 𝛽𝑥min − 𝑔(𝑡) > 0 for all 𝑡 ∈ ]𝑡in , 𝑡out[;

(A4) the multiplier 𝜇 associated with the state constraint is a Borel regular measure decomposed by the
Lebesgue Decomposition Theorem as 𝜇 = 𝜇𝑎𝑏 + 𝜇sing + 𝜇𝑑, with 𝜇sing = 0 (here 𝜇𝑎𝑏 is an absolutely
continuous measure with respect to the Lebesgue measure, 𝜇sing is a singular measure and 𝜇𝑑 is a
discrete measure).

1 This means that 𝑥̄(𝑡) = 𝑥min for all 𝑡 ∈ [𝑡in , 𝑡out] and 𝑥̄(𝑡) ≠ 𝑥min for 𝑡 ∉ [𝑡in , 𝑡out].
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Assumption (A3) is confirmed by the simulations reported in [12]. Observe also that (A4) is not restrictive,
since this is the situation in most, if not all, practical problems (see, e.g., [10, 20]). Moreover, and as shown
in [12], the bounded variation multiplier 𝑞 has a single jump in 𝑡 = 𝑡out and it is absolutely continuous in
the remaining instants of time.

The optimal control is, then, given by:

𝑢̄(𝑡) =


0, 𝑡 ∈ [0, 𝑡in[,
𝛽𝑥min − 𝑔(𝑡), 𝑡 ∈ ]𝑡in , 𝑡out[,
0, 𝑡 ∈ ]𝑡out , 𝑡 𝑓 ],

(1)

where, as stated before, 𝑔(𝑡) = rfall(𝑡) − evtp(𝑡) for all 𝑡 ∈ [0, 𝑡 𝑓 ]. In what follows, and to simplify the
exposition, we write 𝑔(𝑡) instead of rfall(𝑡) − evtp(𝑡). Given (1), the optimal state is, then, given by

𝑥̄(𝑡) =


𝑒−𝛽𝑡

(
𝑥0 +

∫ 𝑡

0
𝑒𝛽𝑠 𝑔(𝑠)𝑑𝑠

)
, 𝑡 ∈ [0, 𝑡in[,

𝑥min , 𝑡 ∈ [𝑡in , 𝑡out],

𝑒−𝛽(𝑡−𝑡out)
(∫ 𝑡

𝑡out

𝑒𝛽(𝑠−𝑡out)𝑔(𝑠)𝑑𝑠 + 𝑥min

)
, 𝑡 ∈ ]𝑡out , 𝑡 𝑓 ].

(2)

Under (A3), we are assuming that there is an unique boundary interval [𝑡in , 𝑡out]. Consequently, the
optimal trajectory and the corresponding optimal control are unique. So, small variations of 𝛽 lead to small
variations in the optimal control, if the state trajectory is stable, under small variations of 𝛽. We emphasize
that optimal control problem under study is convex with bounded control, as well as the dynamics is
Lipschitz continuous and depends continuously on 𝛽.

If assumption (A3) were not imposed, the optimal trajectories could lie on the boundary on several
disjoint intervals for some 𝛽 ∈ [𝛽min , 𝛽max]. As highlighted in [12], the analysis can nevertheless be carried
out by decomposing the time interval and performing a piecewise analytical study.

3. Induced optimization problem
We first recall that OC(𝛽) problem has an unique control variable which appears linearly in the objective
function and in the dynamical equation. Since the parameter 𝛽 can be subject to perturbations, our aim
is to carry out a parameter sensitivity analysis around 𝛽. As stated in the Introduction, we can not apply
known results from sensitivity analysis, because the multiplier 𝑞 is not discontinuous at 𝑡in. So, a fresh
analysis is called for. In this respect, the first step is to define a non-linear optimization problem, induced
by OC(𝛽). Once this is done, we then proceed following the approach in [5].

3.1. Formulation
Here, we transcribe the OC(𝛽) problem into a finite-dimensional non-linear optimization problem, denoted
by NLP(𝛽). Such transcription is possible, since we know the structure of the optimal solution of OC(𝛽)
problem.

The variables of NLP(𝛽) problem are two instants of time: 𝑡1 and 𝑡2 that represent the moments in
which the trajectory enters and leaves the boundary, respectively. This is of foremost importance, since we
transcribe the optimal control problem into a non-linear programming one with only two variables.

Proposition 3.1. Suppose that the optimal solution (𝑥̄ , 𝑢̄) of OC(𝛽) problem, defined as in (2) and (1), satisfies
assumptions (A1)–(A4). Then 𝑧∗ := [𝑡in 𝑡out]𝑇 solves the following finite-dimensional non-linear programming
problem, given by

NLP(𝛽)


max

∫ 𝑡2

𝑡1

(𝛽𝑥min − 𝑔(𝑠)) 𝑑𝑠

s. t. 𝑒−𝛽𝑡1
(
𝑥0 +

∫ 𝑡1

0
𝑒𝛽𝑠 𝑔(𝑠)𝑑𝑠

)
= 𝑥min.
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Remark 3.2. In the problem NLP(𝛽) we seek values 𝑡1 , 𝑡2 ∈ [0, 𝑡 𝑓 ] maximizing the functional subject to
equality 𝑒−𝛽𝑡1

(
𝑥0 +

∫ 𝑡1
0 𝑒𝛽𝑠 𝑔(𝑠)𝑑𝑠

)
= 𝑥min. Thus, the goal of NLP(𝛽) problem is to determine the maximum

interval of time during which the soil needs to be irrigated. As we work under assumption (A3), there is
only one such interval in [0, 𝑡 𝑓 ]. □

Proof. We now prove that the optimal solution of NLP(𝛽), 𝑧∗ = [𝑡∗1 𝑡∗2]𝑇 , is equal to [𝑡in 𝑡out]𝑇 , where 𝑡in
and 𝑡out are the entry and exit times of the optimal trajectory of OC(𝛽) problem.

First, observe that
[
𝑡in 𝑡out

]𝑇 is an admissible solution to NLP(𝛽), since it verifies the equality constraint
of NLP(𝛽), due to the continuity of the optimal state given by (2). Moreover, it is an easy task to conclude
that

𝑡∗1 < 𝑡∗2.

In what follows we prove that 𝑡∗1 = 𝑡in and 𝑡∗2 = 𝑡out, by contradiction. So, let us assume that 𝑧∗ = [𝑡∗1 𝑡∗2]𝑇
solves NLP(𝛽), with 𝑡∗1 ≠ 𝑡in and/or 𝑡∗2 ≠ 𝑡out.

Case 1: To prove that 𝑡∗1 = 𝑡in, let us exclude the cases 𝑡∗1 < 𝑡in and 𝑡∗1 > 𝑡in.
Let us exclude the case 𝑡∗1 < 𝑡in. In fact, if this would hold, by definition of 𝑡in, we would have

𝑥̄(𝑡∗1) = 𝑒−𝛽𝑡
∗
1

(
𝑥0 +

∫ 𝑡∗1

0
𝑒𝛽𝑠 𝑔(𝑠)𝑑𝑠

)
> 𝑥min ,

violating the equality constraint of NLP(𝛽) problem.
It remains to prove that 𝑡∗1 > 𝑡in is false. To do so, we start by assuming that 𝑡∗1 > 𝑡in.

Since 𝛽𝑥min − 𝑔(𝑡) > 0, ∀ 𝑡 ∈ ]𝑡in , 𝑡out[,

we have
∫ 𝑡∗2

𝑡in

(𝛽𝑥min − 𝑔(𝑠)) 𝑑𝑠 >
∫ 𝑡∗2

𝑡∗1

(𝛽𝑥min − 𝑔(𝑠)) 𝑑𝑠

contradicting the optimality of 𝑧∗. As we prove that both 𝑡∗1 < 𝑡in and 𝑡∗1 > 𝑡in are false, then we prove that
𝑡∗1 = 𝑡in.

Case 2: To prove that 𝑡∗2 = 𝑡out, let us exclude the cases 𝑡∗2 < 𝑡out and 𝑡∗2 > 𝑡out.
Let us prove, by contradiction, that the case 𝑡∗2 < 𝑡out is false. In fact, if 𝑡∗2 < 𝑡out, then∫ 𝑡∗2

𝑡in

(𝛽𝑥min − 𝑔(𝑠)) 𝑑𝑠 <
∫ 𝑡out

𝑡in

(𝛽𝑥min − 𝑔(𝑠)) 𝑑𝑠,

contradicting the optimality of 𝑧∗.
Now, it remains to exclude the case 𝑡∗2 > 𝑡out. If we consider that 𝑡∗2 > 𝑡out, then∫ 𝑡∗2

𝑡in

(𝛽𝑥min − 𝑔(𝑠)) 𝑑𝑠 =
∫ 𝑡out

𝑡in

(𝛽𝑥min − 𝑔(𝑠)) 𝑑𝑠 +
∫ 𝑡∗2

𝑡out

(𝛽𝑥min − 𝑔(𝑠)) 𝑑𝑠.

From (A3), we get that
∫ 𝑡out
𝑡in

(𝛽𝑥min− 𝑔(𝑠))𝑑𝑠 > 0. Now, it remains to analyse the signal of
∫ 𝑡∗2
𝑡out

(𝛽𝑥min− 𝑔(𝑠))𝑑𝑠.
As 𝑥̄ is a continuous function, from Section 2.2, we know that 𝑥̄(𝑡out) = 𝑥min and 𝑥̄(𝑡∗2) > 𝑥min, since we are
assuming that 𝑡∗2 ∈ ]𝑡out , 𝑡 𝑓 ].
Thus,

𝑥̄(𝑡∗2) − 𝑥̄(𝑡out) > 0 for 𝑡∗2 ∈ ]𝑡out , 𝑡 𝑓 ].
(3)

On the other hand, we also know that

𝑥̄(𝑡∗2) − 𝑥̄(𝑡out) =
∫ 𝑡∗2

𝑡out

¤̄𝑥(𝑠) 𝑑𝑠 =
∫ 𝑡∗2

𝑡out

(𝑔(𝑠) − 𝛽𝑥̄(𝑠)) 𝑑𝑠,

since 𝑢̄(𝑡) = 0 for all 𝑡 ∈ ]𝑡out , 𝑡 𝑓 ]. As we have (3) and 𝑥̄(𝑡) ≥ 𝑥min for all 𝑡 ∈ [0, 𝑡 𝑓 ], then we get that

0 <

∫ 𝑡∗2

𝑡out

(
𝑔(𝑠) − 𝛽𝑥̄(𝑠)

)
𝑑𝑠 ≤

∫ 𝑡∗2

𝑡out

(
𝑔(𝑠) − 𝛽𝑥min

)
𝑑𝑠.
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Consequently, we obtain

∫ 𝑡∗2

𝑡out

(
𝛽𝑥min − 𝑔(𝑠)

)
𝑑𝑠 < 0

which contradicts the intention of maximization of the cost function of NLP(𝛽). As we prove that both
𝑡∗2 < 𝑡out and 𝑡∗2 > 𝑡out are false, then we prove that 𝑡∗2 = 𝑡out. This concludes the proof. □

The formulation of our OC(𝛽) problem has a big disadvantage. This is the nature of the function 𝑔,
which is unknown. However, values of 𝑔 at some set of discrete points may be estimated. Assuming this
holds, we consider an approximation of the cost function of NLP(𝛽) in terms of the new variables 𝜉1 = 𝑡1
and 𝜉2 = 𝑡2 − 𝑡1 as it follows:∫ 𝑡2

𝑡1

(𝛽𝑥min − 𝑔(𝑠)) 𝑑𝑠 ≃ 𝜉2

[
𝛽𝑥min − 1

𝑁 − 1

𝑁−1∑
𝑘=1

𝑔
(
𝜉1 + 𝜉2(𝑘 − 1)

𝑁 − 1

) ]
.

Additionally, we approximate the function
∫ 𝑡1

0
𝑒𝛽𝑠 𝑔(𝑠)𝑑𝑠 as follows

∫ 𝑡1

0
𝑒𝛽𝑠 𝑔(𝑠) 𝑑𝑠 ≃ 𝜉1

𝑁 − 1

𝑁−1∑
𝑘=1

𝑒𝛽
𝜉1(𝑘−1)
𝑁−1 𝑔

(
𝜉1(𝑘 − 1)
𝑁 − 1

)
.

Here, and throughout, we consider 𝑁 ∈ N sufficiently big.

Lemma 3.3. For each 𝛽 ∈ [𝛽min , 𝛽max] and for 𝑁 sufficiently big, the NLP(𝛽) problem can be approximated by the
discretized problem defined as:

�NLP(𝛽)


max 𝜉2

[
𝛽𝑥min − 1

𝑁 − 1

𝑁−1∑
𝑘=1

𝑔
(
𝜉1 + 𝜉2(𝑘 − 1)

𝑁 − 1

) ]
s. t. 𝑒−𝛽𝜉1

[
𝑥0 + 𝜉1

𝑁 − 1

𝑁−1∑
𝑘=1

𝑒𝛽
𝜉1(𝑘−1)
𝑁−1 𝑔

(
𝜉1(𝑘 − 1)
𝑁 − 1

)]
= 𝑥min ,

where 𝑧̃ := [𝜉1 𝜉2]𝑇 is the optimization variable of �NLP(𝛽).

Remark 3.4. It is worth noting that the convex optimal control problem OC(𝛽) is transcribed into a non-
linear programming problem �NLP(𝛽) involving only two optimization variables, which represents a sig-
nificant advantage. However, the resulting �NLP(𝛽) formulation is not convex, despite the convexity of the
original OC(𝛽) problem. Recall that the unique equality constraint of �NLP(𝛽) is not affine. □

3.2. Necessary optimality conditions
Here, we now establish the necessary optimality conditions for �NLP(𝛽). We do so, applying known
necessary conditions for non-linear programming problems to �NLP(𝛽).

Let us start by defining the Lagrangian function 𝐿 : R3 × [𝛽min , 𝛽max] → R associated to the problem�NLP(𝛽) problem as

𝐿(𝜉1 , 𝜉2 , 𝜇, 𝛽) = 𝐿A(𝜉1 , 𝜉2 , 𝛽) + 𝜇𝐿B(𝜉1 , 𝜉2 , 𝛽),

where

𝐿A(𝜉1 , 𝜉2 , 𝛽) := −𝜉2

[
𝛽𝑥min − 1

𝑁 − 1

𝑁−1∑
𝑘=1

𝑔
(
𝜉1 +

𝜉2(𝑘 − 1)
𝑁 − 1

)]
and

𝐿B(𝜉1 , 𝜉2 , 𝛽) := 𝑒−𝛽𝜉1
[
𝑥0 +

𝜉1
𝑁 − 1

𝑁−1∑
𝑘=1

𝑒𝛽
𝜉1(𝑘−1)
𝑁−1 𝑔

(𝜉1(𝑘 − 1)
𝑁 − 1

)]
− 𝑥min.
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Note that �NLP(𝛽) has only one constraint and this constraint is an equality one defined by:

𝐶a(𝜉1 , 𝜉2 , 𝛽) = 𝐿B(𝜉1 , 𝜉2 , 𝛽). (4)

In the following proposition, we obtain the necessary optimality conditions for �NLP(𝛽) for a fixed parameter
𝛽 ∈ [𝛽min , 𝛽max].

Proposition 3.5. (Necessary Optimality Conditions) Let 𝜉̂ =
[
𝜉̂1 𝜉̂2

]𝑇 be an optimal solution of �NLP(𝛽) for
which rank

( 𝜕𝐶a
𝜕𝜉

(
𝜉̂, 𝛽

) )
= 1, for a given parameter 𝛽 ∈ [𝛽min , 𝛽max]. Then, there is a uniquely determined multiplier

𝜇̂ ∈ R given by:

𝜇̂ =

−ℎ̂2

𝑁−1∑
𝑘=1

𝑔′
(
𝜉̂1 + ℎ̂2𝑘

−)
𝑁−1∑
𝑘=1

𝑒−ℎ̂1𝛽𝑁𝑘

𝑁 − 1
{
𝑔
(
ℎ̂1𝑘

−) + ℎ̂1
[
𝑘−𝑔′

(
ℎ̂1𝑘

−) − 𝛽𝑁
𝑘
𝑔
(
ℎ̂1𝑘

−) ]} − 𝑥0𝛽𝑒
−𝛽𝜉̂1

, (5)

and, additionally, the following equation is verified:

1
𝑁 − 1

𝑁−1∑
𝑘=1

{
𝑔
(
𝜉̂1 + ℎ̂2𝑘

−) + ℎ̂2𝑘
−𝑔′

(
𝜉̂1 + ℎ̂2𝑘

−)} = 𝛽𝑥min , (6)

where ℎ̂1 =
𝜉̂1

𝑁 − 1 , 𝛽𝑁
𝑘
= 𝛽(𝑁 − 𝑘), 𝑘− = 𝑘 − 1, ℎ̂2 =

𝜉̂2
𝑁 − 1 and 𝑔′ is the first derivative of function 𝑔.

Proof. For a given parameter 𝛽 ∈ [𝛽min , 𝛽max], let us assume that 𝜉̂ =
[
𝜉̂1 𝜉̂2

]𝑇 is an optimal solution of�NLP(𝛽) for which rank
( 𝜕𝐶a
𝜕𝜉

(
𝜉̂, 𝛽

) )
= 1. Thus, from the Jacobian

𝜕𝐶a
𝜕𝜉

(
𝜉̂, 𝛽

)
=

[
𝜕𝐿B
𝜕𝜉1

(𝜉̂, 𝛽) 𝜕𝐿B
𝜕𝜉2

(𝜉̂, 𝛽)
]
,

where 
𝜕𝐿B
𝜕𝜉1

(𝜉̂, 𝛽) =
𝑁−1∑
𝑘=1

𝑒−ℎ̂1𝛽𝑁𝑘

𝑁 − 1

{
𝑔
(
ℎ̂1𝑘

−) + ℎ̂1
[
𝑘−𝑔′

(
ℎ̂1𝑘

−) − 𝛽𝑁
𝑘
𝑔
(
ℎ̂1𝑘

−) ]}
−𝑥0𝛽𝑒−𝛽𝜉̂1 ,

𝜕𝐿B
𝜕𝜉2

(𝜉̂, 𝛽) = 0,

(7)

with ℎ̂1 =
𝜉̂1

𝑁 − 1 , 𝛽𝑁
𝑘
= 𝛽(𝑁 − 𝑘) and 𝑘− = 𝑘 − 1, we get that

𝑁−1∑
𝑘=1

𝑒−ℎ̂1𝛽𝑁𝑘

𝑁 − 1

{
𝑔
(
ℎ̂1𝑘

−) + ℎ̂1
[
𝑘−𝑔′

(
ℎ̂1𝑘

−) − 𝛽𝑁
𝑘
𝑔
(
ℎ̂1𝑘

−) ]} ≠ 𝑥0𝛽𝑒
−𝛽𝜉̂1 .

Under such assumptions, there is a uniquely determined multiplier 𝜇̂ ∈ R verifying the following Karush-
Kuhn-Tucker (KKT) conditions (see [5, Theorem 1]):

𝜕𝐿

𝜕𝜉
(𝜉̂, 𝜇̂, 𝛽) = 0. (8)

As we have (7) and
𝜕𝐿A
𝜕𝜉1

(𝜉̂, 𝛽) = ℎ̂2

𝑁−1∑
𝑘=1

𝑔′
(
𝜉̂1 + ℎ̂2𝑘

−) ,
𝜕𝐿A
𝜕𝜉2

(𝜉̂, 𝛽) = 1
𝑁 − 1

𝑁−1∑
𝑘=1

{
𝑔
(
𝜉̂1 + ℎ̂2𝑘

−) + ℎ̂2𝑘
−𝑔′

(
𝜉̂1 + ℎ̂2𝑘

−)} − 𝛽𝑥min ,

(9)
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where ℎ̂2 =
𝜉̂2

𝑁 − 1 , then

(8) ⇔


𝜕𝐿A
𝜕𝜉1

(𝜉̂, 𝛽) + 𝜇̂
𝜕𝐿B
𝜕𝜉1

(𝜉̂, 𝛽) = 0,

𝜕𝐿A
𝜕𝜉2

(𝜉̂, 𝛽) + 𝜇̂
𝜕𝐿B
𝜕𝜉2

(𝜉̂, 𝛽) = 0,
⇔


𝜇̂ = −

𝜕𝐿A
𝜕𝜉1

(𝜉̂, 𝛽)

𝜕𝐿B
𝜕𝜉1

(𝜉̂, 𝛽)
,

𝜕𝐿A
𝜕𝜉2

(𝜉̂, 𝛽) = 0,

that is equivalent to 

𝜇̂ =

−ℎ̂2

𝑁−1∑
𝑘=1

𝑔′
(
𝜉̂1 + ℎ̂2𝑘

−)
𝑁−1∑
𝑘=1

𝑒−ℎ̂1𝛽𝑁𝑘

𝑁 − 1

{
𝑔
(
ℎ̂1𝑘

−) + ℎ̂1
[
𝑘−𝑔′

(
ℎ̂1𝑘

−) − 𝛽𝑁
𝑘
𝑔
(
ℎ̂1𝑘

−) ] } − 𝑥0𝛽𝑒
−𝛽𝜉̂1

,

1
𝑁 − 1

𝑁−1∑
𝑘=1

{
𝑔
(
𝜉̂1 + ℎ̂2𝑘

−) + ℎ̂2𝑘
−𝑔′

(
𝜉̂1 + ℎ̂2𝑘

−)} = 𝛽𝑥min ,

which implies (5) and (6). This concludes the proof. □

Remark 3.6. We remark that since we do not know a general analytical expression for function 𝑔, then it
is not possible to determine an analytical expression for 𝑔(ℎ̂1𝑘

−), 𝑔′(ℎ̂1𝑘
−), 𝑔(𝜉̂1 + ℎ̂2𝑘

−) and 𝑔′(𝜉̂1 + ℎ̂2𝑘
−)

which appear in Proposition 3.5 and in its proof. □

3.3. Second-order sufficient optimality conditions
For the parameter sensitivity analysis, the verification of second-order sufficient optimality conditions
is crucial. Besides identifying the solution of �NLP(𝛽) from the set of admissible solutions satisfying (5)
and (6), second-order sufficient optimality conditions also allow us to prove that the optimal state and
control of �NLP(𝛽) are differentiable with respect to 𝛽: an essential property for the study of parameter
sensitivity analysis associated with �NLP(𝛽) (see [5]). Those conditions for �NLP(𝛽) are stated in the following
proposition.

Proposition 3.7. (Sufficient Optimality Conditions) Let 𝜉̂ and 𝜇̂ be, respectively, an admissible point to �NLP(𝛽)
and the corresponding multiplier which satisfy (5) and (6) for a given parameter 𝛽 ∈ [𝛽min , 𝛽max]. If

𝜕𝐿B
𝜕𝜉1

(𝜉̂, 𝛽) ≠ 0,

1
(𝑁 − 1)2

𝑁−1∑
𝑘=1

{
2𝑘−𝑔′

(
𝜉̂1 + ℎ̂2𝑘

−) + (𝑘−)2 ℎ̂2𝑔
′′ (𝜉̂1 + ℎ̂2𝑘

−)} > 0,
(10)

then 𝜉̂ is a strong local minimum of �NLP(𝛽).

Proof. Let us start by considering that 𝜉̂ and 𝜇̂ are, respectively, an admissible point to �NLP(𝛽) and the
corresponding multiplier satisfying (5) and (6), for a given parameter 𝛽 ∈ [𝛽min , 𝛽max]. From [5, Theorem 2],
if rank

(
𝜕𝐶a
𝜕𝜉

(
𝜉̂, 𝛽

) )
= 1 and 𝐻𝑇 𝜕2𝐿

𝜕𝜉2 (𝜉̂, 𝜇̂, 𝛽)𝐻 has a positive eigenvalue, where 𝐻 is a 2 × 1 matrix with full
column rank whose column spans the kernel of 𝜕𝐶a

𝜕𝜉 (𝜉̂, 𝛽), then 𝜉̂ is a strong local minimum of �NLP(𝛽). As
we are assuming that 𝜕𝐿B

𝜕𝜉1
(𝜉̂, 𝛽) ≠ 0, then we are ensuring that rank

( 𝜕𝐶a
𝜕𝜉

(
𝜉̂, 𝛽

) )
= 1 due to (4) and (7). So, it

remains to prove that

𝐻𝑇 𝜕2𝐿

𝜕𝜉2 (𝜉̂, 𝜇̂, 𝛽)𝐻 has a positive eigenvalue

⇔ 1
(𝑁 − 1)2

𝑁−1∑
𝑘=1

{
2𝑘−𝑔′

(
𝜉̂1 + ℎ̂2𝑘

−) + (𝑘−)2 ℎ̂2𝑔
′′ (𝜉̂1 + ℎ̂2𝑘

−)} > 0.
(11)
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To do that, let us first obtain matrix 𝐻. The kernel of 𝜕𝐶a
𝜕𝜉 (𝜉̂, 𝛽) is given by:

ker
(
𝜕𝐶a
𝜕𝜉

(𝜉̂, 𝛽)
)
=

{
𝜐 ∈ R2 : 𝜕𝐶a

𝜕𝜉
(𝜉̂, 𝛽)𝜐 = [0 0]

}
.

Analysing the condition of the kernel, we have

𝜕𝐶a
𝜕𝜉

(𝜉̂, 𝛽)𝜐 = [0 0] ⇔ 𝜕𝐿B
𝜕𝜉1

(𝜉̂, 𝛽)𝜐1 = 0 ⇔ 𝜐1 = 0 ∧ 𝜐2 ∈ R,

as we are considering that rank
( 𝜕𝐶a
𝜕𝜉

(
𝜉̂, 𝛽

) )
= 1 which is equivalent to 𝜕𝐿B

𝜕𝜉1
(𝜉̂, 𝛽) ≠ 0, since 𝜕𝐿B

𝜕𝜉2
(𝜉̂, 𝛽) = 0.

Thus, we have that ker( 𝜕𝐶a
𝜕𝜉 (𝜉̂, 𝛽)) = ⟨(0, 1)⟩ which implies that 𝐻 = [0 1]𝑇 . Consequently, we obtain

𝐻𝑇 𝜕2𝐿

𝜕𝜉2 (𝜉̂, 𝜇̂, 𝛽)𝐻 =
𝜕2𝐿

𝜕𝜉2
2
(𝜉̂, 𝜇̂, 𝛽)

and

𝜕2𝐿

𝜕𝜉2
2
(𝜉̂, 𝜇̂, 𝛽) = 𝜕

𝜕𝜉2

(
1

𝑁 − 1

𝑁−1∑
𝑘=1

[
𝑔
(
𝜉̂1 + ℎ̂2𝑘

−) + ℎ̂2𝑘
−𝑔′

(
𝜉̂1 + ℎ̂2𝑘

−) ] − 𝛽𝑥min

)
=

1
(𝑁 − 1)2

𝑁−1∑
𝑘=1

{
2𝑘−𝑔′

(
𝜉̂1 + ℎ̂2𝑘

−) + (𝑘−)2 ℎ̂2𝑔
′′ (𝜉̂1 + ℎ̂2𝑘

−)}
which proves (11). This concludes the proof. □

4. Parameter sensitivity analysis
From now on, 𝛽0 is a fixed nominal value of parameter 𝛽 and 𝐵0 is a neighbourhood of 𝛽0. In this section,
we provide a parameter sensitivity analysis with respect to the optimal solution and the optimal cost of�NLP(𝛽). We do that by obtaining approximate solutions and costs to �NLP(𝛽) for 𝛽 ∈ 𝐵0, determined by
first-order Taylor expansion around the nominal solution and nominal cost of �NLP(𝛽) |𝛽=𝛽0 for a fixed 𝛽0.

Proposition 4.1. For a given nominal value 𝛽0, let 𝜉̂ =
[
𝜉̂1 𝜉̂2

]𝑇 and 𝜇̂ be, respectively, an admissible point and
a multiplier for the unperturbed problem �NLP(𝛽) |𝛽=𝛽0 , satisfying necessary and sufficient optimality conditions of
Propositions 3.5 and 3.7. Then, there is a neighbourhood 𝐵0 ⊆ [𝛽min , 𝛽max] of 𝛽0 and there are unique continuously
differentiable functions 𝜉 : 𝐵0 → R2 and 𝜇 : 𝐵0 → R such that:

(A) 𝜉(𝛽0) = 𝜉̂ and 𝜇(𝛽0) = 𝜇̂;

(B) the equality constraint of �NLP(𝛽) is satisfied for all 𝛽 ∈ 𝐵0;

(C) rank
( 𝜕𝐶a
𝜕𝜉

) (
𝜉(𝛽), 𝛽

)
= 1 for all 𝛽 ∈ 𝐵0;

(D) for all 𝛽 ∈ 𝐵0, the pair
(
𝜉(𝛽), 𝜇(𝛽)

)
satisfies second-order sufficient optimality conditions of Proposition 3.7

for the perturbed problem �NLP(𝛽). In particular,
(
𝜉(𝛽), 𝜇(𝛽)

)
is a strong local minimum of �NLP(𝛽).

Moreover, we get the following approximations for functions 𝜉 = [𝜉1 𝜉2]𝑇 and 𝜇, for all 𝛽 ∈ 𝐵0:

[
𝜉1(𝛽)
𝜉2(𝛽)

]
≈

𝜉̂1 + 𝑑𝜉1

𝑑𝛽
(𝛽0)(𝛽 − 𝛽0)

𝜉̂2 + 𝑑𝜉2
𝑑𝛽

(𝛽0)(𝛽 − 𝛽0)

 ,
𝜇(𝛽) ≈ 𝜇̂ + 𝑑𝜇

𝑑𝛽
(𝛽0)(𝛽 − 𝛽0),

(12)
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where the sensitivity differentials 𝑑𝜉1
𝑑𝛽

(𝛽0), 𝑑𝜉2
𝑑𝛽

(𝛽0) and 𝑑𝜇

𝑑𝛽
(𝛽0) are given by:



𝑑𝜉1
𝑑𝛽

(𝛽0) =
1
𝐷

𝜕2𝐿

𝜕𝜉2
2
(𝜉̂, 𝜇̂, 𝛽0)𝜕𝐶a

𝜕𝜉1
(𝜉̂, 𝛽0)𝜕𝐶a

𝜕𝛽
(𝜉̂, 𝛽0);

𝑑𝜉2
𝑑𝛽

(𝛽0) =
1
𝐷

(
𝜕𝐶a
𝜕𝜉1

(𝜉̂, 𝛽0)
)2 𝜕2𝐿

𝜕𝜉2𝜕𝛽
(𝜉̂, 𝜇̂, 𝛽0)

− 1
𝐷

𝜕2𝐿
𝜕𝜉2𝜕𝜉1

(𝜉̂, 𝜇̂, 𝛽0)𝜕𝐶a
𝜕𝜉1

(𝜉̂, 𝛽0)𝜕𝐶a
𝜕𝛽

(𝜉̂, 𝛽0);

𝑑𝜇

𝑑𝛽
(𝛽0) =

1
𝐷

{
𝜕2𝐿

𝜕𝜉2
2
(𝜉̂, 𝜇̂, 𝛽0)𝜕𝐶a

𝜕𝜉1
(𝜉̂, 𝛽0) 𝜕2𝐿

𝜕𝜉1𝜕𝛽
(𝜉̂, 𝜇̂, 𝛽0)

− 𝜕2𝐿
𝜕𝜉1𝜕𝜉2

(𝜉̂, 𝜇̂, 𝛽0)𝜕𝐶a
𝜕𝜉1

(𝜉̂, 𝛽0) 𝜕2𝐿
𝜕𝜉2𝜕𝛽

(𝜉̂, 𝜇̂, 𝛽0)

+
(

𝜕2𝐿
𝜕𝜉1𝜕𝜉2

(𝜉̂, 𝜇̂, 𝛽0)
)2

𝜕𝐶a
𝜕𝛽

(𝜉̂, 𝛽0)

−𝜕2𝐿

𝜕𝜉2
1
(𝜉̂, 𝜇̂, 𝛽0)𝜕

2𝐿

𝜕𝜉2
2
(𝜉̂, 𝜇̂, 𝛽0)𝜕𝐶a

𝜕𝛽
(𝜉̂, 𝛽0)

}
;

(13)

with 

𝜕2𝐿

𝜕𝜉2
1

(
𝜉̂, 𝜇̂, 𝛽0

)
= ℎ̂2

𝑁−1∑
𝑘=1

𝑔′′
(
𝜉̂1 + ℎ̂2𝑘

−) + 𝜇̂𝑥0𝛽
2𝑒−𝛽𝜉̂1

+ 𝜇̂
𝑁−1∑
𝑘=1

{
𝑒−ℎ̂1𝛽𝑁𝑘

(𝑁 − 1)2
[
2𝑘−𝑔′

(
ℎ̂1𝑘

−) − 2𝛽𝑁
𝑘
𝑔
(
ℎ̂1𝑘

−)
+ ℎ̂1(𝑘−)2𝑔′′

(
ℎ̂1𝑘

−)
−ℎ̂1

{
𝛽𝑁
𝑘

(
𝑘−𝑔′

(
ℎ̂1𝑘

−) + 𝛽𝑁
𝑘
𝑔
(
ℎ̂1𝑘

−) )}]};

𝜕2𝐿

𝜕𝜉2
2

(
𝜉̂, 𝜇̂, 𝛽0

)
=

𝑁−1∑
𝑘=1

𝑘−
{
2𝑔′

(
𝜉̂1 + ℎ̂2𝑘

−) + ℎ̂2𝑘
−𝑔′′

(
𝜉̂1 + ℎ̂2𝑘

−)}
(𝑁 − 1)2

;

𝜕2𝐿
𝜕𝜉1𝜕𝜉2

(
𝜉̂, 𝜇̂, 𝛽0

)
=

𝜕2𝐿
𝜕𝜉2𝜕𝜉1

(
𝜉̂, 𝜇̂, 𝛽0

)

=

𝑁−1∑
𝑘=1

{
𝑔′
(
𝜉̂1 + ℎ̂2𝑘

−) + ℎ̂2𝑘
−𝑔′′

(
𝜉̂1 + ℎ̂2𝑘

−)}
𝑁 − 1 ;

(14)



𝜕𝐶a
𝜕𝜉𝑗

(𝜉̂, 𝛽0) =
𝜕𝐿𝐵
𝜕𝜉𝑗

(𝜉̂𝑗 , 𝛽0), 𝑗 = 1, 2;

𝜕2𝐿
𝜕𝜉1𝜕𝛽

(𝜉̂, 𝜇̂, 𝛽0) = 𝜇̂
𝑁−1∑
𝑘=1

𝑘 − 𝑁
𝑁 − 1 𝑒

−𝛽𝑁
𝑘
ℎ̂1

{[
2ℎ̂1 −

(
ℎ̂1
)2
𝛽𝑁
𝑘

]
𝑔
(
ℎ̂1𝑘

−)
+𝑘−𝑔′

(
ℎ̂1𝑘

−)} + 𝜇̂𝑥0𝑒
−𝛽𝜉̂1

(
𝛽𝜉̂1 − 1

)
;

𝜕2𝐿
𝜕𝜉2𝜕𝛽

(𝜉̂, 𝜇̂, 𝛽0) = −𝑥min;

𝜕𝐶a
𝜕𝛽

(𝜉̂, 𝛽0) =
(
ℎ̂1
)2

𝑁−1∑
𝑘=1

(𝑘 − 𝑁)𝑒−𝛽𝑁𝑘 ℎ̂1 𝑔
(
ℎ̂1𝑘

−) − 𝑥0𝜉̂1𝑒
−𝛽𝜉̂1 ;

(15)
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and
𝐷 = −𝜕2𝐿

𝜕𝜉2
2
(𝜉̂, 𝜇̂, 𝛽0)

(
𝜕𝐶a
𝜕𝜉1

(𝜉̂, 𝛽0)
)2
.

Remark 4.2. The Proposition 4.1 ensures the stability of the minimizer 𝜉(·) and the corresponding multiplier
𝜇(·), since 𝜉 and 𝜇 are unique and continuously differentiable functions of 𝛽. Furthermore, System (12)
characterizes the parametric dependence of both the solution and the multiplier. □

Proof. Let us suppose that 𝜉̂ =
[
𝜉̂1 𝜉̂2

]𝑇 and 𝜇̂ are, respectively, an admissible point and a multiplier
for the unperturbed problem �NLP(𝛽) |𝛽=𝛽0 , satisfying necessary and sufficient optimality conditions of
Propositions 3.5 and 3.7. Then, [5, Theorem 3] and [8, Theorem 5.2] asserts that there is a neighbourhood
𝐵0 ⊆ [𝛽min , 𝛽max] of 𝛽0 and that there are unique continuously differentiable functions 𝜉 : 𝐵0 → R2 and
𝜇 : 𝐵0 → R with the following properties:

(A) 𝜉(𝛽0) = 𝜉̂ and 𝜇(𝛽0) = 𝜇̂;

(B) the active sets are constant in 𝐵0, that is, the equality constraint of �NLP(𝛽) is satisfied for all 𝛽 ∈ 𝐵0;

(C) rank
(
𝜕𝐶a
𝜕𝜉

) (
𝜉(𝛽), 𝛽

)
= 1 for all 𝛽 ∈ 𝐵0;

(D) for all 𝛽 ∈ 𝐵0, the pair
(
𝜉(𝛽), 𝜇(𝛽)

)
satisfies second-order sufficient optimality conditions of Proposition

3.7 for the perturbed problem �NLP(𝛽). In particular,
(
𝜉(𝛽), 𝜇(𝛽)

)
is a strong local minimum of �NLP(𝛽).

In what follows, we provide approximate solutions to �NLP(𝛽), determined by the first-order Taylor
expansion around the nominal solution to the unperturbed problem �NLP(𝛽) |𝛽=𝛽0 for a fixed 𝛽0. The
differentiability properties of optimal solutions of �NLP(𝛽) for 𝛽 ∈ 𝐵0, provided from [5, Theorem 3], are
of fundamental importance for real-time approximation of perturbed solution 𝜉(𝛽) =

[
𝜉1(𝛽) 𝜉2(𝛽)

]𝑇 and
perturbed multiplier 𝜇(𝛽), by their first-order Taylor expansions given by:

[
𝜉1(𝛽)
𝜉2(𝛽)

]
≈
[
𝜉̂1

𝜉̂2

]
+

𝑑𝜉1
𝑑𝛽

(𝛽0)
𝑑𝜉2
𝑑𝛽

(𝛽0)

 (𝛽 − 𝛽0),

𝜇(𝛽) ≈ 𝜇̂ + 𝑑𝜇

𝑑𝛽
(𝛽0)(𝛽 − 𝛽0),

where 𝑑𝜉
𝑑𝛽

(𝛽0) =
[
𝑑𝜉1
𝑑𝛽

(𝛽0) 𝑑𝜉2
𝑑𝛽

(𝛽0)
]𝑇

and 𝑑𝜇

𝑑𝛽
(𝛽0) are sensitivity differentials obtained from


𝑑𝜉
𝑑𝛽

(𝛽0)

𝑑𝜇

𝑑𝛽
(𝛽0)

 = −𝑀

𝜕2𝐿
𝜕𝜉𝜕𝛽

(𝜉̂, 𝜇̂, 𝛽0)

𝜕𝐶a
𝜕𝛽

(𝜉̂, 𝛽0)



= −



𝜕2𝐿

𝜕𝜉2
1
(𝜉̂, 𝜇̂, 𝛽0) 𝜕2𝐿

𝜕𝜉1𝜉2
(𝜉̂, 𝜇̂, 𝛽0) 𝜕𝐶a

𝜕𝜉1
(𝜉̂, 𝛽0)

𝜕2𝐿
𝜕𝜉2𝜉1

(𝜉̂, 𝜇̂, 𝛽0) 𝜕2𝐿

𝜕𝜉2
2
(𝜉̂, 𝜇̂, 𝛽0) 𝜕𝐶a

𝜕𝜉2
(𝜉̂, 𝛽0)

𝜕𝐶a
𝜕𝜉1

(𝜉̂, 𝛽0) 𝜕𝐶a
𝜕𝜉2

(𝜉̂, 𝛽0) 0



−1 

𝜕2𝐿
𝜕𝜉1𝜕𝛽

(𝜉̂, 𝜇̂, 𝛽0)

𝜕2𝐿
𝜕𝜉2𝜕𝛽

(𝜉̂, 𝜇̂, 𝛽0)

𝜕𝐶a
𝜕𝛽

(𝜉̂, 𝛽0)


= −



𝜕2𝐿

𝜕𝜉2
1
(𝜉̂, 𝜇̂, 𝛽0) 𝜕2𝐿

𝜕𝜉1𝜉2
(𝜉̂, 𝜇̂, 𝛽0) 𝜕𝐶a

𝜕𝜉1
(𝜉̂, 𝛽0)

𝜕2𝐿
𝜕𝜉2𝜉1

(𝜉̂, 𝜇̂, 𝛽0) 𝜕2𝐿

𝜕𝜉2
2
(𝜉̂, 𝜇̂, 𝛽0) 0

𝜕𝐶a
𝜕𝜉1

(𝜉̂, 𝛽0) 0 0



−1 

𝜕2𝐿
𝜕𝜉1𝜕𝛽

(𝜉̂, 𝜇̂, 𝛽0)

𝜕2𝐿
𝜕𝜉2𝜕𝛽

(𝜉̂, 𝜇̂, 𝛽0)

𝜕𝐶a
𝜕𝛽

(𝜉̂, 𝛽0)


,
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since
𝜕𝐶a
𝜕𝜉2

(𝜉̂, 𝛽0) = 𝜕𝐿𝐵
𝜕𝜉2

(𝜉̂, 𝛽0) = 0,

with 𝑀 = [𝑚𝑖 𝑗]3×3 such that:

• 𝑚11 = 0;

• 𝑚12 = 0;

• 𝑚13 = − 1
𝐷

𝜕2𝐿
𝜕𝜉2

2
(𝜉̂, 𝜇̂, 𝛽0) 𝜕𝐶a

𝜕𝜉1
(𝜉̂, 𝛽0);

• 𝑚21 = 0;

• 𝑚22 = − 1
𝐷

(
𝜕𝐶a
𝜕𝜉1

(𝜉̂, 𝛽0)
)2

;

• 𝑚23 = 1
𝐷

𝜕2𝐿
𝜕𝜉2𝜕𝜉1

(𝜉̂, 𝜇̂, 𝛽0) 𝜕𝐶a
𝜕𝜉1

(𝜉̂, 𝛽0);

• 𝑚31 = − 1
𝐷

𝜕2𝐿
𝜕𝜉2

2
(𝜉̂, 𝜇̂, 𝛽0) 𝜕𝐶a

𝜕𝜉1
(𝜉̂, 𝛽0);

• 𝑚32 = 1
𝐷

𝜕2𝐿
𝜕𝜉1𝜕𝜉2

(𝜉̂, 𝜇̂, 𝛽0) 𝜕𝐶a
𝜕𝜉1

(𝜉̂, 𝛽0);

• 𝑚33 = 1
𝐷

{
𝜕2𝐿
𝜕𝜉2

1
(𝜉̂, 𝜇̂, 𝛽0) 𝜕

2𝐿
𝜕𝜉2

2
(𝜉̂, 𝜇̂, 𝛽0) −

(
𝜕2𝐿

𝜕𝜉1𝜕𝜉2
(𝜉̂, 𝜇̂, 𝛽0)

)2
}

;

and
𝐷 = det(𝑀) = −𝜕2𝐿

𝜕𝜉2
2
(𝜉̂, 𝜇̂, 𝛽0)

(
𝜕𝐶a
𝜕𝜉1

(𝜉̂, 𝛽0)
)2
.

So, one gets the sensitivity differentials of (13). Furthermore, from (4), (7) and (9), we obtain (14)–(15). This
concludes the proof. □

Proposition 4.1 allows us to know approximate solutions to �NLP(𝛽) for all 𝛽 ∈ 𝐵0. In the next Proposition
we deduce an approximation of the perturbed optimal cost of �NLP(𝛽), for all 𝛽 ∈ 𝐵0.

Proposition 4.3. Assume that 𝐺̃(𝜉̂, 𝛽0) is the optimal cost of the unperturbed problem �NLP(𝛽) |𝛽=𝛽0 . Then, an
approximation of the perturbed optimal cost 𝐺̃(𝜉(𝛽), 𝛽) is given by:

𝐺̃(𝜉̂, 𝛽0) +
[
𝜇̂𝑒−𝛽𝜉̂1

{
ℎ̂1

𝑁−1∑
𝑘=1

𝑒𝛽 ℎ̂1𝑘−
(
ℎ̂1𝑘

− − 𝜉̂1
)
𝑔
(
ℎ̂1𝑘

−) − 𝑥0𝜉̂1

}
− 𝜉̂2𝑥min

]
(𝛽 − 𝛽0),

for all 𝛽 ∈ 𝐵0.

Proof. Let 𝐺̃(𝜉̂, 𝛽0) = 𝐿A(𝜉̂, 𝛽0) be the optimal cost of the unperturbed problem �NLP(𝛽) |𝛽=𝛽0 . Taking into
account reference [5], the first-order Taylor expansion around optimal cost of �NLP(𝛽) |𝛽=𝛽0 , given by

𝐺̃(𝜉(𝛽), 𝛽) ≈ 𝐺̃(𝜉̂, 𝛽0) + 𝑑𝐺̃

𝑑𝛽
(𝜉̂, 𝛽0)(𝛽 − 𝛽0),

provides an approximation of the perturbed optimal cost 𝐺̃(𝜉(𝛽), 𝛽) for all 𝛽 ∈ 𝐵0, where

𝑑𝐺̃

𝑑𝛽
(𝜉̂, 𝛽0) = 𝜕𝐿

𝜕𝛽
(𝜉̂, 𝜇̂, 𝛽0)

= 𝜇̂𝑒−𝛽𝜉̂1
{
ℎ̂1

𝑁−1∑
𝑘=1

𝑒𝛽 ℎ̂1𝑘−
(
ℎ̂1𝑘

− − 𝜉̂1
)
𝑔
(
ℎ̂1𝑘

−) − 𝑥0𝜉̂1

}
− 𝜉̂2𝑥min.

This concludes the proof. □

5. Numerical example
In this section, under assumptions (A1)–(A4) and values of Table 1, we provide numerical simulations
associated with the OC(𝛽) and �NLP(𝛽) problems: see Subsection 5.1. With respect to �NLP(𝛽), we verify,
numerically, the necessary and sufficient optimality conditions derived in Propositions 3.5 and 3.7: see
Subsection 5.2.



Journal of Convex Analysis 451

Table 1. Parameter values

Parameter Value SI Unity
𝑁 2001 –
𝛽0 0.15 –
𝛽min 0.13 –
𝛽max 0.1625 –
𝑡 𝑓 9 day
𝑥0 44.2362 mm
𝑥min 18.7200 mm
𝛾 1000 mm/day (per m2)
𝑔1 -4.3415 mm/day (per m2)
𝑔2 -3.3820 mm/day (per m2)
𝑔3 -3.9805 mm/day (per m2)
𝑔4 -4.3890 mm/day (per m2)
𝑔5 -4.1230 mm/day (per m2)
𝑔6 -4.0565 mm/day (per m2)
𝑔7 -4.0090 mm/day (per m2)
𝑔8 11.0315 mm/day (per m2)
𝑔9 10.1385 mm/day (per m2)
𝑔10 11.5635 mm/day (per m2)

Finally, in Subsection 5.3, we analyse the sensitivity of the optimal solution and of the optimal cost with
respect to parameter 𝛽, according to the sensitivity analysis developed in Section 4.

We recall that 𝑔(𝑡) = rfall(𝑡)−evtp(𝑡), where rfall(𝑡) is the daily precipitation and evtp(𝑡) is the estimated
evapotranspiration for the type of crop, at 𝑡. The precipitation data is collected from a weather station that
takes place in Carrazeda de Ansiães – Portugal. On the other hand, the evapotranspiration is obtained from the
product between the crop’s coefficient and the referenced evapotranspiration which is calculated according
to [1], under the data of the weather station. Note that the jump in the values of the vector

[
𝑔1 · · · 𝑔10

]
,

corresponding to the passage from the seventh to the eighth day, is due to sudden rainfall. We remark
that we only have daily information with respect to 𝑔. However, as we intend to work numerically with a
mesh-grid with more than 10 points, we approximate these values through a continuous logistic function
with the help of a TI-𝑛spire CX II-T CAS graphic calculator (see [12]):

𝑔(𝑡) ≈ 14.9566
1 + 8.41547 × 1097 × 𝑒−36.5776𝑡 − 4.04542. (16)

5.1. Numerical results related to the problems OC(𝛽) and �NLP(𝛽)
In this section, we present the numerical solutions to the discretized optimal control problem, obtained
using both the direct method and the new reformulation based on the indirect method, as analysed in
Proposition 3.1 and Lemma 3.3.

The numerical results are shown in Figure 1 to the trajectory and in Figure 2 to the control. The dark
green dashed curve of the optimal trajectory and optimal control are obtained via the direct method, where
the time at which the trajectory enters the boundary (𝑡in) is, approximately, 2.96 and the time at which
it exits the boundary (𝑡out) is, approximately, 6.16: see Figures 1 and 2. The light green solid curves, of
Figures 1 and 2, represent the optimal solutions obtained by using the indirect method. They yield the
values

(𝜉1 , 𝜉2 , 𝜇) ≈ (2.95819, 3.20249, 1.00037). (17)

These values are observed to be close to 𝑡in and 𝑡out − 𝑡in, respectively. Considering Equations (1) and (2), as
well as (17), the corresponding optimal trajectory and optimal control can be determined. Consequently,
the light green solid curves are drawn in Figures 1 and 2.
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Figure 1. (Colour only in online version) Optimal trajectory obtained from (2) and from OC(𝛽) with 𝛽 = 𝛽0.
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Figure 2. (Colour only in online version) Optimal control obtained from (1) and from OC(𝛽) with 𝛽 = 𝛽0.

It can be observed from Figures 1 and 2 that the solutions obtained through both the direct and indirect
methods are in agreement, confirming the theoretical results established in Proposition 3.1. We emphasize
that in the direct form, the problem is large and depends on several variables and constraints. This
contrasts with the indirect form that consider the NLP(𝛽) problem of Proposition 3.1, where there are only
two optimization variables, 𝜉1 and 𝜉2, and only one equality constraint.

Finally, from the analysis of Figures 1 and 2, as is expected and according to the results of the research
works carried out in [12, 17], irrigation is required when the humidity of the soil is equal to the minimum
water requirements of the plant, 𝑥min.

5.2. Verification of the optimality conditions
Beyond the necessary and sufficient optimality conditions, derived in Propositions 3.5 and 3.7, are funda-
mental for the study of sensitivity analysis, they also allow us to ensure that the numerical solution found
is, in fact, a minimizer. As stated above, in the indirect method, the optimal solution for the nominal value
𝛽 = 𝛽0 is given by (17).

Now, let us verify if the necessary optimality conditions (5) and (6), derived in Proposition 3.5, are
satisfied for (17), by considering (16), 𝛽 = 𝛽0, 𝜉̂1 = 2.95819 and 𝜉̂2 = 3.20249. For the example introduced in
the current section, with optimal solution (17), we have:

ℎ̂2

𝑁−1∑
𝑘=1

𝑔′
(
𝜉̂1 + ℎ̂2𝑘

−) ≈ 6.8544
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and
𝑁−1∑
𝑘=1

𝑒−ℎ̂1𝛽𝑁𝑘

𝑁 − 1

{
𝑔
(
ℎ̂1𝑘

−) + ℎ̂1
[
𝑘−𝑔′

(
ℎ̂1𝑘

−) − 𝛽𝑁
𝑘
𝑔
(
ℎ̂1𝑘

−) ]} − 𝑥0𝛽𝑒
−𝛽𝜉̂1 ≈ −6.8526.

This means that:

−ℎ̂2

𝑁−1∑
𝑘=1

𝑔′
(
𝜉̂1 + ℎ̂2𝑘

−)
𝑁−1∑
𝑘=1

𝑒−ℎ̂1𝛽𝑁𝑘

𝑁 − 1

{
𝑔
(
ℎ̂1𝑘

−) + ℎ̂1
[
𝑘−𝑔′

(
ℎ̂1𝑘

−) − 𝛽𝑁
𝑘
𝑔
(
ℎ̂1𝑘

−) ]} − 𝑥0𝛽𝑒
−𝛽𝜉̂1

≈ 1.00026,

which is an approximate value to 𝜇 ≈ 1.00037 (see (17)). So, condition (5) is numerically checked. The
remaining necessary optimality condition (6), derived in Proposition 3.5, is also numerically verified, since
we get:

1
𝑁 − 1

𝑁−1∑
𝑘=1

{
𝑔
(
𝜉̂1 + ℎ̂2𝑘

−) + ℎ̂2𝑘
−𝑔′

(
𝜉̂1 + ℎ̂2𝑘

−)} ≈ 2.8073

which is an approximate value of 𝛽𝑥min that is equal to 0.15 × 18.7200 = 2.8080. Thus, we conclude that
for the example introduced in the current section, with optimal solution (17), the necessary optimality
conditions (5) and (6) are satisfied.

It remains to check if the second-order sufficient optimality conditions (10), derived in Proposition 3.7,
are satisfied for (17), by considering (16), 𝛽 = 𝛽0, 𝜉̂1 = 2.95819 and 𝜉̂2 = 3.20249. Note that for the optimal
solution (17), we obtain:

𝜕𝐿B
𝜕𝜉1

(𝜉̂, 𝛽) =
𝑁−1∑
𝑘=1

𝑒−ℎ̂1𝛽𝑁𝑘

𝑁 − 1

{
𝑔
(
ℎ̂1𝑘

−) + ℎ̂1
[
𝑘−𝑔′

(
ℎ̂1𝑘

−) − 𝛽𝑁
𝑘
𝑔
(
ℎ̂1𝑘

−) ]} − 𝑥0𝛽𝑒
−𝛽𝜉̂1

≈ −6.8526 ≠ 0

and

1
(𝑁 − 1)2

𝑁−1∑
𝑘=1

{
2𝑘−𝑔′

(
𝜉̂1 + ℎ̂2𝑘

−) + (𝑘−)2 ℎ̂2𝑔
′′ (𝜉̂1 + ℎ̂2𝑘

−)} ≈ 135.7590 > 0.

Concluding, the second-order sufficient optimality conditions (10) are satisfied for the example intro-
duced in the current section with optimal solution (17).

5.3. Sensitivity results
Here, we present the numerical results associated with the parameter sensitivity analysis. Starting from
the nominal solution (17) obtained in Subsection 5.1, we apply the methodology developed in Section 4 to
compute numerical solutions for different values of the parameter 𝛽 within a neighbourhood, 𝐵0, of the
nominal value 𝛽0. We highlight that by applying parameter sensitivity analysis techniques, we are able to
design around 67 trajectories and controls for different 𝛽 values in an acceptable computational time: see
the corresponding numerical results in Figure 3. It is possible to observe that the trajectory and the control
results for different values of 𝛽 ∈ 𝐵0 = [𝛽min , 𝛽max] exhibit a similar behaviour to the nominal solutions.
However, the times 𝑡in and 𝑡out are different for each 𝛽 ∈ 𝐵0.
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Figure 3. (Colour only in online version) Trajectory and control provided from Parameter Sensitivity Analysis.

From Figure 4, we can observe that as 𝛽 increases, the cost function also increases. This is consistent
with expectations, since a higher value of 𝛽 implies greater water loss by percolation. Consequently, more
water is required to irrigate the soil in order to meet the crop’s water demand.
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Figure 4. (Colour only in online version) The influence of 𝛽 in the cost.

Figure 5 also provides results that are in agreement with what is expected for the entry and exit times,
𝑡in and 𝑡out, respectively, when the value of 𝛽 increases. Observe that 𝑡in decreases and 𝑡out increases, as
𝛽 increases, since an increase of the water loss by percolation implies starting the irrigation earlier and
finishing it later. Moreover, from Figure 5, we remark that the amplitude of the variations of 𝑡in and 𝑡out
are, respectively, given by:��2.82919 − 3.16508

�� = 0.33589 and
��6.1628 − 6.15989

�� = 0.00291.

The amplitude of the variations in 𝑡out is smaller, because it rained on the eighth day. Therefore, the increase
of 𝛽 values causes less disturbance in 𝑡out.

6. Conclusions
In this study, we analysed the irrigation problem as an optimal control one within the context of planning.
By formulating irrigation as an optimal control system, we aim to optimize the water usage, while ensuring
efficient agricultural productivity. The results emphasize the importance of strategic decision-making in
water resource management, demonstrating that an optimal control approach can significantly enhance
irrigation efficiency.

In this paper, we revisited the non-parametric optimal linear-control problem studied in [12]. It
considers an inequality state constraint which brings great challenges in its resolution, since it is not possible
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Figure 5. (Colour only in online version) The influence of 𝛽 in 𝑡in and 𝑡out.

to obtain its analytical solution. Solving the problem of [12] by direct method leads to a large-scale problem
with considerable computational effort. However, in this paper, we showed that the irrigation planning
problem can be reformulated as a low-dimensional non-linear programming one, by characterizing the
solution through the Pontryagin Maximum Principle.

As in any real-world problem modelling, there are parameters that are difficult to estimate, as well
as sensitive to perturbations, and the irrigation problem of [12] is no exception. Its parameter 𝛽, which
represents the percentage of water loss due to deep percolation, is particularly challenging to estimate,
as it depends on soil characteristics that vary with rainfall, fertilizer use and crop types. Consequently,
𝛽 is sensitive to environmental changes. To address this challenge, we studied a parametric optimal
linear-control problem, denoted by OC(𝛽), for all 𝛽 ∈ [𝛽min , 𝛽max]. This approach allows us to analyse the
underlying mathematical application in a more robust and efficient manner.

Our formulation of OC(𝛽) distinguishes itself from other agricultural irrigation optimal linear-control
problems, by explicitly accounting for variations in 𝛽. Then, we transcribed OC(𝛽) into a finite-dimensional
non-linear optimization problem, denoted by NLP(𝛽). Such transcription was possible, since we knew the
structure of the optimal solution of OC(𝛽) problem. Additionally, we proved that problem NLP(𝛽) can
be approximated by a discretized one, denoted by �NLP(𝛽), due to the difficulty of finding an analytical
expression for function 𝑔, as well as of solving the equality constraint of NLP(𝛽). Once this is done, we
then proceeded the parameter sensitivity analysis with respect to �NLP(𝛽), by following the approach in
[5]. To study the sensitivity of 𝛽, we considered, as the reference solution, the optimal solution of �NLP(𝛽)
for the nominal value 𝛽 = 𝛽0. To did so, necessary and second-order sufficient optimality conditions were
derived for �NLP(𝛽) problem. These conditions are crucial for identifying the minimizer and performing
sensitivity analysis with respect to a parameter. Then, we applied a first-order Taylor expansion around
the nominal solution and nominal cost of �NLP(𝛽) at 𝛽 = 𝛽0 to obtain approximate solutions.

To illustrate the theoretical results summarized above, we determined the numerical nominal solution
of OC(𝛽) in two different ways, using both direct and indirect methods, based on the parameter values
from Table 1. As expected, the solutions coincided, validating the adopted approach. Finally, we provided
a parameter sensitivity analysis with respect to �NLP(𝛽), by verifying, numerically, necessary and second-
order sufficient optimality conditions. Since computing the optimal solutions of OC(𝛽) for different values
of 𝛽 is computationally expensive and time-consuming, the parameter sensitivity analysis with respect to�NLP(𝛽) enables us to evaluate the variations in the optimal solution and the optimal cost without the need
to repeatedly solve the problem for each perturbation of 𝛽.

From the results, we concluded that the computed optimal solutions exhibit similar behaviours for
different values of 𝛽 within a neighbourhood 𝐵0 of the nominal value 𝛽0 = 0.15, although the times 𝑡in and
𝑡out vary with 𝛽. As shown in Figures 4 and 5, we observe that as 𝛽 increases, the entry time 𝑡in decreases,
as well as the exit time 𝑡out and the cost function increase, indicating a longer irrigation period of time and
a higher irrigation water flow rate.

Although the optimal solution and cost are sensitive to variations in 𝛽, small perturbations of 𝛽 in 𝐵0
did not affect the crop preservation state, since the minimum level 𝑥min is always guaranteed for 𝛽 ∈ 𝐵0
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(see Figure 3). This ensures that, despite the variations in 𝛽, the irrigation solution remains effective in
preserving the crops. Finally, we emphasize that different nominal values for 𝛽 can be identified from an
admissible set such that the corresponding neighbourhoods do not overlap and cover the entire set.
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