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1. Introduction

This paper studies optimal impulse control problems of a deterministic system described by a (semi)flow,
where the performance measures are the discounted total costs including both the lump sum cost associated
with applying impulses as well as running costs. The decision maker aims at minimizing one performance
measure, subject to constraints on the other similar performance measures given by different impulse cost
functions and running cost rates.

Optimal impulse control problems have been investigated in various setups, where the process under
control can be stochastic or deterministic, and the performance measure can be given by a long-run average
or a total accumulated cost. In general, ‘impulse’ means that the decision maker instantly changes, arbitrarily
enough, the state of the process. Examples include instant ordering a product in inventory systems, starting
vaccination of the population in epidemiology, modifying the portfolio in financial mathematics etc. Below,
with few exceptions, we concentrate on the literature on optimal impulse control problem of deterministic
systems with total (discounted or undiscounted) cost criteria, in line with the focus of the present paper.

In the absence of functional constraints, the standard method of investigation of optimal impulse
control problems is dynamic programming, leading to the so called quasi-variational inequalities, see e.g.,
[4, 20]. The Pontryagin maximum principle and similar methods were developed in e.g., [7, 8, 18], and the
monographs [2, 19].

Another approach that is especially convenient in handling problems with constraints is the convex
analyticapproach. This method is based on reformulating the original problem as linear or convex programs
in the space of suitably defined occupation measures. Such measures and linear programs were introduced
and investigated in [5, 9]. In [9], apart from impulse control, the system is also under other types of controls
(gradual and singular), the performance is given by the total cost over a finite horizon plus a terminal
cost, and a linear program is formulated as a relaxation of the original optimal control problem; see [13]
for further extensions. In [5], the author considered an optimal impulse control problem, where a given
number (say N) of time instants at which an impulse can be applied are given a priori, and there is a
constraint requiring that at least one impulse must be applied within a given time duration after some of
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these time instants. For the latter reason, this problem is formulated as a nonlinear integer program, where
the control variable is a vector in {0, 1}V, indicating whether an impulse is applied at each of the N time
instants, which is relaxed to a linear program. Such a control variable can be viewed as a more detailed
occupation measure than the one introduced in this paper. In the existing literature on optimal impulse
control problems with functional constraints, where the performance criteria are the total undiscounted
costs over an infinite horizon, two types of occupation measures were introduced, leading to two different
linear programs as relaxations of the original problem, and the relaxation gap was shown to be absent.
If the functional constraints are absent, then the aforementioned two linear programs can be viewed as
dual programs corresponding to two forms of optimality equations, both of which were established in [20].
Numerical methods for solving optimal impulse control problems based on solving linear programs can
be found in e.g., [5, 9, 13]. Other numerical and simulation methods suitable for optimal control problems
including impulse control were developed in [1, 3].

Applications of optimal impulse control problems have been found in economics [7], epidemiology
[20], human immunodeficiency virus treatment [15], inventory management [8]; for further examples, see
Section 3 in [16], Section 3 in [8] and the monograph [24]. In Section 6 of the present paper, an example in
queueing system is explicitly solved.

We remark that in [20], the first step of investigation was to reformulate the impulse control problem
as a Markov decision process (MDP), where each step corresponds to a time instant when an impulse is
applied. This idea will be further explored in the present paper, too. The connection between optimal
impulse control problems and discrete-time optimal control problems was also explored in [16], but for
problems without functional constraints, while requiring the total number of impulses to be bounded. The
latter requirement, which is not assumed in the present paper, leads to a finite-horizon MDP problem.

The aim of the present paper is to extend and complement the known results to problems with constraints
and discounted costs, for which we further investigate the convex analytic approach by focusing on the
duality issues and formulate procedures for finding optimal strategies in specific forms, the so called
(J + 1)-mixed strategies with | being the number of constraints. To the best of our knowledge, such mixed
strategies were not considered in the aforementioned literature on optimal impulse control. Note that,
without further conditions, the relaxed problem of the original impulse control problem is in space of
infinite measures, even in presence of discounting. This is in contrast with situations encountered in
convex analytic approach for (classic) optimal gradual control problems. The primal convex program is
in the occupation measures. One may formulate its dual program, and the crude but otherwise useful
observation is the absence of the duality gap, which follows from the relevant results in [17]. The dual
functional is in the space of non-negative Lagrange multipliers. Itis desirable (and is required in our general
procedure to solve constrained optimal impulse problems) to compute the value of the dual functional for
each Lagrange multiplier by solving an unconstrained impulse control problem with a new cost function
modified with the Lagrange multipliers. To guarantee that these two values coincide, we impose suitable
conditions on the cost functions, which also imply that the relaxed problem is equivalent to a (so called
second) convex program in finite measures.

Having said the above, our main contributions lie in the suitable formulation of the dual program of the
second convex program, proving the absence of the duality gap, showing that the dual functional of the
relaxed problem can be computed by solving an unconstrained problem using the dynamic programming
method, and presenting with justifications the general procedure for computing the optimal (J + 1)-mixed
optimal strategies for the impulse control problems. We also demonstrate the procedure by solving in closed
form an example that can be understood in the context of fluid queueing systems. We note that while the
existence of optimal mixed strategies over | + 1 deterministic stationary strategies, which was not addressed
in the aforementioned works, follows from the recent paper [22], here we showed that the mixture could be
done over deterministic stationary strategies which are uniformly optimal for the unconstrained problem
modulated by optimal Lagrange multipliers.

The rest of this article is organized as follows. After the preliminary model description in Section 2,
we present the rigorous problem statement. We reformulate the impulse control problem as a constrained
MDP problem in Section 3. In Section 4, we present relevant results for the induced MDP, formulate the
relaxed problem, the primal convex program and its dual program, and observe the absence of relaxation
gap and the duality gap. The main results are presented in Section 5, consisting of the formulation of the
second convex program and its dual program, the duality results, and the general procedure for finding
optimal (J + 1)-mixed strategies for the original impulse control problems. This procedure is illustrated
with a solved example in Section 6. Section 7 contains the proofs of the statements. The paper is ended
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with a conclusion in Section 8.

The following notations are used throughout this paper. Measures are [0, oo]-valued. We use the
notations R, := [0, o) and R{r := [0, 00)/. When Y is considered as a subset of X, the complement of the set
Y in X is denoted by Y¢. Let V C Y be fixed. The restriction on V of a [—oo, co]-valued function f(-) defined
on Y is denoted by f|y. This convention applies to measures as functions defined on ¢-algebras, too. If
(Y, ¥) and (B, G) are measurable spaces, and u is a measure on Y X B endowed with the product o-algebra,
then the marginal of y on Y is denoted by uy defined by uy(dy) = u(dy x B). We denote by M7<*(Y)
(or M=*(Y)) the set of o-finite (resp., finite) measures on (Y, ¥ ) or say for brevity on Y. The space of all
bounded measurable functions on Y is denoted by B(Y).

2. Preliminary model description

The state space X of the system under investigation is a non-empty Borel subset of a complete separable
metric space (i.e., Polish space) with metric px and the Borel o-algebra B(X). Typical examples are the
finite-dimensional Euclidean spaces R". In absence of control, the dynamics is described by the (semi-)flow
¢(-,-) : X% [0, 00) — X. This flow possesses the following properties:

(@ ¢(x,0)=xforallx €X;

(b) themapping ¢(, ) is measurable, where and below measurability is understood as Borel-measurability;
() limy)o P(p(x,s),t) = ¢(x,s) forall x € Xand s € [0, o0);

(d)  o(x,(s+1) = p(¢p(x,s),t) forall x € Xand (s, t) € [0, o) X [0, 00).

Suppose at the initial time moment 0 that the state of the system is xo € X. As time goes on, in absence
of impulses, the process moves along the flow ¢ leading to the trajectory {¢(xo,t), t > 0}. Property (c) of
the flow ¢ means that the trajectories of the (uncontrolled) system are continuous from the right, whereas
property (d) means that, in absence of impulses, the movement along the flow from x € X to ¢(x, s) on the
time interval (0, s] and the further movement from ¢(x, s) to ¢(¢(x, s), t) on the time interval (s, s + f] can
be equivalently represented as the combined movement from x to ¢(x, s + t) on the interval (0, s + ¢].

Roughly speaking, in the system under (purely) impulsive control, the decision maker decides particular
time instants 0 < t; <t < --- < o0, at which he applies impulsive controls (or say impulses) a1, az,... € A
with A being a non-empty Borel subset of a complete separable metric space with metric p4 and the Borel
o-algebra B(A). Here, if t, = oo, the impulse applied at t, is fictitious, and formally speaking, it means
no further impulses are applied after t,_1. Each impulse a € A applied at the current state x € X results
in the immediate jump of the process to the new state /(x, a) € X, where the mapping I(-,-) : XX A — X
is assumed to be measurable. The case when I(x,2) = x for some a € A is not excluded. After an impulse
say a is applied at f, < co when the state was x, and before the next time instant t,,1, the system dynamics
evolves according to the flow ¢(I(x, a), t) with t being the time elapsed from the last impulse time instant
t,. See Fig.1. If two finite consecutive impulse time instants coincide, say t,, = t,4+1 < oo, then the state
resulted in by the impulse a’ at ¢, is [(I(x,a),a’). This happens when multiple impulses are applied at
a single time moment (see t3 = t, in Fig.1), and we do not exclude such situations from consideration. It
implies that at the time moment ¢,,, multiple values of the state are assigned. While it is possible to describe
such multi-valued trajectories of the system under impulsive control, for our purpose it is equivalent and
more convenient to consider this system as one in discrete-time, where each step corresponds to a time
instant when an impulse is applied. This becomes clearer after we describe the performance measure in the
concerned optimal control problem. Further details are given in the next section when this discrete-time
system, or more precisely, this Markov decision process (MDP), is formulated rigorously.

Now we describe the optimal impulse control problem. Assume that in absence of impulses, there is
a running cost accumulated at the (gradual) cost rate C3(x) € [0, +o0] associated with any state x € X.
The function C3$(-) is again assumed to be measurable. Besides, whenever an impulse a is applied at state
x at some finite time instant, the lump sum cost (or say the impulse cost) Cl(x,a) € [0, +c0] is incurred,
where the function C(, -) is again measurable. On top of that, we assume that the costs (running cost and
impulse cost) are discounted with the discount factor @ € (0, ). In the current section, to simplify the
presentation, we consider only one performance measure coming from the functions C&(-) and CI(-, ), see
the next paragraph.
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X1 = [(¢(x0,01),a1) d(xq,t; —t) = P(x1,6;)
92, %, = 1(P(x1,62), a2) = Plaz, 63)
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1
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Figure 1. Trajectories of the impulsively controlled dynamical system.
It is convenient to introduce 0; = t; —t;_1, i = 1,2,..., accepting co — 00 = oo, tg = 0, so that
t; = 22:1 Ok, 1=0,1,2,.... In terms of interpretation, when it is finite, 0; is the time duration between two

corresponding consecutive time instants when impulses are applied. If, with some N € {1, 2, ...}, there are
N impulses a1, a2, ..., an being applied at the time moments t; < t; < ... <ty < oo, respectively, and no

further impulses beyond ty, meaning that On11 = tn4+1 = tn42 = --- = 00, then the total (discounted) cost
equals
N 0;
>, { / e UCE ((xion, 1)) dt + e~ C (P (xi1, 00), ai>}
i=1 \J0
I{N < oo} / e~ N CS (¢ (xn, 1)) di, (1)
0

where a > 0 s the fixed discount factor. In the above formula, x; := I(¢(xi-1,0;),a;),i =1,2,...,N. Expres-
sion (1) is the performance measure of a particular (control) strategy applying those specified impulses at the
given finitely many time instants. Note that the indicator [{N < oo} was redundant because N < co under
the current strategy. Nevertheless, we included it to make the formula valid even when N = oo, provided
that we accept that [{N < oo} /000 e~ INFDCS(d(xn, 1)) dt = 0 when N = oo, and e~ C!(p(x;-1,0:),a;) =0
when t; = oo.

In general, the number of impulses is not bounded a priori, neither are all ¢; (or a;) necessarily determin-
istic time instants (resp., impulses). They depend on the control strategy. Accordingly, the expression of the
concerned performance measures of a general strategy will be given in the next section after the definitions
of a strategy and its corresponding so-called strategic measure become clear. For now, one may keep in
mind that the optimal control problem investigated in this paper is about minimizing over strategies the
expected total (discounted) cost, subject to further constraints to be introduced.

3. Reformulation as an MDP

We now formulate the concerned optimal impulse control problem as an MDP. As mentioned in the
last section, this MDP naturally arises from inspecting the system state {x;-1}7, after each impulse is
applied, after the initial state x( is observed. Certainly, the sequences {6;};?, and {t;};7, are in one-to-one
correspondence with ¢; = Z;‘=1 0. The actions in this MDP are the pairs of (0;, a;) with 0; being the time
to wait until the next time instant when the impulse a; is applied. Then in this MDP, the one-step cost is
formed by the (discounted) running cost as well as the impulse cost incurred over two consecutive time
instants when impulses are applied in the form of

0;
e~ i1 / e‘“th(cp(xi_l, t)) dt + e‘“thI(qb(xi_l, 0:),a;)
0

0i
= ot { / e CE(P(xi-1, 1)) dt +e U Cl(P(xi-1, 04), ao} :
0
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Here we accept that, if 0 = oo, then e~ = 0 and 0 X oo = 0. However, if one pursues this way, then due
to the presence of discounting (more precisely, e~#/i-1) in the above expression, it would enforce the state
of the MDP at step i — 1 to be in form of (t;—1, x;—1). For brevity, we would prefer to avoid the inclusion
of the extra coordinate t;_; into the state of the MDP. This is done by observing that e~%/i-1 = H;;% e~a0;
and e~%% € [0, 1] can be understood as the conditional probabilities of certain events described as follows.
After an impulse 4; is applied at t; = t;_1 + 0}, the process is artificially terminated (or say “killed”) with the
conditional probability 1 — e~%% given that the process has not been killed before. (If ti-1 <ooand ; = oo,
it means that no further impulses will be applied beyond ¢;_1, and in this case, the process is killed with
the conditional probability 1 — e~** = 1.) This amounts to sending the state to A, a costless cemetery point,
not in X. We join A to X, and form X, := X U {A}, where A is an isolated point. A is absorbing in the sense
that once A is hit, the system state remains there forever. With this interpretation, one can now take the
one-step cost function in the MDP given by

0;
{xi—1 € X} {/o e~ C8(p(xi1, 1)) dt + e % CH(Pp(xi1, Qi),ﬂi)} :

the term e~*'-1 has been replaced with I{x;_1 € X}, after we extend the state space to X, and modify the
transition law in line with what was described. The resulting MDP is what we deal with throughout the
rest of this paper.

The rigorous formulation of the MDP model is as follows. It is given by the following elements

{Xa,B,Q, {Cj}ﬁzo, {dj};zl}, where
. Xa := X U {A} is the state space;

. B := [0, 0] X A is the action space equipped with the product o-algebra, where [0, o] is the one-point
compactification of [0, c0);

e 98,000 (dy) + (1 — e79)5a(dy) if x # A, 0 # oo;

) is the transition law, where
oa(dy) otherwise

*  Qdylx,b) = {
b=(0,a) €B;

o for each j € {0, ..., ]} with ] being a positive integer,

I e~ C(p(x, H)dt +e7*0Cl(G(x,0),0), ifxeX;
0

Cj(x,(Q,a)) = { Gy

where C }? ()and C ]I (-,-) are [0, oo]-valued measurable functions on X and X X A, respectively, and we
accept that e‘“QC]I.(cp(x, 0),a) = 0 when 0 = oo;

e foreach1<j <], djisanon-negative real number.

Note that in the above MDP model, instead of a single cost function C(-,-), we have ] + 1 cost functions.
This is because we shall consider a constrained optimal impulse control problem in what follows. In this

regard, ] is the number of constraints, and {d; }Ll are the corresponding constraint constants.

Consider the MDP model {Xy, B, Q, {C J'}§=0’ {df}gzl}' As usual, we introduce the canonical sample

space as the countable product Q := (X x B)* endowed with the product topology, and the corresponding
product o-algebra ¥ . It coincides with the Borel o-algebra on Q. An element w = (xg, b1 = (61, 41), x1,b2 =
(02,a2), x2,...) € Qis a trajectory of the MDP. Let, for each i € {0,1,...},

Xi(w) = xi, Bit1(w) := biy1, Ois1(w) := Oi41, Aiv1(w) = ain

be the corresponding projection mappings of w € €, and let T;(w) := Z;:l Oj(w). The process {(Xi-1, Bi)}i»1
is often called an MDP, too, but we use the term for both the bivariate process and the underlying model
when there is no danger of confusion. In general and with few exceptional cases, capital letters (not in
special fonts) are used to denote random elements defined on ), and the argument w is typically omitted
in expressions inside a probability or an expectation.
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Finite sequences of the form
hi = (XOI bl = (611 ﬂl), X1, bz = (62/ aZ)/ ey xi)

will be called i-histories, i = 0,1, .... The space of all such i-histories will be denoted as H;. We endow it
with the Borel g-algebra ¥; := B(H;).

A (control) strategy 7 = {m;};2, is a sequence of stochastic kernels 7t; on B given H;_;. A strategy 7 is
called Markov and denoted by M if for each i € {1,2,...}, there is some stochastic kernel nfw on B given
Xa such that w;(dblhi_1) = nfw(db|xi_1) forall hj_1 = (xg,b1 = (61,a1),x1,bo = (02,a2),...,xi-1) € Hi_1. A
Markov strategy i is called stationary and denoted as 7*, if there is a stochastic kernel 7i° on B given X,
such that nfw(db|x) = 7°(dblx) for all x € Xy and i € {1,2,...}. A strategy m (or Markov strategy nM) is
called deterministic (resp., deterministic Markov), if forall i € {1,2, ...}, there is some measurable mapping
fi(-) : Xao — B (resp., fM() Xa — B) such that 7t;(dblhi-1) = 6 f(x, 1)(alb) (resp., nM(dblxl 1) = 6fM(x 1)(db))
Finally, a stationary strategy 7° is called deterministic stationary and denoted as f, if w°(db|x) = 6 (x)(dD)
for all x € Xp, where f(-) : Xo — B is a measurable mapping. Let I'l; be the set of all strategies.

In terms of interpretation, under a strategy m, m;(dblh;—1) is the (regular) conditional distribution of
B; = (©;,A;) given the (i — 1)-history H;—; = h;_;. This is in line with the following construction of the
underlying probability.

For a given initial state xo € Xa and a strategy 7, by the Ionescu-Tulcea theorem, there is a unique
probability measure P} on (Q, ) satisfying the following conditions:

PY, (X0 € I'x) = 04,(T'x) ¥ I'x € B(Xa),
and foralli =1,2,...,Tp € B(B), I'x € B(Xs), P} -almost surely

P%,(Bi € Tp|H;-1) = m;(T'|H;-1);
P%,(Xi € Tx|Hi-1, Bi = (©;, A;)) = Q(Tx|Xi-1, Bi)

_ | e ®0upxi0,00,40Tx) + (1= e7*9)05(Tx), if Xio1 # A, ©; # o;
5a(Tx) otherwise.

(2)

The probability PY is called the strategic measure of 7 (given the initial state xo). The mathematical
expectation with respect to P7 is denoted as ET . Note that PT (X; € X) = EF [e™%T1],i=0,1,....

Now we define the performance measures of each strategy. It will be convenient to introduce the
following notation of the performance measure of a generic cost function C(:,-) on X5 X B for the MDP in
the form of

E (s, (6,4)) = { (4)9 e~ C8(p(x, t))dt + e—aecl(¢(x, 0),a), iii ii’

with C!(-,-) and C&(-) being [0, co]-valued measurable functions on X x A and on X, respectively. That C(-, -)
is called generic in the sense that if C!(-,-) and C8(:) in its definition are replaced by C]I. (,-) and C]g (+), then

we obtain Cj(-, -). Now we define for each x € X, and strategy 7t the performance measure

V(x,m,C) = Ef | 3" C(Xim1, (O, A))| .-

i=1

Below, we take xog € X as a fixed initial state, since the case of xy = A is trivial. Then the constrained
optimal control problem under study is the following one:

Minimize with respect to 7 € Il V(xo,m,Co) (3)
subject to V(xp,, Cj) <dj, j=12,...,].

Note that we do not exclude the possibility of };2; ®; < oo, but we will only consider the total cost
accumulated over [0, };72; ©;). This is consistent with the definition of V(xo, nr, C j)-

Definition 3.1. A strategy 7 is called feasible in problem (3) if it satisfies all the constraint inequalities
therein. A strategy 7" is called optimal in problem (3) if it is feasible and V(xo, 7*, Co) < V(x0, 71, Co) for all
feasible strategies 7 in problem (3). A feasible strategy 7 such that V(xo, 7, Co) < oo is called feasible with
a finite value.



Journal of Convex Analysis 477

The infimum of V(xo, 7, Co) over all feasible strategies is called the optimal value of problem (3), and
is denoted by val(problem (3)). The notation val(-) will also be used for other concerned optimization
problems; its meaning lies unambiguously in its argument. Note that, if there are no feasible strategies
with a finite value, then either problem (3) is not consistent or any feasible strategy is optimal.

4. Facts and preliminaries

4.1. Semicontinuous induced MDP

The MDP (model) {Xs, B, Q, {C j}LO, {d; }Ll} introduced in the previous section is induced by the impulse

control model, and thus will be referred to as the induced MDP. If the state space X, is replaced with an
arbitrary nonempty Borel space say Y, and B, Q and {C j}LO are arbitrary nonempty Borel action space,
stochastic kernel and [0, co]-valued cost functions (not necessarily induced in the above specific form by
Cf(') and C]I.(~, -)), then we call the MDP {Y, B, Q, {C_]-}LO, {d]-}ﬁzl} generic. The optimal control problem (3),
Definition 3.1 and Definition 4.6 below can be understood for a generic MDD, too, with obvious adjustments;
in particular, xo will be a fixed state in Y.

Definition 4.1. A generic MDP {Y, B, Q, {C i }LO, {d j}Ll} is called semicontinuous if the following hold:
(a) theaction space B is compact;

(b) for each bounded continuous function u(-) on'Y, /Y u(y)Q(dy|x, b) is continuous in (x,b) € Y X B;
(c) foreachje{0,...,J}, Cj(,-) is lower semicontinuous.

The following condition implies that the induced MDP is semicontinuous.

Assumption 4.2. (a) A is compact.

(b) I(-,-) is continuous on X X A.

() () is continuous on X X [0, o).

(d) Foreachje{0,...,]}, C]I. (+,-) is lower semicontinuous on X X A, and C]‘g (+) is lower semicontinuous
on X.

Proposition 4.3. Under Condition 4.2, the induced MDP is semicontinous.
Proof. See Section 7. O

Lemma 4.4. If the induced MDP is semicontinuous and admits a feasible strategy with a finite value, then there exists
a stationary strategy, which is with a finite value and optimal in problem (3).

Proof. The assertion follows from the fact established in Theorem 4.1 of [10] for a generic MDP. O
Let
o ] J
V:i={x€Xy: inf EY Ci(Xi-1,Bi)| = inf ,m, » Ci|>0¢, 4
X A nlerll'lc x ;FO ]( i-1, Bi) nlerll'[G(V X T[]Z_(; j 4)

Note that A € V¢ := X, \ V because A is a costless cemetery in the induced MDP.
Suppose the induced MDP is semicontinuous. Applying Corollary 9.17.2 of [6] to the induced MDP

under study with the cost function ZLO C j(-,+), we obtain that the Bellman function

J o ]
* S~ o g T = . .
vV (x,ZC]) = inf B} Z >, CilXi1, Bi)|, x € Xy (5)
j=0 i=1 j=0
is a non-negative lower semicontinuous function, so that, in particular, the set V¢ is a closed subset of
Xa and V is an open subset of X. Moreover, there is a deterministic stationary strategy f* providing the

infimum in (5) and in the Bellman equation satisfied by V*(-, Z;:o C j):

J J J
Vi, )6 = inf ;c]«x,b) . f A v*(y,j:zoc»Q(dyw,b) XX,

j=0
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and
Cix, f*(x)) = Q(Vlx, f(x)) =0V x € V¥, j €{0,...,]}. (6)
For the last assertion, it is sufficient to notice that for all x € V¢
J ~ J
0=v(x, Y &)= Y & (x))+/(V(y,ZC)Q(dyIXf(x))
=0 =0

and V*(y, Z;:o Cj) > 0 for y € V. We fix this deterministic stationary strategy f*.
Now it is clear from (6) that, if xo € V¢, then f* is an optimal strategy in problem (3) because

(V(x,f*,C]-):OVerC, j=0,1,...,].

Consequently, in what follows, we suppose that xo € V, and thus V # 0. It is also clear that, for each
i€{l,2,...}, itis optimal to apply the action f*(X;-1) as soon as X;_1 € V¢ because in this way the expected
subsequent costs associated with C i¢,,7=0,1,...,], would be zero.

Definition 4.5. Suppose that the induced MDP is semicontinuous and admits a feasible strategy with a
finite value. We denote by IT the set of feasible strategies with a finite value that satisfy

ni(db|h,'_1) = 6f*(xi_1)(db)/ Vi= 1,2, ey (7)
whenever x;_1, the last component of #;_1, is in V°.

Now, given that the induced MDP is semicontinuous and admits a feasible strategy with a finite value,
it is sufficient to restrict to the strategies from IT and concentrate on the subset V. After some obvious
modifications if necessary, one can regard, without loss of generality, that the optimal strategy 7 in problem
(3), existing by Lemma 4.4, is from the set I'l.

4.2. Relaxed problem and absence of relaxation gap

Definition 4.6. for each strategy  in the induced MDD, its occupation measure u™ is defined by

[o¢]

w(r) = E, [Z I{(X;, Bix) € T}

i=0

VT € B(Xp X B).

Recall that xo was assumed to be a fixed initial state in V, though the above definition is meaningful for
any initial state xo € Xa.

The space of all occupation measures (under the fixed initial state x() is convex in the following sense: if
1, U2 are occupation measures for the induced MDP and g € [0, 1], then Su; +(1—p)u2 is also an occupation
measure. This fact follows from Chapter 5, Section 5 of [11]; see also Proposition C.2.13 of [21].

The induced MDP is an MDP with a cemetery in the sense of [22]. The next definition is consistent with
Definition 7 in [22].

Definition 4.7. Let L be a fixed positive integer. A strategy 7 is called an L-mixture over {7'(1}121 C Ig if

WixxB = D1y V11 xxp for some {yl}l , € [0,1] satistying ., 7L = 1. The constants {7/1} are referred
to as the coefficients or weights in the mixture.

It holds for each j € {0, ..., ]} that
V(xo,m, C_f]') :/ C_j(x, b)u™(dx xdb), j=0,1,...,].
XAXB

Hence, problem (3) is equivalent to minimizing foxB Ci(x, b)u™(dx x db) over the space of occupation
measures of feasible strategies in the induced MDP. As is well known (see Lemma 9.4.3 of [14]), each
occupation measure u satisfies equation

WX B) =00+ [ QU bty x db), T BX) ®)
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Lemma 4.8. Suppose the induced MDP is semicontinuous. Then for each measure p on Xa X B, satisfying equation
(8) and such that /XAXB 25:0 Cj(x,b)y(dx x db) < oo, it holds that ux,|v € M7<*(V), where M?<%(V) is the
set of o-finite measures on (V,B(V)). In particular, for each feasible strategy 1 with a finite value, it holds that
K Jv € MT==(V).

Proof. For the proof of the first assertion, see Theorem 3.2 of [10]. The last assertion follows from the first
one, because for each feasible strategy m with a finite value, its occupation measure u™ satisfies (8) and

foxg ZLO Cj(x, b)y“(dx X db) = Z;zo V(xo, 7, C]) < 00, -

Suppose the induced MDP is semicontinuous and admits a feasible strategy with a finite value. Ac-
cording to the explanations at the end of the previous subsection (see (6)), for problem (3) it is sufficient to
restrict to the set of strategies I'T # (. That, in turn, is equivalent to minimizing AAxB Co(x, b)u™(dxxdb) over
the space of occupation measures of strategies in ITin the induced MDP. We shall introduce a relaxation of
the latter problem. To this end, let us now examine the occupation measures of strategies in I'T and make
two observations.

(o) If T €I, then for each measurable subset I'; C V¢,

(o]

u™ (1 xTp) = EZO Z {(X; e 1} {2 > f7(Xi)}| VI € B(B).
i=0
Therefore,
/ Cj(x, )™ (dx x db) =T, [ZH{XZ- € VICi(Xi, f1(X)| =0,
VexB i=0
i=01,...,] 9)
by (6), and
V(xo, m, Cj) = / C_j(x, b)u™(dx xdb), j=0,1,...,].
VxB
(B) For m €I, the measure u = u™|vxg on V X B satisfies the equation
WTXB) = 0,0+ [ Qlly, biutdy x ), T e BV,
VXB
because for each measurable subset I' C 'V, again by (6),
[ty by ) = €5, | 3114 € VIQUIX, (X)) | =0,
x i=0

We are ready to formulate the following relaxation of problem (3) for the induced MDP, assumed to be
semicontinuous and to admit a feasible strategy with a finite value:

Minimize / Co(x, b)u(dx x db) (10)
VxB
over measures u on V X B with uy € M7<*(V)
subjectto (I’ X B) = 0,,(') + QTy, b)u(dy x db), T € B(V) (11)
VxB
and / Ci(x,bu(dx xdb) < dj, j=1,2,...,]. (12)
VxB

The fact that the above problem is a relaxation of the MDP problem (3) is because of Items («, f) in the
above and Lemma 4.8. In particular,

val(relaxed problem (10)-(12)) < val(problem (3)) < oo, (13)

given that the induced MDP is semicontinuous and admits a feasible strategy with a finite value. We
remark that in general, a measure u satisfying equation (8) or (11) may not be an occupation measure of
any strategy 7. Thus, in general, one cannot conclude that the relaxed problem and the original problem
are equivalent a prioi. Theorem 4.11 below shows that there is no relaxation gap if the induced MDP is
semicontinuous and has a feasible strategy with a finite value. It will follow from the next few observations.
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Definition 4.9. Suppose the induced MDP is semicontinuous. Consider a measure p on V X B with
plv € M?=*(V). We say that a stationary strategy n* is induced by p, if it has the following form

mH(dblx) = {x € V}p,(dblx) + I{x € V}0 f(x)(db),
where ¢, is a stochastic kernel on B given V satistying
@u(dblx)u(dx x B) = u(dx x db) on B(V X B).

The stochastic kernel ¢, exists by Corollary 7.27.1 of [6] which should be applied to the sets {I'; X B})" ,
that decompose V x B with u(I', X B) < co. There may be multiple induced strategies by p, different on
p(dx x B)-null subsets of V.

Lemma 4.10. Suppose the induced MDP is semicontinuous. Let a measure u be feasible in problem (10)-(11) such
that fVXB ZLO Ci(x, b)u(dx x db) < co. Then foreach j =0,1,...,]

;C_j(xi—llBi)] = /VXB C,(x, byu™ (dx x db) S/

Vx

np
Ex

Ci(x, b)u(dx x db).
B

Proof. For the proof, see Corollary 3.1 of [10]. In that corollary, integration was over X X B, but, similarly
to (9), / Ci(x, b)u™ (dx x db) = 0. O
VexB

Note that under the conditions imposed in Lemma 4.10, if u therein is feasible in the relaxed problem
(10)-(12), then ITis non-empty, because the strategy nt* therein belongs to IT.

Theorem 4.11. Suppose the induced MDP is semicontinuous and admits a feasible strategy 7 with a finite value.
Then the following assertions hold.

(a)  val(problem (3)) = val(relaxed problem (10)-(12)) < oo.

(b)  If a strategy 7* € T1 is optimal in problem (3), then the measure u™ |yxp is optimal in the relaxed problem
(10)-(12). Note that an optimal strategy " € I1exists by Lemma 4.4 and explanations at the end of the previous
subsection.

(c)  If a measure y* is optimal in the relaxed problem (10)-(12), then the induced strateqy w# € T1 is optimal in
problem (3).

Proof. (a) In view of (13), we only need to show that
val(problem (3)) < val(relaxed problem (10)-(12))

as follows. Consider an arbitrary measure u that is feasible in the relaxed problem (10)-(12) and satisfies
f‘le Co(x,b)u(dx x db) < co. For the relaxed problem (10)-(12), it suffices to restrict to the set of such
measures, which is non-empty because of (13). Then for the induced (by p) strategy n#,

V(xo, 1", Cj) < / Ci(x,b)u(dx x db), j=0,1,...,]

VB

by Lemma 4.10. Therefore, the induced strategy 7" is feasible in problem (3) and

V(xg, ", Cy) < / Co(x, b)u(dx x db).
VxB
The arbitrariness of u and this inequality lead to the required inequality.

(b) Let " € IT be an optimal strategy in problem (3). Then the restriction of its occupation measure
1 lvxs is feasible in the relaxed problem (10)-(12) according to Lemma 4.8 and the observations made
below it, see Items («, §) therein. Moreover,

Vo, = [ Gt b e xdt) = [ Cola, by va(e x db)
VxB VxB

val(problem (3)) = val(relaxed problem (10)-(12)),
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where the last equality holds by (a). Thus, the measure u™ |y is optimal in the relaxed problem (10)-(12).
(c) Let the measure u* be optimal in the relaxed problem (10)-(12). It holds that

/ Co(x, b)u*(dx x db) < oo,
VxB

because val(relaxed problem (10)-(12)) < co as was shown in (a). Now, Lemma 4.10 is applicable to y*, and
we see that the induced (by p*) strategy 7" is feasible in problem (3), and

V(xo, T(“*, C_o) < / Cg(x, b)u*(dx x db)
VxB
val(relaxed problem (10)-(12)) = val(problem (3)) < co.

Thus the strategy 7#" is optimal in problem (3). That i#" belongs to IT follows from the last inequalities
and the definitions of ITand 7. m]

4.3. Primal convex program and duality results

Suppose the induced MDP is semicontinuous and has a feasible strategy with a finite value. Then in view
of Theorem 4.11, the relaxed problem (10)-(12) can be rewritten as the following one:

Minimize / Co(x, b)u(dx x db) over p € D (14)
VxB

subject to / C_j(x,b)y(dx xdb)-d; <0, j=12,...,],
VxB

where D is the set of measures p on V X B satisfying
@ uveM7=2(V),
(b) equation (11),i.e., u(dx X B) = dy,(dx) + foB Q(dx|y, b)u(dy x db), and

(©)
]

/ Z Ci(x, b)u(dx x db) < co. (15)
\%

xB ]:0

In this way, we may view the relaxed problem (10)-(12) as a convex program with | constraint inequalities,
because the set D is convex in the sense that if ¢ € [0, 1] and p1, u2 € D, then cug + (1 — c)up € D. It is also
possible to embed D in a vector space, although this linear space is never needed in what follows. We call
this convex program the primal convex program.

It is straightforward to check that the primal convex program (14) is equivalent to

Minimize over u €D : sup Li(y, 3), (16)
geR/,

where R{r :=[0, )/, and

]
Li(y, §) := /V><B Co(x, b)u(dx x db) + Z g (/VXB Ci(x, b)u(dx x db) — d;

j=1

forue D, 3 :=1(81,8,---,8) € R/, is the Lagrangian, which is real-valued due to Condition (c) in
the definition of O. In greater detail, this follows from the following three observations. (a) For any
u € D, if it is infeasible in the primal convex program (14), then SUP ) Li(u,3) = oo for some 3 € RL,
meaning that in problem (16) it is sufficient to restrict to the set of u € D feasible in the primal convex
program (14). (b) This set is non-empty, because the optimal solution y* € D in the primal convex
program (14) exists by Theorem 4.11(b). (c) If u € D is feasible in the primal convex program (14), then
SUPcq) Li(u,3) =Li(u,0) = fvw Co(x, b)u(dx x db), where 0 = (0,0, ...,0). In particular,

val(primal convex program (14)) = val(problem (16)). 17)
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and both problems have the same optimal solutions.
The dual problem for the primal convex program (16) reads

Maximize over g € R{r : ﬁng) Li(u, ), (18)

It follows that val(problem (18)) < val(problem (16)). There is a duality gap if the strict inequality holds.
Next, in Theorem 4.13, we observe the absence of the duality gap, under the following Slater condition, cf.
(8.3) in [23].

Assumption 4.12 (Slater condition). There exists u € D such that

/ Cj(x,b)u(dx xdb) <d;, j=1,2,...,].
VxB

In view of Lemma 4.10, given that the induced MDP is semicontinuous, Condition 4.12 implies that the
induced MDP has a feasible strategy with a finite value.

Theorem 4.13. Suppose the induced MDP is semicontinuous and satisfies Condition 4.12 (i.e., the Slater condition).
Then the following assertions hold.

(a)  The duality gap is absent:
val(primal convex program (16)) = inf sup L1(u, g)
{JGD _ i
3€R}
=sup inf L1(y, 3),
geRi ueh

there exists at least one g € R/, solving the dual problem (18), and the dual functional h(-) defined for each
5 J
§ER, by
h(g) = inf Li(y, 3)
ueD

is concave.

(b)  Consider a pair (u*,3*) € D % R{r. Then u* is an optimal solution to the primal convex program (16) and g* is
an optimal solution to the dual problem (18) if and only if one of the following two equivalent statements holds.

(i)  The pair (u*, 3*) is a saddle point of the Lagrangian:
Li(u', ) < Li(u', 3) < Li(u,3), YueD, g R,

(ii)  The following relations hold for the pair (u*, §*):

/ Cj(x,b)y*(dx X db) < di, j=1,2,...,];
VB
Li(y", 8%) = inf L1(u, &°);

ueD

J
Z g (/ Ci(x, b)u*(dx x db) — d;| = 0.
VXB

j=1
The last equality is known as the complementary slackness condition.

Proof. (a) The absence of the duality gap and the solvability of the dual program (18) follow from Theorem
1, Section 8.6 of [17], and the last assertion holds by Proposition 1, Section 8.6 of [17]. Note that in the
framework of Section 8.3 and Section 8.6 of [17], D is embedded in a vector space. One can check that the
reasoning therein for the results referred to in this proof holds if D is convex in the sense that if ¢ € [0, 1]
and ui, 2 € O, then cuy + (1 —c)uz € D.

(b) The first assertion in (b), i.e., the (primal and dual) optimality of u* and g%, is equivalent to (b-i)
according to (a) and Theorem 2 of [23]. Assume that assertion (b-i) holds. Then, the first relation in (b-ii)
holds, because u* is optimal and in particular feasible in the primal convex program (16). The second
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relation in (b-ii) holds by (b-i). The last relation in (b-ii) holds by Theorem 1, Section 8.6 of [17]. It remains
to prove that (b-ii) implies (b-i). Assume that (b-ii) holds. Then from Li(u*, 3*) = infyep L1(y, 3*) we
see that Li(y*, §") < Li(u, 3") for all p € D. From the complementary slackness condition, we see that
Li(u*,3") = /V><B Co(x, b)u*(dx x db). Now from /V><B Cj(x,b)p*(dx xdb) <dj, j=1,2,...,], we see that
Li(u', §) = [y g Colx, b)u*(dx x db) > [, o Colx, b)u*(dx x db) + le gj ( Jors Cilx, ) (dx x db) — dj) =
Li(u*,3) forall g € Rﬂ. Thus,

L, ) <L, §) <Liw§), YueD, gek,
i.e., (b-ii) implies (b-i). O

5. Main results

In this section we present the main results of this paper. Subsection 5.1 formulates a second pair of
primal-dual programs for the original optimal impulse control problem and presents the duality results,
whereas Subsection 5.2 presents a procedure for finding an optimal strategy for the optimal impulse control
problem, which is in the form of a mixture over | + 1 deterministic stationary strategies.

5.1. Second convex program and duality results
Assumption 5.1. (a) C(I)(x, a)>6>0forallx € X, a € A.

(b) C =maxj=,1,.,Sup,x C}g(x) +Max;j=0,1,....] SUP(y s)exxA C]I.(x, a) < oo,

Suppose the induced MDP is semicontinuous. Under Condition 5.1(a), for each x € V¢ \ {A}, by (6),
necessarily f*(x) = (oo, ) for some @ € A. Hence, under Condition 5.1, for each x € V°\ {A} C]g(qb(x, £)=0
for almost all t > 0 with respect to the Lebesgue measure for all j = 0,1,...,]. One can also see that, for
each given x € X, x € V¢ if and only if C]‘g (¢(x,t)) = 0 a.e. with respect to the Lebesgue measure for all

j=0,1,...,],and Q({A}|x, f*(x)) = 1.
Lemma 5.2. Suppose Condition 5.1(a) is satisfied. For each given strategy 7, if u™ (XX B) = oo, then V(xo, 11, Co) =

0.
Proof. See Section 7. O

Suppose that the induced MDP is semicontinuous. Recall from Theorem 4.11 that the impulse control
problem (3) is equivalent to the relaxed problem (10)-(12). This problem has a finite optimal value, and is
solvable. In view of Lemma 5.2, if in addition, Condition 5.1(a) is also satisfied, then problem (10)-(12) is
equivalent to the following convex program:

Minimize / Co(x, b)u(dx x db) over u € M<*(V x B) (19)
VxB
subjectto  u(I' X B) = 0,,(I') + / QTy, b)u(dy x db), T € B(V) (20)
VxB
and / Ci(x, b)u(dx xdb) <d;, j=1,2,...,], (21)
VxB

where M<*(VxB) is the set of finite measures on (VxB, 8(VXxB)). We shall refer to problem (19)-(21) as the
second (primal) convex program with one measure-valued constraint equality and | constraint inequalities
to distinguish it from the primal convex program (14) with | constraint inequalities. Note that problem
(19)-(21) is a linear program in the linear space of finite signed measures on V X B.

Suppose that the induced MDP is semicontinuous and has a feasible strategy with a finite value, and
Condition 5.1(a) is satisfied. We shall formulate a dual problem for the second convex program (19)-(21)
and show the absence of the duality gap. Corresponding to the constraint equality in problem (19)-(21),
let us introduce B(V), the set of bounded measurable functions on V. Then we introduce the Lagrangian
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La(.,,") defined for each (11, W(), §) € M="(V x B) x B(V) x R, by

Lo(u,W,3) = / Co(x, b)u(dx x db)

+ W<x>[ @)+ [ Qtsly, bty x av) - picx x B)

+ 8 (/X C]'(x, b)y(dx X db) - d]') .

J
2

Since C j(-,+) and g; are non-negative, the Lagrangian L;(-, -, -) is well defined and the terms therein can be
arbitrarily rearranged, as /V><B Ci(x, b)u(dxxdb) are the only possibly infinite terms, which are non-negative
and with non-negative coefficients. Here 0 X oo := 0 is accepted.
It is straightforward to check that the second primal convex (in fact, linear) program (19)-(21) is equiv-
alent to
Minimize over p € M=*(V xB): sup Lo(u, W, 3). (22)
(W(),3)eB(V)XR.,

In fact, it follows from the observation formulated in the next remark.

Remark 5.3. If equality (20) is violated by some u € M=<*(V X B), then there exist ¢ > 0 and I € B(V) such
that

Oxo(T) + / QTy, b)u(dy x db) — u(T x B) > € (or < —¢).
\
Now for Wy (x) = NI{x € I'} (resp., for Wy(x) = —=NI{x € T}),

I\}lm LZ(‘U/ WN/ g) = +oo.

The similar reasoning applies to the constraints (21). The conclusion is that in problem (22), one can be
restricted to the set of measures i that are feasible in the second primal convex program (19)-(21), and
problem (22) restricted on this set becomes the same as the second primal convex program (19)-(21).

Now, we formulate the dual program for the second primal convex program (19)-(21) as

Maximize over (W(-),3) € B(V) x Rﬂ : inf Lo(u, W, 3). (23)
HEM=®(VXB)

One can solve the dual program (23) in two steps: firstly, for each fixed § € R{r, solve problem

Maximi W(-) € B(V): inf  Lo(u, W, Q); 24
aximize over W(-) (V) peMig(VxB) 2(u ?) (24)

and after that solve problem

Maximize over ¢ € R] su inf Lo(u, W, 3).
g W( )EIIB?(V) y€M<°°(VXB) H g

Up to the additive constant — Z§=1 gjdj, problem (24) can be rewritten as follows:

Maximize W (x0) over W( ) € B(V) (25)
subject to Co(x,b) + Z gj C](x b) + / W(y)Q(dy|x,b) - W(x) >0, (26)
j=1
(x,b) € VXB.

Indeed, if inequality (26) is violated by some W(-) € B(V), then, for some ¢ > 0, Cy(%, b) + Z;zl giCi(&, b) +

fv W(y)Q(dy|x, l;) - W(X) < —¢ for some (%, b) € V x B. Now, for the sequence of finite measures defined
for each N € {1,2,...} by un(dx x db) = N(S(M;)(dx x db) € M=®(V x B), limn_,e0 Lo(n, W, 3) = —
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and thus inf,c p<o(vxp) L2(tt, W,8) = —oo. On the other hand, for each W(-) € B(V) satisfying (26),
infc p<o(vxB) L2(t, W, §) is provided by the null measure u = 0 and equals W (xo) — 25:1 gjd;.

It is observed in Theorem 5.5 below that for each § € Rﬂ, problem (25)-(26) is solvable. In fact, under
the conditions imposed in Theorem 5.5, its optimal solution is given by the function Wg(-) defined by

00 J
* — ud ~ ) ; C:(X: .
Wix) = inf Ef le co(xl_l,BJ+;g]c](xl_1,31> (27)

J
= nierhfc V(x,m,Co) + Z{ g§V(x,m,Cj)p, xeV,
]:

Thus, Wg*(-) is the restriction on V of the Bellman function V*(-, Co + Z§:1 g]C j) defined for each x € X,
by V*(x,Co + ZLl gjcj)(x) := infreerr; V(x, 1, Co + Z§:1 gjéj). We also call WS;‘(-) the Bellman function
because ,
(V*(x, Co + Z g]‘(_:]‘) =0
=1
for all x € V°. The next lemma shows that Wé‘(-) is a feasible solution in problem (25)-(26) and provides a
useful characterization of the function ng(-).

Lemma 5.4. Suppose the induced MDP is semicontinuous and Condition 5.1 is satisfied. Let § € R{r is arbitrarily
fixed. Then the following assertions hold.

(a)  W:(-) is bounded, non-negative and lower semicontinuous on V, and W;-:(') is a feasible solution in problem
(25)-(26).

(b)  W() is the unique lower semicontinuous bounded function on V satisfying the following equation:

J
W(x) = zrellg Co(x,b)+Zgjcj(x,b)+/VW(y)Q(dy|x,b) ,VxeV.
=

Moreover, if a function W(-) € B(V) satisfies

J
g Co )+ 2 Cix 0+ [ oz, b )

W(x)

)
Colr, f) + Y 5,Cx, Fo+ [ WipQiyle, fx), xev
=1

for a measurable mapping f(-) : V — B, then the deterministic stationary strateqy f (supplemented by
f(x):= f*(x) for x € V€, see Definition 4.5) is uniformly optimal in the sense that

J
V(x, f,Co) + Z gV(x, f,Cj)=V(x,Co+ Z giCi), x€X.
j=1 j=1
Proof. See Section 7. O

Theorem 5.5. Suppose the induced MDP is semicontinuous, and Conditions 4.12 and 5.1 are satisfied. Then the
following assertions hold.

(a)  Fora fixed § € RL, the Bellman function ng(-) defined by (27) is bounded, non-negative and lower semicon-
tinuous, and solves problem (25)-(26) with

val(problem (25)-(26)) = ng(xo).
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(b) Wé‘(xo) - ZLl gjdj = h(g), where h(-) was defined in Theorem 4.13(a). Thus, a maximizer g* € R{r for
max{ max inf Lo(u, W, 2); = max h(g
ger) {W(‘)eB(V) HEM==(VXB) 2 g)} ger) @)
exists.
(c)  The pair (Wé’-;, 3") is a solution to the dual program (23).
(d)  There is no duality gap:

inf sup Lo(u, W, g)
HEMEZVXB) (), 9)eB(V)xEL

= sup inf Lo(u, W, ).
WO, ReBve, FMTVD)

Proof. See Section 7. O

In view of (27) and the definition of () = infuep L1(y, §) givenin Theorem 4.13(a), under the conditions
imposed in Theorem 5.5, part (b) therein asserts that

) ] J
77ler}lf = Z Co(Xi-1,Bi) + Zgjcj(xi—l,Bi) - Zgjdj = ﬁng) Li(u, 3)
¢ i=1 j=1 j=1

for any g € R{r. This equality is attractive from the practical point of view, because it shows that the value
of the dual functional /(g) can be calculated using the dynamic programming approach, and this is further
elaborated on in the next subsection. On the other hand, here we remark that Condition 5.1 is important
for the last equality.

5.2. Procedures for finding (J + 1)-mixed optimal strategies in the original impulse control
problem

Throughout this subsection, we suppose that the induced MDP is semicontinuous, and Conditions 4.12
and 5.1 are satisfied, so that all the above results are applicable. In view of Theorem 5.5, we now present
a general procedure for solving the primal convex problem (14) and the relaxed problem (10)-(12), leading
to an optimal strategy in the form of a (J + 1)-mixture of deterministic stationary strategies. The main
result in this subsection is the justification of this procedure, see Theorem 5.6 below. An application of this
procedure is illustrated in the next section.

Formulation of the procedure.

Step 1. For each fixed § € R, compute the dual functional /(3) = infuep L1(u, ). According to Theorem
5.5(b), ng(xo) — 2;21 gjdj = h(g). Thus, it suffices to compute the Bellman function ng(-), which is
bounded. To this end, since the induced MDP is positive and semicontinuous, one may apply the successive
approximations, see Corollary 9.17.2 of [6].

Step 2. Find any g* providing maxg | h(g3). By Theorem 4.13(a) and Theorem 5.5(b), such 3" exists and is
optimal in problem (18), and the function k(:) is concave. In this step, one can use any standard method of
maximizing concave functions on R{r.

Step 3. For g* obtained in Step 2, calculate the Bellman function Wz.(-) as in Step 1. Let F denote the set of
deterministic stationary strategies f providing the minimum in the Bellman equation:

J
Wi = jnfiCuteb) + ) i) + [ Wi, b
]:

]
Cotr, £+ Y. 1C)(x, £ + [ We(9)QUalx, fx), x €V
=1
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and satisfying f(x) = f*(x) for x € V°. Note that the expression in the parentheses in the first line of the
above equality is a lower semicontinuous function and B is compact, so that F # (), see Proposition 7.33 of
[6] and Theorem 3.3 of [12]. Moreover, according to Proposition 9.12 of [6], each f € F is uniformly optimal

in the sense that V(x, f, Co + ZLl g]*Cj) = inf, V(x,mn,Co + Z§:1 g}.‘C_j) = W;.(x) for all x € Xa.
Step 4. Find constants y; € (0,1] and deterministic stationary strategies f' € F (not necessarily all distinct)
for1=1,2,...,] + 1 satisfying

@ Xan=1

(b) for the convex combination y* = Z{:ll ylyf : |vxs of the restrictions of the occupation measures of f it

holds for each j = 1,2,...,] that [, . Cj(x,b)u*(dx x db) < d;j, whereas [, . Cj(x,b)u"(dx X db) = d;
if g7 > 0.
)

Provided that we can find such constants y; and strategies f!, u* would solve the primal convex program
(14) as well as the relaxed problem (10)-(12). This can be seen as follows. From the proof of Theorem
5.5(a), we see for each f € F that yf(V X B) < 00, and from the inequality fV><B Cj(x, b)u*(dx x db) < d; (and
keeping in mind that y; > Oforall/ =1,2,...,] +1) we deduce that, forall j =1,2,...,],

V(xo, f',Cj) = / Cj(x,b)‘ufl(dx x db) < co.
VxB

Therefore, yf "eDforalll = 1,2,...,]J+1and y* € O, too. Furthermore, from the proof of Theorem
5.5(b), we see that

J
1 —%\ - =%\ __ * *g.
Li(u! lvxs, &) = ﬁng) L1y, 87) = Wi (x0) — ]; 8jd;-

It follows that
J+1

* =% I —% . —%
Ly, 8) = Zyle(uf 8= ﬁng) Li(u, &)
1=1
Thus, the pair (u*, 3*) € D % R{r satisfies the conditions in Theorem 4.13(b-ii), and the optimality of yu* now
follows from Theorem 4.13(b). Moreover, p* = u™ |yxp for the (J + 1)-mixture 7" of the strategies { f l}{:} .
The next result shows that one can always find such constants {)/1}{:11 and deterministic stationary

strategies { f Z}{:ll as in Step 4.

Theorem 5.6. Suppose the induced MDP is semicontinuous, and Conditions 4.12 and 5.1 are satisfied. Then there
exists a mixture 7 € T1 of | + 1 deterministic stationary strategies { f! }{:11 C F with coefficients {yl}{: c (0,1],
such that 1" is optimal in the original impulse control problem (3) and u™ |yxp solves the primal convex program (14)

and the relaxed problem (10)-(12).
Proof. See Section 7. m]

Consider 7* as in Theorem 5.6. Let u* := u™ |lyxpg. Since u* solves the primal convex program (14),
for any 3" € R{r providing the maximum of the dual functional /(g), we see from Theorem 4.13(b) that
condition (b) in Step 4 of the general procedure is satisfied by u*, and there exist constants {yl}{: c(0,1]
and strategies { f'! }{:i C F satisfying the both conditions (a) and (b) in Step 4.

6. Illustrative example: fluid queueing system

In this section, we illustrate the main results in the last section with an example.

Example 6.1 (fluid queueing system). Consider the impulse control problem with the following system
primitives. Let the state space be X = [0, c0), and the action space A = {1} be a singleton, so that we omit

the action a € A in the description of the model below. The flow is described by ¢(x,t) = x +t for all x € X
and t € [0, o). The new state upon applying an impulse is [(x) = 0. Let @ > 0, xo = 0. We consider the case
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of a single constraint, i.e., ] = 1, so that the index j = 1 will be omitted below. Let the constraint constant
be d > 0. The impulse cost functions and running cost rates are given by

Co(x) =K >0, C3(x) =0, C{(x)=0, Cf(x)=h >0,
where h € (0, ) and K € (0, o) are fixed constants.

Interpretation of the example. This impulse control problem formulated in Example 6.1 can be given the
following interpretation. Consider an infinite buffer: small packets of information arriving at a high speed
are served with the high intensity. In such a case, this queueing system is known to be well approximated
by the so called fluid model X = A — u. Here x > 0 is the buffer filling size measured, e.g., in Mb and A (or
) is the arrival (resp., service) rate measured in Mb/time unit. We assume that A > p and choose the time
scale such that A — u = 1. Thus, the flow is described by ¢(x, t) = x + t and the state space is X = [0, c0). At
any time moment the decision maker can use an additional very powerful server; as the result, the current
state instantly changes to zero. Thus, we put A = {1}. The result of applying the impulse is described by
the constant function /(x) = 0. The price for one impulse is K > 0, and the holding cost is & > 0 per unit
per time unit. a > 0 is the discount factor as usual. We will fix the initial state xy = 0 and minimize the
total discounted cost of impulses under the constraint d > 0 on the total discounted holding cost.

Induced MDP. One can compute the cost functions and write down the transition kernel in the induced
MDP as follows:

- Ke™9 if O < o0;
Colx,6) = {0 if 6 = oo,
) h/o e~ (x + t)dt
Ci(x,0) = oF (1 —e %% +h [— - —e “a0 _ Be=ab] = if O < oo;
? + a2, if 0 = o,
e~ 950(dy) + (1 — e7%9)5a(dy) if O < oo, x # A;
Qdylx, 0) = { oa(dy) otherwise.

Since there is a single impulse action, which we omit for brevity, a strategy is identified with the sequence
of stochastic kernels 7t;(d6|xg, 61, x1,...,%i—1) on [0, oo].

Condition 4.2 is obviously satisfied, and thus the induced MDP is semicontinuous by Proposition 4.3.
Condition 5.1 is obviously satisfied, too. According to the comments below Condition 5.1, V = X. In order
to check Condition 4.12, consider the deterministic stationary strategy

A é—x, ifxsé;
f(x)_{O, ifx >0,

i.e., apply the impulse as soon as x > @, where 6 > 0 is fixed. Then, during one cycle formed by two
consecutive visits to state 0, the holding cost equals C1(0,0), and

1 _1,-ab_ 8,-ab 4 5 4

. h [a2 aze =€ ] . %(3 a@_%e a6+ee ab
lim - =limh - =0
010 1—e-0 610 ae—a0

Therefore, for the constraint constant d > 0, when choosing small enough & > 0, one can satisfy the
constraint V(0, f, C1) < d. In the meanwhile, similarly to the above,

N Ke—ae
VO, f,Co) = PR < co.
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In view of Lemma 4.8, we see that Condition 4.12 (i.e., the Slater condition) holds for u = yf |vxg with a
sufficiently small 0 > 0; u(dx x B) = (SO(dx)l_e{aé € D is a finite measure.
Solving the impulse control problem in Example 6.1. We now solve the impulse control problem in
Example 6.1 by following the procedures in Subsection 5.2. We have seen that all the conditions in that
subsection are satisfied in this example. Since | = 1, we omit the bar in the Lagrange multiplier and write
just g and g*.
Step 1. We find Wy (:) for g € [0, c0).

First, let ¢ > 0. In view of Lemma 5.4, let us solve for the unique non-negative bounded lower
semicontinuous solution to the following equation:

We = it {Cox,0)+gCitx,0)+ [ Wi, 0
€[0,00 X
= inf G(x,0), xe€V, (29)
0€[0,00]
where G(x, 6) = Ke=% + gaﬂ(l e=9) + ¢h {— - —e —af _ ge“)‘@} +e W (0).
When x = 0, we have
W(0) = inf {Ke™*%+gh L ie_”“9 - Qe“"@ +e7 W (0)
0€[0,00] az a2 a ’
Let us denote G(0) = Ke™*% + gh {— - —e —ab _ %e‘“g} +e~*9W(0). Note that G(-) is continuous on [0, o],

G(0) = K + W(0) # W(0) because K > 0, so that infgejg ) G(6) = infoe(o,o) G(6), and G(eo) = £7. The
derivative of G(0) in 0 € [0, o0) is computed as follows:
dG(Q)
CH
=—aKe ™% + ¢gh0e % — ae™*W(0) = ¢ {—aK + gh6 — aW(O)} = ¢ *9F1(0),

1 1
—aKe ™% + gh {—e —a0 _ Ee_“e + 63_“9} — ae™*9W(0)

where H(0) = —aK+ gh —aW(0). Observe that H(0) is strictly increasing in 6 with H(0) = limg_o H(0) =
—aK-aW(0) < Obecause K > 0and W(0) > 0, and limg ..o H(6) = co. Thus, infge[g,c0] G(0) = infge(g,00) G(O)
and G(0) admits a unique minimizer 6" € (0, o) given by the unique stationary point, satisfying

a(W(0) +K)

0" = o ; W(0) = G(OY). (30)
Therefore,
. + aK . * . .
W(0) = Ke " + W {;2 %e—“@ - %e‘“e } +e " W(0)
Ke™ 9" 4+ OMQ[(O) {(1 —a@*)ﬁ} + g {i - %e“"e* - 9*6_0[6*} ,
so that
ab —1+e99) = a6*Ke @9 + —e 9 _n@re 0],
WO) (a0 —1+¢e %) = a0 Ke ™ + K{1 -7 —n0e™0 (31)
Substituting W(0) = we see that
0"g 00 . — 0"
(a@ Y)—K@ab* —1+e )
:a@ Ke™? + K {1 —e " —q@re?},
0*gh

ie, —=—(a0" -1+ e~%9") = Ka6*, or, after a rearrangement,

h .
% (1-¢7%%) = gh0* - Ka.
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Standard analysis shows that there is a unique solution in (0, o) to the equation
h
% (1-e*)=ghx-Ka.

We denote that unique solution in (0, o) by x,. Thus 6" = x,. Now from (31), we see that

K(1 — e%)

W)= axg —1+e %%’

(32)

Now consider equation (29),i.e., W(x) = infge[g,co] G(x, 0). Note that G(x, 0) is continuous in 6 € [0, oo].
The derivative of function G(x, 0) is given by

%}g@) = —aKe ™9 + ghxe‘“g + gh {%e_“e — %e_“e + 66‘“9} — ae " *W(0)
=—aKe ™% + ghxe 9 + gh0e™9 — ae %W (0)
=0 {—aK + ghx + gh6o - aW(O)}
=:F(x, 0).

At 0 =0,G(x,0) = K+ W(0) > 0,and F(x,0) = —aK + ghx — aW(0) = gh(x — 6*) = gh(x — x¢), by (30).
If x < xg, then F(x,0) < 0 for small 6. Under a fixed x < x4, F(x,0) = 0 at 0"(x) = a(W(O);—# =
% = 0" - x = xg —x by (30), and F(x,0) > 0 for 0 > x¢; — x. Thus, 0"(x) = x4 — x is the unique

minimizer of G(x, 0), providing the minimum in

W(x) = Qei[r(}fm] G(x,0) = G(x, 6*(x))

=Ke ®xg=x) 4 @ (1 _ e—a(xg—x)) + gh i _ ie—a(xg—x) _ ﬂe_a(xg_x)
a a?  a? a
K(1 —e™ %)

+ e—a(xg—x)
axg —1+e %%’

where (32) is in use.
If x = x, then F(x,0) = 0, and F(x, 0) > 0 for all 6 € (0, o) because the expression in parentheses in the
formula for F(x, 0) is linear in 6. Thus, 0*(x) = 0 = x¢ — x is the unique minimizer of G(x, 0), providing

the minimum in infge[, oo G(x,0)=W(x)=K+W(0) =K + K= %) where (32) is in use.

—axXg s
axg—l+e ™8

If x > x¢, then F(x, 0) > 0 forall 0 € [0, o), and 0*(x) = 0 is the unique minimizer of G(x, 0), providing
the minimum in infge(g o) G(x,0)=W(x)=K+W(0) =K + K—e8)

axe—l+e 8"

Note that we have obtained the non-negative continuous ;nd bounded function W(:) satisfying (29).
Thus, Wg(-) = W(:), Moreover, the minimum in (29) is provided by unique minimizer f(x) = max{xg—x, 0}.

Second, let ¢ = 0. In this case, the non-negative bounded function Wg(-) = W;(-) satisfies equation
W;(x) = infge[o,co] {Ke“"@ + e‘“QWO* (O)} = 0, where the minimum is provided by the unique minimizer
f(x) = oo.

If we extend xg_by letting_xg = o0 at g = 0, then for all g € [0, ), the unique minimizer providing
Wé’;(x) = infge[o,00]{Colx, 0 + gC1(x, 0)) + /x Wg(y)Q(dylx, 0)} is given by the single deterministic stationary
strategy f(x) = max{xg—x, 0}. Note that, after the extension, x,, viewed as a function of g € [0, ), provides
abijection from [0, co) onto (0, co]. When g > 0, g € (0, 00) and x, € (0, o0) are in 1-1 correspondence because
for any fixed x > 0 one can put

_ Ka?
8% ahx —h + he—ax’
sothatx = x,. Here ¢ > Obecause the denominator equals zeroat x = 0, and its derivativeis ah—ahe™* > 0
at x > 0. Clearly, x; decreases when ¢ increases and limg g xg = o0, limg_,o xg = 0.
We summarize the key observations in this step in the next statement.

(33)
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Lemma 6.2. Consider the impulse control problem in Example 6.1. Suppose ¢ > 0 and let x; > 0 be the unique
solution to equation

gh .
- (1-e*)=ghx -Ka. (34)
Then the following assertions hold

(a) Ifx < xg, then

We(x) = Ke™®s=%) 4 gaﬂ (1 - e‘“("g_"))

(e Xg (e
+gh ?_aze alxg—x) _ - e alxg x)]
+e_0‘(xg_x) K(l - e_‘”g)
axg —1+e %%’
(b) Ifx > xg, then
K1 —e %)

We(x) = K+ Wg(0) = K+ axg —1+ e

In each case, the single uniformly optimal deterministic stationary strategy f is given by
f(x) = max{xg — x,0}.

In words, one has to apply the impulse if and only if the current state x > xq.

When g =0, Wg(x) = 0 and f(x) = oo is the single uniformly optimal deterministic stationary strategy, i.e., no
impulses should be applied.

The dual functional h(-) has the form h(g) = Wg(0) — gd = Lﬁfﬁﬂg —gd.

axg—l+e

Step 2. In this step, we find the maximizer of the dual functional k(:). Since x, provides a bijection from
[0, o0) onto (0, oo], as was observed in Step 1, it is convenient to express k(g) in terms of x; using formulas
(32) and (33): one has to maximize function

K(1 —e™®) B Ka?d
ax—1+e 2  h(ax —1+e-ax)’

H(x) =

valid also for x = x; = oo corresponding to ¢ = 0. After that, ¢* is calculated using (33) with x* being the
maximizer of H(-).
The derivative of H(x) in x € (0, ) is computed as follows:

dH(x) h?Kae ™ (ax — 1+ e™%) = [hK(1 — e~*) — Ka?d]h(a — ae™)
dx h2(ax — 1+ e~ax)?2
= hK {ha’xe™™ — hae ™ + hae 2
h2(ax — 1+ e~ax)?
—ha + hae ™ + hae ™ — hae 2% + a®d — a®de %}
Ka

= ax— 11 o) {ahxe™® — (1 = e=)(h — da?)}

- Ke pw),

h(ax —1 +e~ax)2

where
D(x) := ahxe™® — (1 — e~*)(h — da?) = (ahx + (h — a?d))e™** — (h — a?d).

Observe that lim,_,g D(x) = 0. Moreover,

dD(x)
dx

% {(ahx + (h - a*d))e™™ — (I — a?d)}

ahe™ — a’hxe ™ — a(h — a’d)e "

(h —ahx — (h — a?d))e % a = a?e™**(ad — hx).
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Since lim, dl;ix) = a%d > 0, and function ad — hx strictly decreases in x € (0, o0) with limy_,c(ad — hx) =
—oo, we see that D(x) increases from 0 = lim,_,0 D(x) for x > 0 up to its unique stationary point, and,
beyond that point, strictly decreases to a?d — h = lim,_,c D(x) as x — oo.

We now distinguish two cases.

Case (a) d < h . In this case, a*d — h = limy_,., D(x) < 0, and we see that
dH(x)

dH(x)

> 0 for small x > 0 up

to the unique statlonary point of H(:), say x* € (0, o), and < 0 beyond that point. Thus, the unique
maximizer of H(x) is given by x* € (0, o), i.e., the unique max1m1zer of the dual functional /(g) is given by

. Ka?
§ = h(ax* — 1+ e~aX")

€ (0, )

in view of (33). Since dH(x)

see that equation

= 0if and only if D(x) = 0, and H(-) has a unique stationary point on (0, o), we

ahxe ™ —(1-e *)h-da®)=0 (35)

has a unique solution in (0, c0) given by x*.

Case (b) d > % In this case, a’d — h = lim,_,. D(x) > 0, and, from the discussion above Case (a), we
see that H(x) is nondecreasing, and thus oo is the maximizer of H(x). In view of the 1-1 correspondence
between g € [0, o) and x; € (0, oo], we see that ¢* = 0 is a maximizer of the dual functional k(g).

Steps 3 and 4. In Case (a) of Step 2, i.e., when d < %, we have obtained ¢* € (0, o). From Step 1, see
Lemma 6.2, we see that F is a singleton consisting of the deterministic stationary strategy f*(x) = max{xg-—
x,0}, where Xg+ = X" comes from equation (35). According to Theorem 5.6, f* is necessarily the optimal
strategy to the original impulse control problem (3). One can also explicitly show that V(0, f*,Cy) = d

o0 h Lz _ Lze—ax* _ x_*e—ax*]
* _ —ax¥i ~ *\ o o [23

VO, f,C1) = 2; e~ IC10,x) = =

_ h hx* . h-da®> _h h B
S 2w e a2 |2
where the third equality is by (35). Finally,
o o) o ) Ke_ax*
(V(O,f ,CO)ZZE ‘”ZCO(O,x )= W.
i=0

In Case (b) of Step 2, i.e., when d > -5, we have obtained g* = 0. From Step 1, see Lemma 6.2, F is again
a singleton consisting of the determmlstlc stationary strategy f*(x) = co. Similar argument as above shows
that f~ is the solution to original impulse control problem (3) and

YV, f*,Co) = Co(0,0) =0, V(0, f*,C1) = C1(0,0) = —

We now summarize the last conclusions in the following statement.
Theorem 6.3. Consider the impulse control problem in Example 6.1.

(@) Ifd <L, then
. Ka?
§ = h(ax* — 1+ e~ax")
maximizes the dual functional h(g), where x* > 0 is the unique positive solution to equation

(1-e ) (h —da?) = ahxe ™.

The optimal solution to problem (3) for the impulse control problem in Example 6.1 is given by the deterministic
stationary strategy
f*(x) = max{x" —x,0} :

one has to apply the impulse if and only if the current state x > x*, with

_ e—ax* . =
VO, f*,Co) = VO, f*,C1)=d

1—¢ax’
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(b) Ifd > %, then §* = 0 maximizes the dual functional h(g), and the optimal solution to problem (3) for the
impulse control problem in Example 6.1 is given by the deterministic stationary strateqy f*(x) = oo: no
impulses should be applied, with

* S~ h
(V(O,f ’ Co) = 0; (V(O,f ’ Cl) = ;
7. Proofs of the statements

Proof of Proposition 4.3. B is compact (in the product topology) as the product of compact sets. Thus, (a) in
Definition 4.1 is verified.
If u : Xpo — Ris abounded continuous function, then

e u(l(¢(x,0),a))
/ u(y)Q(dylx,b = (6,a)) =3 +(1—e)u(A) ifx#A, 0% +oo;
Xa u(A) otherwise

is a continuous function in (x, b) € Xp X B. Thus, (b) in Definition 4.1 is verified.

Let us verify (c) Definition 4.1, that is, we show for a fixed j € {0, ..., J} that C;(-, -) is lower semicontin-
uous. Its lower semicontinuity on {A} X B follows from C;(A, b) = 0 and that A is isolated. Now it remains
to show that C;(-, -) is lower semicontinuous on X X B, as follows. Recall that a non-negative function on
X % B is lower semicontinuous if and only if it is the (pointwise) limit of an increasing sequence of bounded
non-negative continuous functions, see [6, Lemma 7.14]. Thus, using the monotone convergence theorem,
we see that the function

0 0
et = tim [ et o,

is non-negative and lower semicontinuous in (x,b = (60,4)) € X X B. Here Cf’m(-) ) C]g (-) pointwise as
m — oo for non-negative, bounded and continuous functions C]g () on X, whose existence follows from
the lower semicontinuity and non-negativity of the function C ;.g (-) and the aforementioned fact. On the

other hand, the function defined by e=%9C ]I (¢(x, 0),a) is lower semicontinuous on X X [0, ) X A, and
lim inf e =40 c}(¢(xn, On),a,) >0 = e-amc}(qb(x, 0),a)
n—o00
if (xy,, (0, a,)) = (x,(c0,a)) € X X B. m|
Proof of Lemma 5.2. Consider a strategy 7 such that u™(X x B) = co. Recall that u™ satisfies

p(dx X B) = Ox,(dx) + // / e'“e61(¢(y,9),a)(dx)y”(dy X dO X da)
X J[0,00) JA

on (X, B(X)). Since u™(X x B) = oo, we have

oo=1+// /e‘“ey”(dyxdexda):1+/ e U (X x dO x A).
X J[0,00) JA [0,00)

Now,

V(xo,1m,Co) = / Co(x, (0, a))u™(dx X dO X da)
XaX[0,00]xXA

\%

/ e 5™ (X x dO X A) = oo,
[0,00)

as required. O

Proof of Lemma 5.4. (a) Consider the deterministic stationary strategy identified by f(x) = (oo, 4) with an
arbitrarily fixed @ € A. Under Condition 5.1(b),

) 00 ) ] o0
V(x, f,Co+ Z giCj) = EJ Z Co(Xi-1,Bi) + Z giCi(Xi-1, B || <1+ Z gj)C /0 e~ dt
= i=1 j=1

=1
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forall x € Xa. Thus, the function V*(-, CO+Z§Z1 ¢;iCj)isnon-negative and bounded by (1+Z§:1 gj)C /Ooo e~otdt.
Since the induced MDP is semicontinuous by assumption, according to Corollary 9.17.2 of [6], we see that
V*(-,Co + Z;zl ¢;iCj) is a bounded, non-negative and lower semicontinuous function on Xu. It follows

that Wg(‘), defined as the restriction of V*(-, Cy + ZL] g]Cj) on V, is bounded, non-negative and lower

semicontinuous on V. It is clear that V*(x, Co + Z;:l giCj) = 0 for all x € V. It follows from this fact and
Proposition 9.8 of [6] that

J
(V*(x, Co + Z ng]‘)
j=1

J J
= inf 1 Co(x, D)+ ; ¢:Cilx, b) + /X VG ; ¢:CQ(dylx, b)

J ]
= }?;llg Co(x/b)+]_218]C](x1b)+Lv*(yfco+;g]C])Q(dy|xzb) (36)

for all x € Xx. Hence, Wg(-), defined as the restriction of V*(-, Cy + 2;21 ng j) on V, satisfies (26), and is
feasible in problem (25)-(26).

(b) According to Proposition 9.12 of [6], a deterministic stationary strategy f is uniformly optimal if and
only if it attains the infimum in equality (36) for all x € Xa. For x € V¢, the infimum is evidently attained
at f*(x). Consequently, (b) is proved once we show that W(-) = Wg’j(-) for the given function W(:) € B(V)

satisfying equalities (28) for a measurable mapping f (1) : 'V — B. Note that if W(-) € B(V) is lower
semicontinuous, then such a measurable mapping f(-) : V — B exists, see e.g., Theorem 3.3 of [12]. It is
convenient to extend W(-) to Xa by putting W(x) = 0 for all x € V€ in the rest of this proof.

First, we show that W(x) < V(x, r, Co) + Z;:l giV(x,m,Cj) for all x € V and strategies . Letx € V
and a strategy 7 be fixed. We distinguish two cases.

Case 1. V(x,n,Cy) = oo. In this case, the desired inequality holds automatically.

Case 2. V(x,m,Cpy) < oo. Let us show in this case that T, := lim; e T; = o0 PF-ass.. Suppose for
contradiction that PT(Tw < 00) > 0. Since, {Te < 0o} = |;_1{Te < n}, thereissome T €{1,2, ...} such that
P(Tew < T) > 0. Since {Teo < T} € N21{T; < T}, it holds that lim; , PT(T; < T) > 0. Now

Vexm, Co) 2 3 EL [eM6] = 37 EF [I(T; < The o]

i=1 i=1
> 5 21: EY [{T; < T}e™T] = 6eT z; PY(T; < T) = o,
1= 1=

where the last equality holds because, for eachi = 1,2, ...,

P(T; < T) > lim PT(T; < T) > 0.
1—00

This yields a contradiction, proving that Too = lim;_,« T; = 00 PF-a.s.. Now, since PT(X; € X) = Ef[eTi],

EX[IW(XDIT = EX [{X; € VHW(X))]] < EY [I{X] € V}] sup W)l
ye

< PI(XreX)sup|W(y)| = EX [E_aTI] sup|W(y)| = 0asI — oo,
yev yev

where the convergence to 0 holds because of the dominated convergence theorem and the fact that To, =
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lim; e T; = o0 PT-a.s.. Furthermore, foreachI =1,2,...,

I ]
0 < EY Z Co(Xz‘—LBz‘)+Zgjcj(Xi—1,Bi)—W(Xz’—l)
i=1 =1

+ /V w<y>Q<dy|xi_1,Bi>}

I

J
= Ef 21] éo<xl-_1,B,->+Zlgjéj<xi_1,8i> — ET[W(Xo)]
1= ]=

+EX[W(X1)] - EX[W(X)] + EF[W(X2)] - ... + EX[W(X])], (37)

where for the last equality we recall that W(x) = 0 for x € V°. Note that all the terms here are finite, because
the functions Cj(-,-) and W(:) are all bounded. After passing to the limit as I — oo, we obtain the claimed
inequality

J
W(x) < V(x,m,Co)+ Y g V(x,m, C)),
=1
too.
Secondly, we show that W(x) = V(x, f, Co) + Z;zl giVix, f, C]-) for each x € V, as follows.

Let x € V be fixed again. For the strategy 7 = f in the statement of this lemma, we have equalities in
(37):

N J . .
0 = E[| > 4Co(Xi1,Bi)+ ). &iCi(Xi1, Bi) p | — ELIW(Xo)] + ELIW(X))].
i=1 j=1

Since W(x) and limsup,_, E£ [W(X])] are finite, upon passing to the limit as I — oo, we see that 0 =
V(x, f,Co+Zl_, giV(x, f,C-W(x)+limsup, E WX, ie, W(x) = V(x, f, Co+Xl, gV(x, f,Cp)+
limsup,_, EJ{ [W(X1)]. Again, since W(x) and limsup,_, E§ [W(X])] are finite, we see that

J
V(x, f,Co)+ D gV, f,C)) < oo
j=1

In particular, V(x, f, Cy) < oo, and we are in Case 2 above with 7 = f. Applying the result established in
Case 2 for 1t = f, we see that lim;_, e Ei[W(XI)] = 0. Hence,

J
W) =V(x, f,Co)+ ) gV, f,C).
j=1

Finally, combining the results established in the above two steps, we see that the statement of the lemma
holds. m|

Proof of Theorem 5.5. (a) Let 3 € R{r be arbitrarily fixed. In view of Lemma 5.4, we only need to show
that the bounded, non-negative and lower semicontinuous function Wéi:(-) defined by (27) solves problem
(25)-(26) with val(problem (25)-(26)) = Wg(xo). This is done as follows, by making use of the equivalence
(up to an additive constant) between problem (25)-(26) and problem (24).

Since the induced MDP is semicontinuous by assumption, according to Corollary 9.17.2 of [6], there ex-

ists a uniformly optimal deterministic stationary strategy f satisfying V*(x, C’O+Z§=l gj C j) = infreng V(x, 7, Co+
ZLl g]C]-) = (V(x,f, Co + 25:1 g]-(_fj) for all x € Xa. Without loss of generality, we put f(x) = f*(x) for
x € V. (Recall equalities (6).)
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Consider the following problem, which is dual with problem (24):

Minimize over p € M<*(VxB): sup L(u,W,3). (38)
W(-)eB(V)
We know that
val(problem (38)) > val(problem (24)). (39)

(See, e.g., (1.8) in [23].)
On the other hand, problem (38), up to the constant 25:1 gjdj, is equivalent to the following one:

]
Minimize over u € M<®(V x B)/ (Co(x, b) + Z giCilx, b)) p(dx x db)
VB ]:1

subject to u(I' X B) = 6,(I') + QTy, b)u(dy x db),
VxB

I'e B(V),

where we recall that the above constraint equality is the same as (20). Indeed, if for some u € M<*(V x B)
equality (20) is not satisfied, then, similarly to Remark 5.3, SUPW ()eB(v) Lo(u, W, g) = +o0; otherwise,

J /
Lo(u, W, 3) + Z gjdj = / Colx, b) + Z 8jCj(x, b) | u(dx x db)
]':l VB ]:1

for all W(-) € B(V). A

Now consider the occupation measure u/ of a uniformly optimal deterministic stationary strategy f. Re-
call that f(x) = f*(x)forall x € V¢.Since V(xo, f, Co) < V(xo, f, C_0+Z§:1 giCj) < (1+Z§:1 gj)C fooo e~ tdt,
where the last inequality follows from the uniform optimality of f and the rightmost bound was observed in
the proof of Lemma 5.4(a), we see from Lemma 5.2 that yf(V X B) < [,lf(X X B) < oo. Consider g := yf|VXB.

Then pz € M=*(V x B) and satisfies equality (20) because f (x) = f*(x) for x € V. (Recall (6).) Moreover,
it holds that

)
/V . (Co(x, b) + Z giCilx, b)) pg(dx x db) = Wi (xo).
x =

Therefore,

val(problem (38))

IA

] ]
/V ) (Co(x, b) + Z 8iCix, b)) pg(dx x db) - Z 8jdj

j=1 j=1
/
= Wg(xo) - Z g]'d]'. (40)
j=1

Since problem (24) is, up to the additive constant — Z§:1 gjd;j, equivalent to (25)-(26), and ng(-) is a
feasible solution in problem (25)-(26), as was observed in Lemma 5.4(a), we see that

J
val(problem (24)) > Wg(xg) - Z gjd;.
=1

Thus, by (40),
val(problem (24)) > val(problem (38)),

which, together with (39), leads to

J
val(problem (24)) = val(problem (38)) = Wg(xo) - Z gjd;.
j=1
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Hence, ng(~) is an optimal solution in problem (24). It follows that W§(~) solves problem (25)-(26), which is

equivalent to problem (24) up to an additive constant.
(b) Consider the strategy f as in the proof of part (a), and adopt the notations introduced therein. Then

]
Wi(x0) — Z gjd;

=1
w [ I ]
= ir}f E% Z Co(Xi-1,Bi) + Z giCi(Xi-1,Bi) || = Z gjd;
e i=1 =1 =1
L ] B ]
= (V(XO, f, Co + Z g]‘C]') - Z g]'d]‘
=1 =1
_ I R /
= / Co(x,b) + Z g;iCj(x,b) yf(dx X db) — Z gjd;.
VxB j=1 j=1

We have seen in the proof of part (a) of this theorem that yf (XX B) < co. The non-negative functions C;(, -),
j €10,...,]J}, are bounded from above by (% + 1)C < oo. It follows that

/ Cj(x,b)yf(dx X db) < (l + 1)Cyf(V X B) < o0
VxB a

foreachj€{0,...,J},and [,tf|v><3 € O. One may write
i I A ] A
/ Colw,b) + Y. &G, b) |l (dx x db) = Y gid; = Lt v, 3).
VxB j=1 j=1
Hence,
o [ ] B )
Jnf E% | )| CoXit, B+ ) giCi(Ximt, B || = 3 84
i=1 =1 =1
> inf L1(u, g) = h(3).
ueD

Next, we prove that the opposite direction of the above inequality holds, too. For each i € D, consider its
induced strategy m#. By Lemma 4.10, we see that

J
/va (Co(x, b) + Z giCilx, b)) w(dx x db)

=1

© J
> E} Z (Co(Xil, B;) + Z giCi(Xi1, Bi))

i=1 j=1

and thus, L1(u, g) > E;gg‘ [Z‘i’il (Co(Xi—l, Bi) + Z§:1 ng_j(Xi_l, Bi))] - ZLl gjd;. Since u € D was arbitrarily
fixed, it follows that

h(g) = inf L1(u, g)
ueD
o [ J B J
> inf Ef, > | CoXimn, B) + Y. &iCi(Xi1, Bi) || = ) gjd;.
Ttellcg : . -
i=1 j=1 j=1

The first assertion in part (b) is thus proved, whereas the second assertion follows from the first assertion,
part (a) of this theorem and Theorem 4.13(a).
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(c) This assertion follows from parts (a) and (b).
(d) The assertion in this part follows from the following chain of equalities. According to part (b),

sup inf ~ Ly(u, W, g) = val(problem (23)) = h(3").
(W(-),3)eB(V)XR), pEM=<®(VXB)

By Theorem 4.13(a), h(3*) = val(problem (18)) = val(primal convex program (14)). As was noted at the
beginning of Subsection 4.3,

val(primal convex program (14)) = val(relaxed problem (10)-(12)).
Finally, under the imposed conditions,

val(relaxed problem (10)-(12)) = val(second convex program (19)-(21))

= wval(problem (22)) = i<nf sup Lo(u, W, ),
HEMEZVXB) 1y ) g)em (vl

where the first equality was observed in the paragraph below Lemma 5.2, and the second equality holds
by Remark 5.3. O

Next, we proceed with the proof of Theorem 5.6, which requires some preliminaries.

Proposition 7.1. Suppose the induced MDP is semicontinuous, there exists a feasible strategy with a finite value,
and Condition 5.1(a) is satisfied. Then there exists an optimal stationary strateqy 7" in the original impulse control
problem (3) in the form of a mixture of | + 1 deterministic stationary strategies f', f2,..., fI*1 with coefficients
(mY2] € (0,1] such that f'(x) = f*(x) and 7*(dblx) = 6 px)(db) for all x € V. Recall that f* is the fixed
deterministic stationary strategy providing the infimum in (5) and satisfying (6). In particular, 7* € T1.

Proof. In view of Lemma 5.2, the conditions in Theorem 2 of [22] are satisfied. By Theorem 2 of [22], there
exists an optimal stationary strategy 7 in the original impulse control problem (3) in the form of a mixture
{:i C (0,1]. In view of
Condition 5.1(a) and the discussion below it, one can assume without loss of generality that f "(x) = f*(x)

and 7*(dblx) = 6 f+(x)(db) for all x € V. The last assertion in the statement follows since, by assumption,
there is a feasible strategy with a finite value. m]

of | + 1 deterministic stationary strategies f!, f2,..., f/*! with coefficients {y;}

Note that the strategies { f l}{:ll in Proposition 7.1 may not be in F. Consequently, the key component
in the proof of Theorem 5.6 is to find the suitable versions in F of { f l}{:ll in Proposition 7.1. This is based
on the following result for generic MDPs, which may be of independent interest, where V is generic, not

necessarily generated by the primitives of the impulse control model.

Lemma 7.2. Consider a generic MDP {Y, B, Q, C}, where Y = V U {A} with A ¢ V being the isolated cemetery.
Suppose the single cost function C(-,-) is [0, oo]-valued, C(A,b) = 0, and this MDP is semicontinuous. Let the
Bellman function

% s bid
Vi(y,C):= nlerll_[fc E}

> C(¥ia, Bi)
i=1

be defined for each y € Y, where Ilg stands for the set of strategies in this generic MDP. Clearly, V*(A, C) = 0. Let
the initial state yo € V be fixed, and f be an (optimal) deterministic stationary strateqy such that

A - /V Cy, Fy)i (dy x B) = V'(0, C),

D Ci, f(Yi)
i=1

where uf is the occupation measure of f with the initial state yo. When y = A, we fix f(A) = f*(A) arbitrarily.
Assume that V*(yo, C) < co. Then uf = uf on V x B for some deterministic stationary strategy f, which is
uniformly optimal, i.e.,

E) =V'(y,C), yeV. (41)

Z C(Yi-1, f(Yiz1))
i1

Similarly to the above, f(A) := f*(A) without loss of generality.
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Proof. By Corollary 9.17.2 of [6], the Bellman function V*(-, C) is lower semicontinuous and there exists a
uniformly optimal deterministic stationary strategy f in the sense of (41). Without loss of generality we
accept that f(A) = f*(A). Let us show that

> (i, fi) | =V (y,C) 42)

i=1

V(y, f,C) =]

for uf (dy x B)-almost all y € V.
Suppose for contradiction that there is I'y € 8(V) such that equality (42) is violated for all y € I'y and

yf(Fy X B) > 0. Let I be the first moment when E;O [I{Y; € T'x}] > 0. Then

0o > Ego = Ejy[0

Z C(Yi-1, f(Yi-1))
i1

I
> i, f(Yin)
i=1

+E), [EJ | . €, f(Yi))
i=1

|

where the first inequality holds because V*(yo, C) < co. The last term in the above equality is strictly larger
than E§0 [V*(Y1, C)]. At the same time, for the deterministic Markov strategy f ={ ﬁ 2, defined by

s [ fly), i<,
ﬁW*‘{f@L ifi>1

we have

f
Ey,

0o [ ] ]
3 Cir, F)| = E | Y Cr, FYn)| +Ef [V(, 0))
i=1 L i=1 ]

< E}, ZC(Yi—lrf(Yi—l)) ,
= |

and thus the strategy f is not optimal at xg, yielding a contradiction. This proves that equality (42) is valid
for uf (dy x B)-almost all y € V.
Now we modify the strategy f on the uf(dy x B)-null subset of V:

=+ | fly), if(42)holds fory,
fly)= { f(y), otherwise.

The lef’E—hand side in (42) is a measurable function of y: see Propositions C.1.1(b), B.1.31 and B.1.34 of [21].
Thus, f(-) is a measurable mapping because the set {y € V : (42) holds for y} is measurable.
Next, let us prove the following equality

V(y,C) = Cly, F(y)) + /V V'(z,C)Qzly, F(y), yeV. 3)

Let y € V be fixed. If equality (42) is not valid at this y € V, then f(y) = f (y), and equality (43) holds by
Proposition 9.12 of [6]. Suppose equality (42) is valid for this y € V, so that f(y) = f(y). Then

V(y,C) = V(y, f,C) = Cly, f(y) + /V V(z, f,C00Qzly, f(y),

where

V(z, f,C)=EL

Z C(Yi-1, Bi)] > V*(z,C).

i=1
Thus,
V(y,C) = Cly, Fy)) + /V V*(z, ©)QUdzly, F(¥).
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If this inequality was strict, then we would have

V.0 > n{ew b+ [ Ve couy ),

which is impossible, because the Bellman function V*(:, C) satisfies the Bellman equation

W =t fow v+ [ weaws,bl, yev

Consequently, we conclude that equality (43) is valid for all y € V, and the deterministic stationary strategy
f is uniformly optimal, again, by Propositiqn 9.12 of [6].
To show that the occupation measure u/ coincides with f on V x B, firstly note that

uf (dy x db) = u (dy x B)b5()(db) = u (dy x B)d 7, (db) (44)

because f(-) = f(-) for 1/ (dy x B)-almost all y € V. Next, the marginal ‘uf; (dy X B) on V is the limit of the
increasing (set-wise) sequence of measures

un(T) = » Pl (Y1 €T), TeB(V), n=0,1,...,
i=1
which satisfy the following relations:
po = 0
w0 = oM+ [ Oy, FuDaldy), TeBV), n=12,.... )

The proof is by induction: (45) is valid at n = 1 and, if it is valid for some n > 1, then

() = 00+ ) [ Oy, FIP)Yios € dy
i=1

0u(D)+ [ Qtly, Funtdn, T BV,
Since, according to (44),
w/ (T x B) = 6,(T) + /V Q[Tly, f(y)u!(dy xB), TeB(V),
tn(T) < uf(Tx B) forallT € B(V)and 1 = 0,1, .. .: the obvious proof is by induction w.r.t. n. Thus,
W/ (TxB)<u/(TxB), TeB(V).
We conclude that, in turn, f is a modification of f on a yf (dx x B)-null subset of V, and
uw (dy x db) =y (dy x B)S 7,,,(db) = f (dy x B)o 5(,)(db).

Repeating the above reasoning for f and f being swapped, we see that . (I' x B) < yf (I'xB), T e B(V).
Therefore, i/ (dy x B) = u/(dy x B) and hence

u! (dy x db) = p/ (dy x B)S 7, (db) = p/ (dy x db)

on 'V X B by (44). O
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Proof of Theorem 5.6. According to Proposition 7.1, there is an optimal stationary strategy 7* € IT in
problem (3) in the form of a mixture of | + 1 deterministic stationary strategies f!, f2,..., f/*1 with

J*1 € (0,1] such that f(x) = f*(x) and 7*(dblx) := & s((db) for all x € V°. Now all the
measures pf '(dx x B) are o-finite on V by Lemma 4.8: the strategy n* is feasible with a finite value, hence
/x B C_j(x,b)yfl(dx Xdb) < coforalll =1,2,...,] +1 because )/l > 0. The measures yf[|VXB obviously
belong to the set D.

Problem (3) is equivalent to the relaxed problem (10)-(12) by Theorem 4.11, and the restriction of the
occupation measure u* := u™ |yxp is feasible and optimal in the relaxed problem (10)-(12) and also in the
primal convex program (14). Therefore, L1(u*, §*) = infuep L1(y, §*) according to Theorem 4.13(b-ii). Recall
that g* is the maximizer of the dual functional /(g). Since, for each I = 1,2,...,] + 1, the restriction of

the occupation measure yf : lvxs belongs to D, y; > 0, u* = Z{: VI yf I|VXB, and the Lagrangian Li(u, *) is

coefficients {y;}

linear in p with non-negative functions Cj(-, 9,j=0,1,...,], we see that Ll(yfl, g") = infyep L1(u, §°) for
alll=1,2,...,]+1.
According to Theorem 5.5(b) and Theorem 4.13(a), foreach I =1,2,...,] +1,

J
HE) = Wyl = ) i = inf L ) = La(w/ )
j=1

J ]
/ (Co(x, b) + Z 8:Cjlx, b)) ' (dx x db) - Z gdj,
VxB

=1 =1

so that

W (x0)

J
/ Colx,b)+ > g7Cj(x,b) uf' (dx x db)
VB ]:1

J
/V (co<x, Flon+ 86, fl(x))) u'(dx x B) :
j=1

the deterministic stationary strategy f' is optimal in the sense that V(xo, f!, Co + Z§:1 g;C )= Wg*(xo).
Recall that the Bellman function ng*(-) is bounded by Theorem 5.5(a). According to Lemma 7.2, for each

le{1,...,]+1}, yf llxXB = yf : |xxg and hence yf : |vxB = luf; Z|V><B, where the deterministic stationary strategy
f!is uniformly optimal in the sense that

J
V(x, f',Co+ Y §:C))
j=1

| e J
1 — —
= E Z CO(Xi1,Bi)+zg;cj(xi1/Bi))
i=1 =

nellg

00 J
inf ET Z Co(Xz‘1,Bi)+zg;cj(xi1,3i)) =Wz(x), x€V,
= =

and can be taken such that fl(x) = f*(x) for all x € V°. Now f' € F by Proposition 9.12 of [6], and 7" is a
mixture of fl,fz,...,f]“. O

8. Conclusion

In this paper, we studied optimal impulse control problem of a deterministic dynamical system governed by
a (semi)flow. The main performance measure to be minimized is given by the total discounted running and
impulse costs over an infinite horizon, subject to inequality constraints on some other similar performance
measures. By exploiting the connection between this problem and MDPs, we formulate two pairs of primal
and dual programs, and showed the absence of duality gaps. We also provided general procedure to find
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optimal strategies in the form of mixtures over no more than | + 1 deterministic stationary strategies, where
J is the number of constraints. Following this procedure, we solved explicitly an example of queueing
system.

The impulse control model considered in this paper is positive in the sense that Cf (-) and C]I. (-,+) are
[0, oo]-valued. In case we only consider strategies under which to = lim, e t;, = oo, where {t,} =, are
the successive time instants when impulses are applied, then the result applies to the case when C }.g (-) are

bounded below by a common constant say —«, where k¥ > 0: one can consider new running cost rates given
by C }.g (-) + k¥ > 0 and adjust the constraint constants accordingly from d; to d; + ..

For the future studies, one may consider to apply the obtained theoretical results in this paper to other
real-life applications, partially mentioned in Section 1. It is also reasonable to develop the similar theory
for piecewise deterministic processes, to diffusions and other underlying dynamical systems. The optimal
impulse control problem with multi-agents (more than one decision maker) is also interesting.
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University (China), partially supported by the National Natural Science Foundation of China (No.72471252).
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