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Abstract: We present a relaxed proximal point method with double inertial effects to approximate a
solution to a non-convex equilibrium problem. We establish the global convergence of the iterative
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An application to mixed variational inequality problems is given. A numerical test is provided to support
the theoretical results, and we show that our proposed algorithm outperforms some existing methods
in certain cases.
Keywords: Non-convexity, equilibrium problem, proximal point algorithms, two-step inertial extrapo-
lation.
2010 Mathematics Subject Classification: 47H09, 65K15, 90C30.

1. Introduction
1.1. Statement and setting of the problem
In this work, we are interested in the equilibrium problem (EP for short):

(EP) Find 𝑥̂ ∈ 𝐶 : 𝑓 (𝑥̂ , 𝑦) ≥ 0, ∀𝑦 ∈ 𝐶,

where 𝐶 is a nonempty set in R𝑛 and 𝑓 : 𝐶 × 𝐶 −→ R be a bifunction satisfying 𝑓 (𝑥, 𝑥) = 0 for all 𝑥 ∈ 𝐶.
We denote by 𝑆(𝐶, 𝑓 ) the set of solutions of (EP).

Equilibrium problems were first studied by Ky Fan in [16] and have been further developed over
the last few decades (see, for instance, [2, 5, 6]). It has been shown that many problems, such as the
optimization problem, the variational inequality, the saddle point problem, the Nash equilibrium problem
in non-cooperative games, and the fixed point problem, can be formulated as equilibrium problems; see,
for instance, [3, 4, 5, 7, 29] and references therein. In addition, numerous applications have been effectively
described using the notion of equilibrium solutions, prompting extensive research efforts in this area. We
refer the readers to the monograph [6] for an excellent survey on the existence of equilibrium points and
solution methods for finding them.

When developing algorithms for approximating solutions to equilibrium problems, convexity assump-
tions play a fundamental and often indispensable role. In this paper, we propose a relaxed proximal point
method with dual inertial effects to address nonconvex equilibrium problems. Our approach is based on
the notion of strong quasiconvexity, a generalized convexity concept that encompasses a broader class of
functions than strong convexity.

Strongly quasiconvex functions were first introduced by Polyak in his seminal work [32]. Since then,
this notion has been extensively studied in various settings; see, for instance, [18, 22, 24, 38]. More recently,
(strongly) quasiconvexity has gained increasing attention in optimization and equilibrium-related prob-
lems. In this direction, [13] investigates the asymptotic convergence of saddle-point dynamics associated
with bifunctions that are strongly quasiconvex in one or both variables, while [36] examines the asymp-
totic behavior of quasi-autonomous gradient expansive systems driven by strongly quasiconvex functions.
The latter also provides a systematic study of minimizing strongly quasiconvex functions using modern
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iterative techniques, establishing the convergence of the classical proximal point algorithm under standard
assumptions. A related convergence result for a relaxed inertial proximal point method is reported in [19].

Within the equilibrium problem framework, several iterative schemes based on (strong) quasiconvexity
have been proposed in recent years. Notably, [23] introduces one of the first proximal point methods
under such assumptions, [39] develops a subgradient-type method, [40] proposes a proximal subgradient
algorithm, and the recent work [2] extends the approach of [23] by incorporating Bregman distances.

Inertial extrapolation was originally proposed by Polyak [31] as an acceleration mechanism inspired
by the heavy-ball method for second-order dynamical systems with friction. Initially designed for smooth
convex minimization problems, this approach incorporates momentum terms from previous iterates with
the aim of improving convergence behavior.

Subsequent research has focused on the theoretical foundations and performance improvements of
inertial methods, particularly with respect to convergence properties and computational efficiency; see, for
instance, [8, 12, 14, 19, 30, 35]. Significant advances were reported in [26, 34], where it was shown that
two-step inertial extrapolation schemes, which utilize information from more than two previous iterates,
can achieve superior acceleration compared to classical one-step inertial methods. These findings provide
a rigorous justification for the advantages of multi-step inertial strategies.

More recently, multi-step inertial methods have attracted increasing attention and have been success-
fully applied to a wide range of problems, including optimization, equilibrium problems, and splitting
algorithms; see, for example, [15, 27, 37]. This renewed interest is partly motivated by the limitations
observed in one-step inertial acceleration schemes within certain frameworks, such as the alternating direc-
tion method of multipliers [34, Section 3], and by the potential of multi-step inertial techniques to further
enhance convergence performance, as emphasized by Polyak [33].

1.2. Contributions
• In this paper, we apply the two inertial step proximal point method with relaxation to solve non-

convex equilibrium problems. Our results extend the usage of the proximal point method from
convex equilibrium problems already studied in [2, 5] to non-convex ones.

• Instead of one-step inertial extrapolation already considered in several papers in [1, 8, 9, 10, 14, 19, 20,
30] for convex equilibrium problems, we further accelerate our proximal point method by adding a
two-step inertial extrapolation.

• By treating a mixed variational inequality problem (MVIP) as a special case of an equilibrium problem
we obtain a relaxed two-inertial step proximal point for the MVIP.

• We show that, in certain situations, the two-step inertial extrapolation achieves a faster convergence
rate than the one-step version, and this behavior is confirmed by a numerical experiment.

1.3. Organization
We organize the rest of our paper as follows: Section 2 contains basic definitions and results needed in
subsequent sections. In Section 3, we present and discuss our proposed method along with its convergence
results. An application to mixed variational inequality problems is given in Section 4. We give a numerical
illustration in Section 5, and concluding remarks are given in Section 6.

2. Preliminaries
In this section we recall some basic notions which are used frequently in the sequel.

We denote by ⟨·, ·⟩ the inner product in the Hilbert space R𝑛 , and by ∥ · ∥ its induced norm. Recall that the
effective domain of a function 𝑔 : R𝑛 → R := R ∪ {±∞} is defined by dom 𝑔 := {𝑥 ∈ R : 𝑔(𝑥) < +∞}. The
function 𝑔 is said to be proper if 𝑔(𝑥) > −∞ for every 𝑥 ∈ R𝑛 and dom 𝑔 is nonempty (clearly, 𝑔(𝑥) = +∞ for
every 𝑥 ∉ dom 𝑔).

When the domain of 𝑔 : R𝑛 → R is convex, we say that the function 𝑔 is

(a) convex if, for any 𝑥, 𝑦 ∈ dom 𝑔, then

(𝑡𝑥 + (1 − 𝑡)𝑦) ≤ 𝑡 𝑔(𝑥) + (1 − 𝑡)𝑔(𝑦), ∀𝑡 ∈ [0, 1],
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(b) quasiconvex if, for any 𝑥, 𝑦 ∈ dom 𝑔, then

𝑔(𝑡𝑥 + (1 − 𝑡)𝑦) ≤ max{𝑔(𝑥), 𝑔(𝑦)}, ∀𝑡 ∈ [0, 1],

(c) strongly convex (on dom 𝑔) with modulus 𝛾 > 0 if there is a 𝛾 ∈ (0,∞) satisfying

𝑔(𝑡𝑥 + (1 − 𝑡)𝑦) ≤ 𝑡 𝑔(𝑥) + (1 − 𝑡)𝑔(𝑦) − 𝑡(1 − 𝑡)𝛾2 ∥𝑥 − 𝑦∥2 ,

∀𝑥, 𝑦 ∈ dom 𝑔, ∀𝑡 ∈ [0, 1],

(d) strongly quasiconvex (on dom 𝑔) with modulus 𝛾 > 0 if there exists a 𝛾 ∈ (0,∞) for which

𝑔(𝑡𝑦 + (1 − 𝑡)𝑥) ≤ max{𝑔(𝑦), 𝑔(𝑥)} − 𝑡(1 − 𝑡)𝛾2 ∥𝑥 − 𝑦∥2 ,

∀𝑥, 𝑦 ∈ dom 𝑔, ∀𝑡 ∈ [0, 1].

It is well known that a strongly convex function is also a strongly quasiconvex function; however, the
inverse does not hold in general. For instance, the Euclidean norm is strongly quasiconvex on any bounded
convex set but not strongly convex [24, Theorem 2]. Similarly, a convex function is also quasiconvex, while
the inverse may not hold. For example, the function 𝑔 : R → R with 𝑔(𝑥) = 𝑥3 , is quasiconvex but not
convex. For more relationships between different notions of convexity, we refer readers to [20]. For further
studies on generalized convexity, see [11, 21], among other works.

The proximity operator becomes a very useful tool in studying numerical methods for convex optimiza-
tion problems. We now recall this notion below.

The proximity operator of parameter 𝜆 > 0 of a function 𝑔 : 𝐶 → R at 𝑥 ∈ R𝑛 is defined by Prox𝜆𝑔(𝐶, ·) :
R𝑛 ⇒ R𝑛 with

Prox𝜆𝑔(𝐶, 𝑥) = arg min
𝑦∈𝐶

{
𝑔(𝑦) + 1

2𝜆∥𝑦 − 𝑥∥2
}
, ∀𝑥 ∈ R𝑛 ,

where 𝐶 is a nonempty subset of R𝑛 . When 𝐶 = R𝑛 we simply write Prox𝜆𝑔(·).
It is worth noting that the sum of a strongly quasiconvex function and half of the squared norm may

not be strongly quasiconvex, as shown in [25, Remark 6] and [20]. As a result, the proximal operator of a
strongly quasiconvex function is not a singleton, but a set-valued mapping. It is a singleton when the sum
of a strongly quasiconvex function and half of a squared norm is strongly quasiconvex.

We now recall some notions related to bifunctions. Let 𝐶 be a closed and convex set in R𝑛 , and
𝑓 : 𝐶 × 𝐶 → R be a real-valued bifunction satisfying 𝑓 (𝑥, 𝑥) = 0, ∀𝑥 ∈ 𝐶. We say that 𝑓 is

(a) monotone on 𝐶, if for every 𝑥, 𝑦 ∈ 𝐶 we have

𝑓 (𝑥, 𝑦) + 𝑓 (𝑦, 𝑥) ≤ 0,

(b) pseudomonotone on 𝐶 if

𝑓 (𝑥, 𝑦) ≥ 0 =⇒ 𝑓 (𝑦, 𝑥) ≤ 0, ∀𝑥, 𝑦 ∈ 𝐶.

We list here some useful lemmas that are used for analyzing the convergence of our proposed algorithm
later. The first lemma presents a property of the proximal operator of a strongly quasiconvex function.

Lemma 2.1. ([24, Proposition 6]) Let 𝐶 be a closed and convex set in R𝑛 , 𝑔 : R𝑛 → R be a proper, lower
semicontinuous, strongly quasiconvex function with modulus 𝛾 ≥ 0 and such that 𝐶 ⊆ dom 𝑔, 𝜆 > 0 and 𝑥 ∈ 𝐶. If
𝑥̂ ∈ Prox𝜆𝑔(𝐶, 𝑥), then for all 𝑦 ∈ 𝐶 and all 𝑡 ∈ [0; 1] one has

𝑔(𝑥̂) −max{𝑔(𝑦), 𝑔(𝑥̂)} ≤ 𝑡

𝜆
⟨𝑥̂ − 𝑥, 𝑦 − 𝑥̂⟩ + 𝑡

2

(
𝑡

𝜆
− 𝛾 + 𝑡𝛾

)
∥𝑦 − 𝑥̂∥2.

The following lemma presents several useful identities that will be frequently used in the subsequent
sections.
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Lemma 2.2. [20, 37] Let 𝑥, 𝑦, 𝑧 ∈ R𝑛 and 𝑎, 𝑏, 𝛽 ∈ R. Then we have

(a) ∥(1 + 𝑎)𝑥 − (𝑎 − 𝑏)𝑦 − 𝑏𝑧∥2
= (1 + 𝑎)∥𝑥∥2 − (𝑎 − 𝑏)∥𝑦∥2 − 𝑏∥𝑧∥2 + (1 + 𝑎)(𝑎 − 𝑏)∥𝑥 − 𝑦∥2
+𝑏(1 + 𝑎)∥𝑥 − 𝑧∥2 − 𝑏(𝑎 − 𝑏)∥𝑦 − 𝑧∥2.

(b) ⟨𝑥 − 𝑧, 𝑦 − 𝑥⟩ = 1
2∥𝑧 − 𝑦∥2 − 1

2∥𝑥 − 𝑧∥2 − 1
2∥𝑦 − 𝑥∥2.

(c) ∥𝛽𝑥 + (1 − 𝛽)𝑦∥2 = 𝛽∥𝑥∥2 + (1 − 𝛽)∥𝑦∥2 − 𝛽(1 − 𝛽)∥𝑥 − 𝑦∥2.

3. The algorithm and the convergence analysis
In this section, we introduce and discuss our proposed method to solve non-convex equivalent problems.
Furthermore, a convergence analysis of the proposed method is given.

We first give some assumptions that are needed for investigating the convergence of the proposed
algorithm for (EP).

(A1) 𝑓 (·, 𝑦) is upper semicontinuous for all 𝑦 ∈ 𝐶;

(A2) 𝑓 is pseudomonotone on 𝐶;

(A3) 𝑓 is lower semicontinuous (jointly in both arguments) on 𝐶 × 𝐶;

(A4) 𝑓 (𝑥, ·) is strongly quasiconvex on 𝐶 with modulus 𝛾 > 0 for each 𝑥 ∈ 𝐶;

(A5) 𝑓 satisfies the following Lipschitz-continuity type condition: there exists 𝜂 > 0 such that

𝑓 (𝑥, 𝑧) − 𝑓 (𝑥, 𝑦) − 𝑓 (𝑦, 𝑧) ≤ 𝜂
(
∥𝑥 − 𝑦∥2 + ∥𝑦 − 𝑧∥2

)
, for all 𝑥, 𝑦, 𝑧 ∈ 𝐶.

As mentioned in [20], the assumptions (A1), (A2), (A3), (A5) are standard in the related literature, but (A4)
is weaker than the usual one, which requires that 𝑓 is convex regarding the second argument. Also, authors
in [20] provided strongly quasiconvex functions which satisfy the assumptions (A𝑖), 𝑖 = 1, 2, 3, 4, 5.
It is shown in [20] that the following usual assumption in related literature:

(A3′) : 𝑓 (𝑥, ·) is lower semicontinuous for any 𝑥∈𝐶 is fulfilled when (A3) is satisfied.
From now on we always assume that the solution set 𝑆(𝐶, 𝑓 ) of (EP) is nonempty.

3.1. Proposed method
We now present our method.
Algorithm 1: Relaxed Double Inertial Proximal Point Algorithm for Non-Convex Equilibrium Problems
(RDIPPA)

1. Choose 𝛽 ∈ (−∞, 0], 𝜌 ∈ [0, 1), 𝜃 ∈
[
0, 1

2
)

and 𝜆𝑘 > 0 for all 𝑘 = 1, 2, 3, . . . . Pick 𝑥−1 , 𝑥0 , 𝑥1 ∈ 𝐶 and set
𝑘 = 1.

2. Given 𝑥𝑘−2 , 𝑥𝑘−1 and 𝑥𝑘 , compute

𝑦𝑘 = 𝑥𝑘 + 𝜃(𝑥𝑘 − 𝑥𝑘−1) + 𝛽(𝑥𝑘−1 − 𝑥𝑘−2),
𝑧𝑘 ∈ Prox𝜆𝑘 𝑓 (𝑦𝑘 ,·)(𝐶, 𝑦𝑘) = arg min

𝑥∈𝐶

(
𝑓 (𝑦𝑘 , 𝑥) + 1

2𝜆𝑘
∥𝑦𝑘 − 𝑥∥2

)
. (1)

3. If 𝑦𝑘 = 𝑧𝑘 then STOP. Otherwise, go to Step 4.

4. Choose some relaxation parameter 𝜌𝑘 ∈ [1 − 𝜌, 1 + 𝜌] and update

𝑥𝑘+1 = (1 − 𝜌𝑘)𝑦𝑘 + 𝜌𝑘𝑧𝑘 .

5. Let 𝑘 ← 𝑘 + 1 and go to Step 2.

Remark 3.1. When 𝛽 = 0, our proposed algorithm reduces to Algorithm 1 of [20].
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3.2. Convergence analysis
In this subsection, we present the convergence analysis of the sequence of iterates generated by our proposed
Algorithm 1.

The first result gives a characterization of the solution set of (EP).

Proposition 3.2. ([20, Proposition 3.1]) Let 𝐶 be a closed and convex set in R𝑛 and suppose that the bifunction 𝑓

satisfies (A1), (A2), (A’3), and (A4). Then 𝑆( 𝑓 , 𝐶) is a singleton.

We now show that the stopping criterion of Algorithm 1 is valid.

Proposition 3.3. Let 𝐶 be an affine subspace in R𝑛 , and 𝑓 be a bifunction defined on 𝐶 × 𝐶 such that Assumptions
(A1), (A3’) and (A4) are valid. Let {𝜆𝑘}𝑘 and {𝜌𝑘}𝑘 be sequences of positive numbers and {𝑥𝑘}𝑘 , {𝑦𝑘}𝑘 and {𝑧𝑘}𝑘 be
the sequences generated by Algorithm 1. If 𝑦𝑘0 = 𝑧𝑘0 for some 𝑘0∈N, then 𝑦𝑘0 is a solution of (EP).

Proof. We first observe that, by Proposition 3.2, (EP) admits a unique solution, denoted by 𝑥̂.
If 𝑦𝑘0 = 𝑧𝑘0 , from (1) we derive that

𝑓
(
𝑦𝑘0 , 𝑧𝑘0

)
+ 1

2𝜆𝑘0



𝑦𝑘0 − 𝑧𝑘0



2 ≤ 𝑓
(
𝑦𝑘0 , 𝑥

)
+ 1

2𝜆𝑘0



𝑦𝑘0 − 𝑥


2

, ∀𝑥 ∈ 𝐶. (2)

Because of the facts that 𝑓 (𝑥, 𝑥) = 0 for all 𝑥 ∈ 𝐶 and 𝑦𝑘0 = 𝑧𝑘0 , it follows from (2) that

0 ≤ 𝑓
(
𝑦𝑘0 , 𝑥

)
+ 1

2𝜆𝑘0



𝑦𝑘0 − 𝑥


2

, ∀𝑥 ∈ 𝐶.

Take 𝑥 = 𝑡𝑦 + (1 − 𝑡)𝑦𝑘0 with 𝑦 ∈ 𝐶 \ {𝑥̂} and 𝑡 ∈ [0, 1]. Since 𝑓 is strongly quasiconvex in its second
argument with modulus 𝛾 > 0, it holds that

0 ≤ 𝑓
(
𝑦𝑘0 , 𝑡𝑦 + (1 − 𝑡)𝑦𝑘0

)
+ 1

2𝜆𝑘0



𝑡 (𝑦𝑘0 − 𝑦
)

2 (3)

≤ max
{
𝑓
(
𝑦𝑘0 , 𝑦

)
, 0
}
− 𝑡(1 − 𝑡)𝛾

2



𝑦𝑘0 − 𝑦


2 + 𝑡2

2𝜆𝑘0
∥𝑦𝑘0 − 𝑦∥2

≤ max
{
𝑓
(
𝑦𝑘0 , 𝑦

)
, 0
}
+ 𝑡

2

(
𝑡

𝜆𝑘0
− 𝛾 + 𝑡𝛾

) 

𝑦𝑘0 − 𝑦


2

, ∀𝑦 ∈ 𝐶 \ {𝑥̂}, ∀𝑡 ∈ [0, 1].

Since 𝜆𝑘0 is positive, we take 𝑡 such that 0 < 𝑡 <
𝜆𝑘0𝛾

1 + 𝜆𝑘0𝛾
. Then 𝑡

𝜆𝑘0
− 𝛾 + 𝑡𝛾 < 0.

Thus, it follows from (3) that

0 < max
{
𝑓
(
𝑦𝑘0 , 𝑦

)
, 0
}
= 𝑓

(
𝑦𝑘0 , 𝑦

)
, ∀𝑦 ∈ 𝐶\

{
𝑥̂ , 𝑦𝑘0

}
,

meaning that, 𝑦𝑘0 = 𝑥̂ ∈ 𝑆(𝐶, 𝑓 ). □

The next result is the first step for the analysis of convergence.

Proposition 3.4. Let 𝐶 be an affine subspace in R𝑛 , and 𝑓 be a bifunction defined on 𝐶 × 𝐶 such that Assumptions
(A𝑖) with 𝑖 = 1, 2, 3′ , 4, 5 hold. Let {𝜆𝑘}𝑘 and {𝜌𝑘}𝑘 be sequences of positive numbers, {𝑥𝑘}𝑘 , {𝑦𝑘}𝑘 and {𝑧𝑘}𝑘 be the
sequences generated by Algorithm 1. Let 𝑥̂ ∈ 𝑆(𝐶, 𝑓 ). Then for every 𝑘 ≥ 0, at least one of the following inequalities
holds:

∥𝑥𝑘+1 − 𝑥̂∥2 ≤ ∥𝑦𝑘 − 𝑥̂∥2 − 2 − 𝜌𝑘
𝜌𝑘
∥𝑥𝑘+1 − 𝑦𝑘∥2 −

𝜌𝑘(𝛾𝜆𝑘 − 1)
2 ∥𝑧𝑘 − 𝑥̂∥2 , (4)

∥𝑥𝑘+1− 𝑥̂∥2 ≤ ∥𝑦𝑘− 𝑥̂∥2−
2−4𝜂𝜆𝑘−𝜌𝑘

𝜌𝑘
∥𝑥𝑘+1−𝑦𝑘∥2−

𝜌𝑘(𝛾𝜆𝑘−1−8𝜂𝜆𝑘)
2 ∥𝑧𝑘 − 𝑥̂∥2. (5)

Proof. From the relaxation step (Step 4) of Algorithm 1 one has

𝑥𝑘+1 − 𝑥̂ =
(
1 − 𝜌𝑘

) (
𝑦𝑘 − 𝑥̂

)
+ 𝜌𝑘 (𝑧𝑘 − 𝑥̂) .

Using Part (c) of Lemma 2.2, we have

∥𝑥𝑘+1 − 𝑥̂∥2 =
(
1 − 𝜌𝑘

) 

𝑦𝑘 − 𝑥̂


2 + 𝜌𝑘 ∥𝑧𝑘 − 𝑥̂∥2 − 𝜌𝑘

(
1 − 𝜌𝑘

) 

𝑦𝑘 − 𝑧𝑘


2

,
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which is equivalent to the following

∥𝑥𝑘+1 − 𝑥̂∥2 −


𝑦𝑘 − 𝑥̂



2
= 𝜌𝑘

(
∥𝑧𝑘 − 𝑥̂∥2 −



𝑦𝑘 − 𝑥̂


2
)
− 𝜌𝑘

(
1 − 𝜌𝑘

) 

𝑦𝑘 − 𝑧𝑘


2

.

In addition, from Part (b) of Lemma 2.2 one has

∥𝑧𝑘 − 𝑥̂∥2 −


𝑦𝑘 − 𝑥̂



2
=


𝑧𝑘 − 𝑦𝑘



2 + 2
〈
𝑧𝑘 − 𝑦𝑘 , 𝑦𝑘 − 𝑥̂

〉
.

Combining the last two identities we obtain

∥𝑥𝑘+1 − 𝑥̂∥2 −


𝑦𝑘 − 𝑥̂



2
= 2𝜌𝑘

〈
𝑧𝑘 − 𝑦𝑘 , 𝑦𝑘 − 𝑥̂

〉
+ 𝜌2

𝑘



𝑦𝑘 − 𝑧𝑘


2

. (6)

Moreover, for every 𝑘 ≥ 1, by the definition of 𝑧𝑘 and Lemma 2.1 one has

𝑓
(
𝑦𝑘 , 𝑧𝑘

)
−max

{
𝑓 (𝑦𝑘 , 𝑧𝑘), 𝑓 (𝑦𝑘 , 𝑥̂)

}
≤ 𝑡

𝜆𝑘

〈
𝑧𝑘 − 𝑦𝑘 , 𝑥̂ − 𝑧𝑘

〉
+ 𝑡

2

(
𝑡

𝜆𝑘
− 𝛾 + 𝑡𝛾

)
∥𝑧𝑘 − 𝑥̂∥2 , ∀𝑡 ∈ [0, 1]. (7)

We consider two cases.
(i) If 𝑓

(
𝑦𝑘 , 𝑧𝑘

)
≥ 𝑓

(
𝑦𝑘 , 𝑥̂

)
, then the inequality (7) implies that

1
𝜆𝑘

〈
𝑧𝑘 − 𝑦𝑘 , 𝑧𝑘 − 𝑥̂

〉
≤ 1

2

(
𝑡

𝜆𝑘
− 𝛾 + 𝑡𝛾

)
∥𝑧𝑘 − 𝑥̂∥2 , ∀𝑡 ∈ (0, 1]. (8)

Choosing 𝑡 =
1
2 we obtain from (8) that〈

𝑧𝑘 − 𝑦𝑘 , 𝑧𝑘 − 𝑥̂
〉
≤ 1 − 𝛾𝜆𝑘

4 ∥𝑧𝑘 − 𝑥̂∥2 .
Consequently, 〈

𝑧𝑘 − 𝑦𝑘 , 𝑦𝑘 − 𝑥̂
〉
≤ −



𝑧𝑘 − 𝑦𝑘


2 + 1 − 𝛾𝜆𝑘

4 ∥𝑧𝑘 − 𝑥̂∥2 . (9)

Combining (6) and (9) with noting that 𝑧𝑘 − 𝑦𝑘 =
(
1/𝜌𝑘

) (
𝑥𝑘+1 − 𝑦𝑘

)
, we obtain the inequality (4).

(ii) If 𝑓
(
𝑦𝑘 , 𝑧𝑘

)
< 𝑓

(
𝑦𝑘 , 𝑥̂

)
, then it follows from (7) that

0 ≤ 𝑡

𝜆𝑘

〈
𝑧𝑘 − 𝑦𝑘 , 𝑥̂ − 𝑧𝑘

〉
+ 𝑡

2

(
𝑡

𝜆𝑘
− 𝛾 + 𝑡𝛾

)
∥𝑧𝑘 − 𝑥̂∥2

+ 𝑓
(
𝑦𝑘 , 𝑥̂

)
− 𝑓

(
𝑦𝑘 , 𝑧𝑘

)
≤ 𝑡

𝜆𝑘

〈
𝑧𝑘 − 𝑦𝑘 , 𝑥̂ − 𝑧𝑘

〉
+ 𝑡

2

(
𝑡

𝜆𝑘
− 𝛾 + 𝑡𝛾

)
∥𝑧𝑘 − 𝑥̂∥2

+ 𝑓 (𝑧𝑘 , 𝑥̂) + 𝜂
(

𝑧𝑘 − 𝑦𝑘



2 + ∥𝑧𝑘 − 𝑥̂∥2
)
, ∀𝑡 ∈ [0, 1],

where the last inequality follows from Assumption (A5). Moreover, because we have {𝑥̂} = 𝑆(𝐶, 𝑓 ) and 𝑓

is pseudomonotone, one obtains 𝑓 (𝑧𝑘 , 𝑥̂) ≤ 0. Hence,

0 ≤ 𝑡

𝜆𝑘

〈
𝑧𝑘 − 𝑦𝑘 , 𝑥̂ − 𝑧𝑘

〉
+ 𝑡

2

(
𝑡

𝜆𝑘
− 𝛾 + 𝑡𝛾

)
∥𝑧𝑘 − 𝑥̂∥2

+ 𝜂
(

𝑧𝑘 − 𝑦𝑘



2 + ∥𝑧𝑘 − 𝑥̂∥2
)
, ∀𝑡 ∈ [0, 1].

This implies that

𝑡

𝜆𝑘

〈
𝑧𝑘 − 𝑦𝑘 , 𝑧𝑘 − 𝑥̂

〉
≤ 𝑡

2

(
𝑡

𝜆𝑘
− 𝛾 + 𝑡𝛾

)
∥𝑧𝑘 − 𝑥̂∥2 + 𝜂

(

𝑧𝑘 − 𝑦𝑘


2 + ∥𝑧𝑘 − 𝑥̂∥2

)
= 𝜂



𝑧𝑘 − 𝑦𝑘


2 + 𝑡

2

(
𝑡

𝜆𝑘
− 𝛾 + 𝑡𝛾 + 2𝜂

𝑡

)
∥𝑧𝑘 − 𝑥̂∥2 .

Choosing 𝑡 =
1
2 one obtains〈
𝑧𝑘 − 𝑦𝑘 , 𝑦𝑘 − 𝑥̂

〉
≤
(
2𝜂𝜆𝑘 − 1

) 

𝑧𝑘 − 𝑦𝑘


2 +

(
2𝜂𝜆𝑘 +

1 − 𝛾𝜆𝑘

4

)
∥𝑧𝑘 − 𝑥̂∥2 . (10)

Using (10) and (6) with noting that 𝑧𝑘 − 𝑦𝑘 =
(
1/𝜌𝑘

) (
𝑥𝑘+1 − 𝑦𝑘

)
, we conclude that the inequality (5) holds.

Thus, for every 𝑘 ≥ 0, either (4) or (5) holds. □



Journal of Convex Analysis 597

Remark 3.5. (a) When 𝛾− 8𝜂 > 0, the inequality 𝜌𝑘(𝛾𝜆𝑘 − 1 − 8𝜂𝜆𝑘)
2 > 0 holds if and only if 𝜆𝑘 >

1
𝛾 − 8𝜂 . Also,

if this condition holds, then, since 𝜌𝑘 > 0 for all 𝑘 ≥ 1, it follows that

𝜌𝑘(𝛾𝜆𝑘 − 1) > 𝜌𝑘(1 + 8𝜂𝜆𝑘 − 1) = 8𝜂𝜌𝑘 > 0.

Thus, if 𝜆𝑘 >
1

𝛾 − 8𝜂 holds, then we have that

𝜌𝑘(𝛾𝜆𝑘 − 1)
2 ∥𝑧𝑘 − 𝑥̂∥2 ≥ 0 and 𝜌𝑘(𝛾𝜆𝑘 − 1 − 8𝜂𝜆𝑘)

2 ∥𝑧𝑘 − 𝑥̂∥2 ≥ 0.

(b) Because 𝜌𝑘 ∈ [1 − 𝜌, 1 + 𝜌] for all 𝑘 ≥ 1, the inequality
2 − 4𝜂𝜆𝑘 − 𝜌𝑘

𝜌𝑘
≥ 2 − 4𝜂𝜆𝑘 − (1 + 𝜌)

1 + 𝜌
=

1 − 4𝜂𝜆𝑘 − 𝜌

1 + 𝜌
> 0

holds if and only if there exists 𝜖 > 0 such that 𝜆𝑘 < 𝜖 ≤ 1
4𝜂 and 0 ≤ 𝜌 ≤ 1 − 4𝜂𝜖. □

By the above analysis, and in order to simplify the convergence analysis of our proposed algorithm,
we impose the following assumptions on the parameter sequences {𝜆𝑘} and {𝜌𝑘}, as well as on the initial
parameters 𝜃 ∈ [0, 1/2) and 𝛽 ∈ (−∞, 0].

Assumption 3.6. Let 𝑝
(1)
𝑘

=
2 − 𝜌𝑘
𝜌𝑘

and 𝑝
(2)
𝑘

=
2 − 4𝜂𝜆𝑘 − 𝜌𝑘

𝜌𝑘
= 𝑝

(1)
𝑘
− 4𝜂𝜆𝑘

𝜌𝑘
, where 𝑘 = 1, 2, . . . . We assume

that there exists 𝜖 > 0 such that the following conditions hold:

(C1) 0 <
1

𝛾 − 8𝜂 < 𝜆𝑘 < 𝜖 ≤ 1
4𝜂 , ∀𝑘 ≥ 1;

(C2) 0 < 1 − 𝜌 ≤ 𝜌𝑘 ≤ 1 + 𝜌, where 0 ≤ 𝜌 ≤ 1 − 4𝜂𝜖, ∀𝑘 ≥ 1.

To ensure the convergence of the sequence generated by Algorithm 1, we further assume that:

(C3) max
 2𝜃

𝑝
(2)
𝑘

− (1 − 𝜃), 𝜃

1 + 𝑝
(2)
𝑘

− 𝑝
(2)
𝑘

(𝜃 − 1)2

(1 + 𝜃)
(
1 + 𝑝

(2)
𝑘

)  < 𝛽 ≤ 0, ∀𝑘 ≥ 1;

(C4) 𝛼1 := 𝜃2
(
1 − 𝑝

(2)
𝑘

)
+ 𝜃

(
1 − 2𝛽 + 2𝛽𝑝(2)

𝑘
− 2𝑝(2)

𝑘

)
− 𝛽

(
1 + 2𝑝(1)

𝑘

)
+𝛽2

(
1 − 𝑝

(2)
𝑘

)
− 𝑝
(2)
𝑘

< 0, ∀𝑘 ≥ 1.

Remark 3.7. By Remark 3.5, if Condition (C2) holds, then 0 < 𝑝
(2)
𝑘
≤ 𝑝

(1)
𝑘

. As a result, if Condition (C3) is
fulfilled, one has

2𝜃

𝑝
(1)
𝑘

− (1 − 𝜃) ≤ 2𝜃

𝑝
(2)
𝑘

− (1 − 𝜃) < 𝛽 ≤ 0, and (11)

𝜃

1+𝑝(1)
𝑘

− 𝑝
(1)
𝑘

(𝜃 − 1)2

(1+𝜃)(1+𝑝(1)
𝑘
)
≤ 𝜃

1+𝑝(2)
𝑘

− 𝑝
(2)
𝑘

(𝜃 − 1)2

(1+𝜃)(1+𝑝(2)
𝑘
)
< 𝛽 ≤ 0, ∀𝜃 > 0. (12)

Indeed, (11) follows from (𝐶3) and the fact that 0 < 𝑝
(2)
𝑘
≤ 𝑝
(1)
𝑘

. As for (12), observe that for each 𝜃 ≥ 0, the
function

𝜙(𝑡) = 𝜃
1 + 𝑡
− 𝑡

(𝜃 − 1)2
(1 + 𝜃)(1 + 𝑡)

is decreasing for all 𝑡 ≥ 0. In addition, since 0 < 𝑝
(2)
𝑘
≤ 𝑝
(1)
𝑘

for all 𝑘 ≥ 1, it follows that 𝜙(𝑝(1)
𝑘
) ≤ 𝜙(𝑝(2)

𝑘
) for

all 𝑘 ≥ 1, which implies that (12) holds. □

Because of Part (a) of Remark 3.5 and Proposition 3.4, we obtain the following corollary.

Corollary 3.8. Let 𝐶 be an affine subspace inR𝑛 , 𝑓 be a bifunction defined on 𝐶×𝐶 such that Assumptions (A𝑖) with
𝑖 = 1, 2, 3′ , 4, 5 hold, and 𝛾 − 8𝜂 > 0. Let {𝜆𝑘}𝑘 and {𝜌𝑘}𝑘 be sequences of positive numbers uch that Assumption
(C1) holds, {𝑥𝑘}𝑘 , {𝑦𝑘}𝑘 and {𝑧𝑘}𝑘 be the sequences generated by Algorithm 1. Taking {𝑥̂} = 𝑆(𝐶, 𝑓 ), then for every
𝑘 ≥ 0, at least one of the following inequalities holds

∥𝑥𝑘+1 − 𝑥̂∥2 ≤ ∥𝑦𝑘 − 𝑥̂∥2 − 𝑝
(1)
𝑘
∥𝑥𝑘+1 − 𝑦𝑘∥2 , (13)

∥𝑥𝑘+1 − 𝑥̂∥2 ≤ ∥𝑦𝑘 − 𝑥̂∥2 − 𝑝
(2)
𝑘
∥𝑥𝑘+1 − 𝑦𝑘∥2. (14)
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Proof. This follows directly from Proposition 3.3, Part (a) of Remark 3.5 and the definitions of 𝑝(𝑖)
𝑘
, 𝑖 = 1, 2. □

Notation. Let 𝑥̂ ∈ 𝑆(𝐶, 𝑓 )). We now define

Γ
(𝑖)
𝑘

:= ∥𝑥𝑘 − 𝑥̂∥2 − 𝜃∥𝑥𝑘−1 − 𝑥̂∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̂∥2

+ 𝑝
(𝑖)
𝑘
(1 + 𝛽 − 𝜃)∥𝑥𝑘 − 𝑥𝑘−1∥2 , 𝑖 = 1, 2; ∀𝑘 ≥ 1,

and

Γ
(𝑖)
𝑘 := Γ

(𝑖)
𝑘
+ 𝑐
(𝑖)
1 ∥𝑥𝑘−1 − 𝑥𝑘−2∥2 , 𝑖 = 1, 2; ∀𝑘 ≥ 1

with

𝑐
(𝑖)
1 := −

(
(𝜃 − 𝛽)(1 + 𝜃) − 𝑝

(𝑖)
𝑘
(𝜃2 − 2𝜃 + 𝛽𝜃 + 𝛽 + 1)

)
, 𝑖 = 1, 2.

We also define

𝑐
(𝑖)
2 := −

(
(𝜃 − 𝛽)(1 + 𝜃) − 𝑝

(𝑖)
𝑘
(𝜃2 − 2𝜃 + 𝛽𝜃 + 𝛽 + 1)

− 𝛽(𝜃 − 𝛽) − 𝑝
(𝑖)
𝑘
(𝛽2 + 𝛽 + 𝛽𝜃)

)
,

= 𝑐
(𝑖)
1 + 𝛽(𝜃 − 𝛽) + 𝑝

(𝑖)
𝑘
(𝛽2 + 𝛽 + 𝛽𝜃), 𝑖 = 1, 2.

Remark 3.9. (a) If Assumptions (C1)–(C3) are satisfied, one has 𝑐
(𝑖)
1 > 0, 𝑖 = 1, 2.

Indeed, if Assumptions (C1)–(C3) hold then 𝑝
(𝑖)
𝑘

> 0, 𝑖 = 1, 2. Consequently, for all 0 ≤ 𝜃 <
1
2 , for all

𝛽 ≤ 0 one has

𝜃

1 + 𝑝
(2)
𝑘

− 𝑝
(2)
𝑘

(𝜃 − 1)2

(1 + 𝜃)
(
1 + 𝑝

(2)
𝑘

) < 𝛽

⇐⇒ 𝜃 (1 + 𝜃) − 𝑝
(2)
𝑘
(𝜃 − 1)2 < 𝛽 (1 + 𝜃)

(
1 + 𝑝

(2)
𝑘

)
.

By rearranging we get that 𝑐(2)1 > 0. Using (12) we derive that 𝑐(1)1 > 0.
(b) If the Assumptions (C𝑖), 𝑖 = 1, 2, 4 are satisfied, it holds that 𝑐(𝑖)2 ≥ −𝛼1 > 0 for 𝑖 = 1, 2. Indeed, by

rearranging, we get

−𝑐(1)2 =
(
(𝜃 − 𝛽)(1 + 𝜃) − 𝑝

(1)
𝑘
(𝜃2 − 2𝜃 + 𝛽𝜃 + 𝛽 + 1)

)
= 𝜃2 (1−𝑝(1)

𝑘

)
+𝜃

(
1−2𝛽+2𝛽𝑝(1)

𝑘
−2𝑝(1)

𝑘

)
−𝛽

(
1+2𝑝(1)

𝑘

)
+𝛽2 (1−𝑝(1)

𝑘

)
−𝑝(1)

𝑘

≤ 𝜃2 (1−𝑝(2)
𝑘

)
+𝜃

(
1−2𝛽+2𝛽𝑝(2)

𝑘
−2𝑝(2)

𝑘

)
−𝛽

(
1+2𝑝(1)

𝑘

)
+𝛽2 (1−𝑝(2)

𝑘

)
−𝑝(2)

𝑘
< 0.

The last inequality holds since 0 < 𝑝
(2)
𝑘
≤ 𝑝
(1)
𝑘

, 𝜃 ≥ 0, 𝛽 ≤ 0. Thus, 𝑐(1)2 > 0.
Similarly,

−𝑐(2)2 =
(
(𝜃 − 𝛽)(1 + 𝜃) − 𝑝

(2)
𝑘
(𝜃2 − 2𝜃 + 𝛽𝜃 + 𝛽 + 1)

)
= 𝜃2 (1−𝑝(2)

𝑘

)
+𝜃

(
1−2𝛽+2𝛽𝑝(2)

𝑘
−2𝑝(2)

𝑘

)
−𝛽

(
1+2𝑝(2)

𝑘

)
+𝛽2 (1−𝑝(2)

𝑘

)
−𝑝(2)

𝑘

≤ 𝜃2 (1−𝑝(2)
𝑘

)
+𝜃

(
1−2𝛽+2𝛽𝑝(2)

𝑘
−2𝑝(2)

𝑘

)
−𝛽

(
1+2𝑝(1)

𝑘

)
+𝛽2 (1−𝑝(2)

𝑘

)
−𝑝(2)

𝑘
< 0.

Again, the last inequality holds since 0 < 𝑝
(2)
𝑘
≤ 𝑝
(1)
𝑘

, 0 ≤ 𝜃 <
1
2 , 𝛽 ≤ 0.

Thus, 𝑐(2)2 > 0. □

The following technical lemma is required for proving the subsequent results. It summarizes several
properties of the sequences

{
Γ
(𝑖)
𝑘

}
𝑘

and
{
Γ
(𝑖)
𝑘

}
𝑘
.
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Lemma 3.10. Let C be an affine subspace in R𝑛 , 𝑓 be a bifunction defined on 𝐶 × 𝐶 such that Assumptions(A𝑖),
𝑖 = 1, 2, 3, 4, 5 hold, and 𝛾 − 8𝜂 > 0. Let {𝜆𝑘}𝑘 and {𝜌𝑘}𝑘 be sequences of positive numbers such that Assumptions
(C𝑖), 𝑖 = 1, 2, hold.

Assume that the inertial parameters𝜃 ∈ [0, 1/2) and 𝛽 ≤ 0 satisfy (C𝑖), 𝑖 = 3, 4, and let the sequences {𝑥𝑘}𝑘 , {𝑦𝑘}𝑘
and {𝑧𝑘}𝑘 be generated by Algorithm 1. Taking {𝑥̂} = 𝑆(𝐶, 𝑓 ). Then, the following statements hold for either 𝑖 = 1
or 𝑖 = 2.

(a) Γ
(𝑖)
𝑘
≥ (1 − 2𝜃)∥𝑥𝑘 − 𝑥̂∥2 +

(
𝑝
(𝑖)
𝑘
(1 + 𝛽 − 𝜃) − 2𝜃

)
∥𝑥𝑘 − 𝑥𝑘−1∥2 −𝛽∥𝑥𝑘−2 − 𝑥̂∥2 , ∀𝑘 ≥ 1.

(b) Γ
(𝑖)
𝑘
≥ 0, Γ

(𝑖)
𝑘 ≥ 0, ∀𝑘 ≥ 1.

(c) Γ
(𝑖)
𝑘+1 ≤ Γ

(𝑖)
𝑘 − 𝑐

(𝑖)
2 ∥𝑥𝑘−1 − 𝑥𝑘−2∥2 , ∀𝑘 ≥ 1.

(d) The sequence {Γ(𝑖)𝑘 }𝑘 is non-increasing.

(e) The sequence {Γ(𝑖)𝑘 }𝑘 is convergent.

Proof. By Corollary 3.8, at least one of the inequalities (13) or (14) holds. Suppose first that (14) holds. We
will prove that the sequences {Γ(𝑖)

𝑘
}𝑘 and {Γ(𝑖)𝑘 }𝑘 with 𝑖 = 2 satisfy properties (a)–(e).

(a) By the Cauchy inequality we have

Γ
(2)
𝑘

= ∥𝑥𝑘 − 𝑥̂∥2 − 𝜃∥𝑥𝑘−1 − 𝑥̂∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̂∥2

+ 𝑝
(2)
𝑘
(1 + 𝛽 − 𝜃)∥𝑥𝑘 − 𝑥𝑘−1∥2

= ∥𝑥𝑘 − 𝑥̂∥2 − 𝜃∥𝑥𝑘−1 − 𝑥𝑘 + 𝑥𝑘 − 𝑥̂∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̂∥2

+ 𝑝
(2)
𝑘
(1 + 𝛽 − 𝜃)∥𝑥𝑘 − 𝑥𝑘−1∥2

≥ ∥𝑥𝑘 − 𝑥̂∥2 − 2𝜃∥𝑥𝑘 − 𝑥𝑘−1∥2 − 2𝜃∥𝑥𝑘 − 𝑥̂∥2

− 𝛽∥𝑥𝑘−2 − 𝑥̂∥2 + 𝑝
(2)
𝑘
(1 + 𝛽 − 𝜃)∥𝑥𝑘 − 𝑥𝑘−1∥2

= (1 − 2𝜃)∥𝑥𝑘 − 𝑥̂∥2 +
[
𝑝
(2)
𝑘
(1 + 𝛽 − 𝜃) − 2𝜃

]
∥𝑥𝑘 − 𝑥𝑘−1∥2

− 𝛽∥𝑥𝑘−2 − 𝑥̂∥2 , ∀𝑘 ≥ 1.

and thus, Part (a) is proved for 𝑖 = 2.
(b) Note that under Conditions (C2) and (C3) of Assumption 3.6, it holds that 𝑝(2)

𝑘
(1 + 𝛽 − 𝜃) − 2𝜃 > 0

for all 𝑘 ≥ 1. Also, since 0 ≤ 𝜃 <
1
2 , 𝛽 ≤ 0, it follows from Part (a) that Γ(2)

𝑘
≥ 0, ∀𝑘 ≥ 1.

In addition, from the definition of Γ
(2)
𝑘 and Remark 3.9, one has Γ

(2)
𝑘 ≥ 0 for all 𝑘 ≥ 1.

(c) One has, for all 𝑘 ≥ 1

𝑦𝑘 − 𝑥̂ = 𝑥𝑘 + 𝜃(𝑥𝑘 − 𝑥𝑘−1) + 𝛽(𝑥𝑘−1 − 𝑥𝑘−2) − 𝑥̂

= (1 + 𝜃)(𝑥𝑘 − 𝑥̂) − (𝜃 − 𝛽)(𝑥𝑘−1 − 𝑥̂) − 𝛽(𝑥𝑘−2 − 𝑥̂).

Hence, by Part (a) of Lemma 2.2, we have

∥𝑦𝑘 − 𝑥̂∥2 = ∥(1 + 𝜃)(𝑥𝑘 − 𝑥̂) − (𝜃 − 𝛽)(𝑥𝑘−1 − 𝑥̂) − 𝛽(𝑥𝑘−2 − 𝑥̂)∥2

= (1 + 𝜃)∥𝑥𝑘 − 𝑥̂∥2 − (𝜃 − 𝛽)∥𝑥𝑘−1 − 𝑥̂∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̂∥2

+ (1 + 𝜃)(𝜃 − 𝛽)∥𝑥𝑘 − 𝑥𝑘−1∥2 + 𝛽(1 + 𝜃)∥𝑥𝑘 − 𝑥𝑘−2∥2

− 𝛽(𝜃 − 𝛽)∥𝑥𝑘−1 − 𝑥𝑘−2∥2. (15)

Observe that

2𝜃⟨𝑥𝑘+1 − 𝑥𝑘 , 𝑥𝑘 − 𝑥𝑘−1⟩ = 2⟨𝜃(𝑥𝑘+1 − 𝑥𝑘), 𝑥𝑘 − 𝑥𝑘−1⟩
≤ 2|𝜃|∥𝑥𝑘+1 − 𝑥𝑘∥∥𝑥𝑘 − 𝑥𝑘−1∥
= 2𝜃∥𝑥𝑘+1 − 𝑥𝑘∥∥𝑥𝑘 − 𝑥𝑘−1∥
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and so

−2𝜃⟨𝑥𝑘+1 − 𝑥𝑘 , 𝑥𝑘 − 𝑥𝑘−1⟩ ≥ −2𝜃∥𝑥𝑘+1 − 𝑥𝑘∥∥𝑥𝑘 − 𝑥𝑘−1∥. (16)

In addition,

2𝛽⟨𝑥𝑘+1 − 𝑥𝑘 , 𝑥𝑘−1 − 𝑥𝑘−2⟩ = 2⟨𝛽(𝑥𝑘+1 − 𝑥𝑘), 𝑥𝑘−1 − 𝑥𝑘−2⟩
≤ 2|𝛽|∥𝑥𝑘+1 − 𝑥𝑘∥∥𝑥𝑘−1 − 𝑥𝑘−2∥,

which implies that
−2𝛽⟨𝑥𝑘+1 − 𝑥𝑘 , 𝑥𝑘−1 − 𝑥𝑘−2⟩ ≥ −2|𝛽|∥𝑥𝑘+1 − 𝑥𝑘∥∥𝑥𝑘−1 − 𝑥𝑘−2∥. (17)

Similarly, we note that

2𝛽𝜃⟨𝑥𝑘−1 − 𝑥𝑘 , 𝑥𝑘−1 − 𝑥𝑘−2⟩ = 2⟨𝛽𝜃(𝑥𝑘−1 − 𝑥𝑘), 𝑥𝑘−1 − 𝑥𝑘−2⟩
≤ 2|𝛽|𝜃∥𝑥𝑘−1 − 𝑥𝑘∥∥𝑥𝑘−1 − 𝑥𝑘−2∥
= 2|𝛽|𝜃∥𝑥𝑘 − 𝑥𝑘−1∥∥𝑥𝑘−1 − 𝑥𝑘−2∥

and thus,

2𝛽𝜃⟨𝑥𝑘 − 𝑥𝑘−1 , 𝑥𝑘−1 − 𝑥𝑘−2⟩ = −2 𝑏𝑒𝑡𝑎𝜃⟨𝑥𝑘−1 − 𝑥𝑘 , 𝑥𝑘−1 − 𝑥𝑘−2⟩
≥ −2|𝛽|𝜃∥𝑥𝑘 − 𝑥𝑘−1∥∥𝑥𝑘−1 − 𝑥𝑘−2∥. (18)

By (16), (17) and (18), and the Cauchy-Schwarz inequality one has

∥𝑥𝑘+1 − 𝑦𝑘∥2 = ∥𝑥𝑘+1 − (𝑥𝑘 + 𝜃(𝑥𝑘 − 𝑥𝑘−1) + 𝛽(𝑥𝑘−1 − 𝑥𝑘−2))∥2

= ∥𝑥𝑘+1 − 𝑥𝑘 − 𝜃(𝑥𝑘 − 𝑥𝑘−1) − 𝛽(𝑥𝑘−1 − 𝑥𝑘−2)∥2

= ∥𝑥𝑘+1 − 𝑥𝑘∥2 − 2𝜃⟨𝑥𝑘+1 − 𝑥𝑘 , 𝑥𝑘 − 𝑥𝑘−1⟩
− 2𝛽⟨𝑥𝑘+1 − 𝑥𝑘 , 𝑥𝑘−1 − 𝑥𝑘−2⟩ + 𝜃2∥𝑥𝑘 − 𝑥𝑘−1∥2

+ 2𝛽𝜃⟨𝑥𝑘 − 𝑥𝑘−1 , 𝑥𝑘−1 − 𝑥𝑘−2⟩ + 𝛽2∥𝑥𝑘−1 − 𝑥𝑘−2∥2

≥ ∥𝑥𝑘+1 − 𝑥𝑘∥2 − 2𝜃∥𝑥𝑘+1 − 𝑥𝑘∥∥𝑥𝑘 − 𝑥𝑘−1∥
− 2|𝛽|∥𝑥𝑘+1 − 𝑥𝑘∥∥𝑥𝑘−1 − 𝑥𝑘−2∥ + 𝜃2∥𝑥𝑘 − 𝑥𝑘−1∥2

− 2|𝛽|𝜃∥𝑥𝑘 − 𝑥𝑘−1∥∥𝑥𝑘−1 − 𝑥𝑘−2∥ + 𝛽2∥𝑥𝑘−1 − 𝑥𝑘−2∥2

≥ ∥𝑥𝑘+1 − 𝑥𝑘∥2 − 𝜃∥𝑥𝑘+1 − 𝑥𝑘∥2 − 𝜃∥𝑥𝑘 − 𝑥𝑘−1∥2

− |𝛽|∥𝑥𝑘+1 − 𝑥𝑘∥2 − |𝛽|∥𝑥𝑘−1 − 𝑥𝑘−2∥2 + 𝜃2∥𝑥𝑘 − 𝑥𝑘−1∥2

− |𝛽|𝜃∥𝑥𝑘 − 𝑥𝑘−1∥2 − |𝛽|𝜃∥𝑥𝑘−1 − 𝑥𝑘−2∥2 + 𝛽2∥𝑥𝑘−1 − 𝑥𝑘−2∥2

= (1 − |𝛽| − 𝜃)∥𝑥𝑘+1 − 𝑥𝑘∥2 + (𝜃2 − 𝜃 − |𝛽|𝜃)∥𝑥𝑘 − 𝑥𝑘−1∥2

+ (𝛽2 − |𝛽| − |𝛽|𝜃)∥𝑥𝑘−1 − 𝑥𝑘−2∥2. (19)
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Substituting (15) and (19) into (14) with noting that 𝛽 ≤ 0, we obtain

∥𝑥𝑘+1 − 𝑥̂∥2 ≤ (1 + 𝜃)∥𝑥𝑘 − 𝑥̂∥2 − (𝜃 − 𝛽)∥𝑥𝑘−1 − 𝑥̂∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̂∥2

+ (1 + 𝜃)(𝜃 − 𝛽)∥𝑥𝑘 − 𝑥𝑘−1∥2 + 𝛽(1 + 𝜃)∥𝑥𝑘 − 𝑥𝑘−2∥2

− 𝛽(𝜃 − 𝛽)∥𝑥𝑘−1 − 𝑥𝑘−2∥2 − 𝑝
(2)
𝑘
(1 − |𝛽| − 𝜃)∥𝑥𝑘+1 − 𝑥𝑘∥2

− 𝑝
(2)
𝑘
(𝜃2 − 𝜃 − |𝛽|𝜃)∥𝑥𝑘 − 𝑥𝑘−1∥2

− 𝑝
(2)
𝑘
(𝛽2 − |𝛽| − |𝛽|𝜃)∥𝑥𝑘−1 − 𝑥𝑘−2∥2

= (1 + 𝜃)∥𝑥𝑘 − 𝑥̂∥2 − (𝜃 − 𝛽)∥𝑥𝑘−1 − 𝑥̂∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̂∥2

+
(
(1 + 𝜃)(𝜃 − 𝛽) − 𝑝

(2)
𝑘
(𝜃2 − 𝜃 − |𝛽|𝜃)

)
∥𝑥𝑘 − 𝑥𝑘−1∥2

+ 𝛽(1 + 𝜃)∥𝑥𝑘 − 𝑥𝑘−2∥2 − 𝑝
(2)
𝑘
(1 − |𝛽| − 𝜃)∥𝑥𝑘+1 − 𝑥𝑘∥2

−
(
𝛽(𝜃 − 𝛽) + 𝑝

(2)
𝑘
(𝛽2 − |𝛽| − |𝛽|𝜃)

)
∥𝑥𝑘−1 − 𝑥𝑘−2∥2

≤ (1 + 𝜃)∥𝑥𝑘 − 𝑥̂∥2 − (𝜃 − 𝛽)∥𝑥𝑘−1 − 𝑥̂∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̂∥2

+
(
(1 + 𝜃)(𝜃 − 𝛽) − 𝑝

(2)
𝑘
(𝜃2 − 𝜃 + 𝛽𝜃)

)
∥𝑥𝑘 − 𝑥𝑘−1∥2

− 𝑝
(2)
𝑘
(1 + 𝛽 − 𝜃)∥𝑥𝑘+1 − 𝑥𝑘∥2

−
(
𝛽(𝜃 − 𝛽) + 𝑝

(2)
𝑘
(𝛽2 + 𝛽 + 𝛽𝜃)

)
∥𝑥𝑘−1 − 𝑥𝑘−2∥2.

Rearranging, we get

∥𝑥𝑘+1 − 𝑥̂∥2 − 𝜃∥𝑥𝑘 − 𝑥̂∥2 − 𝛽∥𝑥𝑘−1 − 𝑥̂∥2 + 𝑝
(2)
𝑘
(1 + 𝛽 − 𝜃)∥𝑥𝑘+1 − 𝑥𝑘∥2

≤ ∥𝑥𝑘 − 𝑥̂∥2 − 𝜃∥𝑥𝑘−1 − 𝑥̂∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̂∥2

+
(
(1 + 𝜃)(𝜃 − 𝛽) − 𝑝

(2)
𝑘
(𝜃2 − 2𝜃 + 𝛽𝜃 + 𝛽 + 1)

)
∥𝑥𝑘 − 𝑥𝑘−1∥2

−
(
𝛽(𝜃 − 𝛽) + 𝑝

(2)
𝑘
(𝛽2 + 𝛽 + 𝛽𝜃)

)
∥𝑥𝑘−1 − 𝑥𝑘−2∥2

+ 𝑝
(2)
𝑘
(1 + 𝛽 − 𝜃)∥𝑥𝑘 − 𝑥𝑘−1∥2.

Using the definitions of Γ(2)
𝑘
, 𝑐
(2)
1 , 𝑐

(2)
2 , this implies that

Γ
(2)
𝑘+1 − Γ

(2)
𝑘
≤
(
(1 + 𝜃)(𝜃 − 𝛽) − 𝑝

(2)
𝑘

(
𝜃2 − 2𝜃 + 𝛽𝜃 + 𝛽 + 1

) )
∥𝑥𝑘 − 𝑥𝑘−1∥2

−
(
𝛽(𝜃 − 𝛽) + 𝑝

(2)
𝑘
(𝛽2 + 𝛽 + 𝛽𝜃)

)
∥𝑥𝑘−1 − 𝑥𝑘−2∥2

= −
(
(1 + 𝜃)(𝜃 − 𝛽) − 𝑝

(2)
𝑘
(𝜃2 − 2𝜃 + 𝛽𝜃 + 𝛽 + 1)

) (
∥𝑥𝑘−1 − 𝑥𝑘−2∥2

− ∥𝑥𝑘 − 𝑥𝑘−1∥2
)
+
(
(1 + 𝜃)(𝜃 − 𝛽) − 𝑝

(2)
𝑘

(
𝜃2 − 2𝜃 + 𝛽𝜃 + 𝛽 + 1

)
− 𝛽

(
𝜃 − 𝛽

)
− 𝑝
(2)
𝑘

(
𝛽2 + 𝛽 + 𝛽𝜃

) )
∥𝑥𝑘−1 − 𝑥𝑘−2∥2

= 𝑐
(2)
1

(
∥𝑥𝑘−1 − 𝑥𝑘−2∥2 − ∥𝑥𝑘 − 𝑥𝑘−1∥2

)
− 𝑐
(2)
2 ∥𝑥𝑘−1 − 𝑥𝑘−2∥2. (20)

By Remark 3.9, if Assumptions (C1)–(C4) are satisfied, it holds that 𝑐(2)1 > 0, 𝑐(2)2 > 0. Consequently, (20)
yields

Γ
(2)
𝑘+1 + 𝑐

(2)
1 ∥𝑥𝑘 − 𝑥𝑘−1∥2 ≤ Γ

(2)
𝑘
+ 𝑐
(2)
1 ∥𝑥𝑘−1 − 𝑥𝑘−2∥2 − 𝑐

(2)
2 ∥𝑥𝑘−1 − 𝑥𝑘−2∥2 ,

which implies Part (c) for 𝑖 = 2.
(d) Because 𝑐

(2)
2 > 0, it follows from Part (c) that

Γ
(2)
𝑘+1 ≤ Γ

(2)
𝑘 for all 𝑘 ≥ 1.

and thus, the sequence
{
Γ
(2)
𝑘

}
𝑘

is non-increasing.

(e) By Part (b) one has Γ
(2)
𝑘 ≥ 0 for all 𝑘 ≥ 1, and by Part (c), the sequence

{
Γ
(2)
𝑘

}
𝑘

is non-increasing.

Hence lim
𝑘→∞

Γ
(2)
𝑘 exists.
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If (13) holds, then by repeating the same arguments with 𝑝
(2)
𝑘

replaced by 𝑝
(1)
𝑘

and using Remark 3.7,

we conclude that properties (𝑎) − (𝑒) also hold for
{
Γ
(1)
𝑘

}
𝑘

and
{
Γ
(1)
𝑘

}
𝑘
. This completes the proof of the

lemma. □

The lemma below shows the boundedness of the sequence of iterates {𝑥𝑘}𝑘 generated by Algorithm 1.

Lemma 3.11. Let C be an affine subspace in R𝑛 , 𝑓 be a bifunction defined on 𝐶 × 𝐶 such that Assumptions (A𝑖),
𝑖 = 1, 2, 3, 4, 5 hold, and 𝛾 − 8𝜂 > 0. Let {𝜆𝑘}𝑘 and {𝜌𝑘}𝑘 be sequences of positive numbers such that Assumptions
(C𝑖), 𝑖 = 1, 2, hold. Assume that the inertial parameters 𝜃 ∈ [0, 1/2) and 𝛽 ≤ 0 satisfy (C𝑖), 𝑖 = 3, 4, and let
{𝑥𝑘}𝑘 , {𝑦𝑘}𝑘 and {𝑧𝑘}𝑘 be the sequences generated by Algorithm 1. Then the following statements hold.

(a) lim
𝑘→∞
∥𝑥𝑘−1 − 𝑥𝑘−2∥ = lim

𝑘→∞
∥𝑥𝑘+1 − 𝑦𝑘∥ = lim

𝑘→∞
∥𝑥𝑘 − 𝑦𝑘∥ = 0.

(b) lim
𝑘→∞
∥𝑦𝑘 − 𝑧𝑘∥ = 0.

(c) The limit lim
𝑘→∞

[
∥𝑥𝑘 − 𝑥̂∥2 − 𝜃∥𝑥𝑘−1 − 𝑥̂∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̂∥2

]
exists.

(d) The sequences {𝑥𝑘}𝑘 , {𝑦𝑘}𝑘 , {𝑧𝑘}𝑘 are all bounded.

Proof. By Proposition 3.2, the solution set 𝑆(𝐶, 𝑓 ) is a singleton. We denote by 𝑥̂ the unique solution of
(EP). By Corollary 3.8, either (13) or (14) holds.

We first assume that (14) holds. Then we get from Parts (c) and (e) of Lemma 3.10 and the squeeze
theorem that

lim
𝑘→∞

𝑐2∥𝑥𝑘−1 − 𝑥𝑘−2∥2 = 0. (21)

(a) Because 𝑐
(2)
2 > 0 (Part (ii) of Remark 3.9), the identity (21) yields

lim
𝑘→∞
∥𝑥𝑘−1 − 𝑥𝑘−2∥ = 0.

Consequently,

∥𝑥𝑘+1 − 𝑦𝑘∥ = ∥𝑥𝑘+1 − 𝑥𝑘 − 𝜃(𝑥𝑘 − 𝑥𝑘−1) − 𝛽(𝑥𝑘−1 − 𝑥𝑘−2)∥
≤ ∥𝑥𝑘+1 − 𝑥𝑘∥ + 𝜃∥𝑥𝑘 − 𝑥𝑘−1∥ + |𝛽|∥𝑥𝑘−1 − 𝑥𝑘−2∥ → 0 as 𝑘 →∞.

By the squeeze theorem, we derive that

lim
𝑘→∞
∥𝑥𝑘+1 − 𝑦𝑘∥ = 0. (22)

This also implies that,

∥𝑥𝑘 − 𝑦𝑘∥ ≤ ∥𝑥𝑘 − 𝑥𝑘+1∥ + ∥𝑥𝑘+1 − 𝑦𝑘∥ → 0 as 𝑘 →∞.

By the squeeze theorem, we derive that

lim
𝑘→∞
∥𝑥𝑘 − 𝑦𝑘∥ = 0.

(b) From the relaxation step (Step 4) of Algorithm 1 we have 𝑥𝑘+1 − 𝑦𝑘 = 𝜌𝑘(𝑦𝑘 − 𝑧𝑘). It follows from (C2)
and (22) that lim

𝑘→∞
∥𝑦𝑘 − 𝑧𝑘∥ = 0.

(c) By the definition of Γ
(2)
𝑘 , the fact that lim

𝑘→∞
∥𝑥𝑘−1 − 𝑥𝑘−2∥ = 0 in Part (a), and the existence of lim

𝑘→∞
Γ
(2)
𝑘

(Part (e) of Lemma 3.10), we have that lim
𝑘→∞

Γ
(2)
𝑘

exists, and hence, the sequence
{
Γ
(2)
𝑘

}
𝑘

is bounded. Now,

since lim
𝑘→∞
∥𝑥𝑘 − 𝑥𝑘−1∥ = 0, we have from the definition of Γ(2)

𝑘
that

lim
𝑘→∞

[
∥𝑥𝑘 − 𝑥̂∥2 − 𝜃∥𝑥𝑘−1 − 𝑥̂∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̂∥2

]
exists.
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(d) By Assumptions (C2) and (C3) one has 𝑝(2)
𝑘
(1+ 𝛽−𝜃) − 2𝜃 > 0, and since 𝛽 ≤ 0, and

{
Γ
(2)
𝑘

}
𝑘

is bounded,
it follows from Part (a) of Lemma 3.10 that

(1 − 2𝜃)∥𝑥𝑘 − 𝑥̂∥2 ≤ Γ
(2)
𝑘
≤ 𝑀, ∀𝑘 ≥ 1,

for some constant 𝑀. Since 0 ≤ 𝜃 <
1
2 and 𝑥̂ is fixed, this implies that {𝑥𝑘}𝑘 is bounded. The boundedness

of {𝑦𝑘}𝑘 is followed from the fact that lim
𝑘→∞
∥𝑥𝑘 − 𝑦𝑘∥ = 0 in Part (a) and the boundedness of {𝑥𝑘}𝑘 . Finally,

it follows from Part (b) and the boundedness of {𝑦𝑘}𝑘 that {𝑧𝑘}𝑘 is also bounded.
If inequality (13) holds, then by repeating the same argument as above with 𝑝

(2)
𝑘

replaced by 𝑝
(1)
𝑘

and
using Remark 3.7, we obtain the same conclusion.

Therefore, the proof is completed. □

Our convergence result for Algorithm 1 is given next.

Theorem 3.12. Let C be an affine subspace in R𝑛 , 𝑓 be a bifunction defined on 𝐶 × 𝐶 such that the Assumptions
(A𝑖), 𝑖 = 1, 2, 3, 4, 5 hold, and 𝛾 − 8𝜂 > 0. Let {𝜆𝑘}𝑘 and {𝜌𝑘}𝑘 be sequences of positive numbers such that the
Assumptions (C𝑖), 𝑖 = 1, 2 hold. Assume that the inertial parameters 𝜃 ∈ [0, 1/2) and 𝛽 ≤ 0 satisfy (C𝑖), 𝑖 = 3, 4.
Then the sequence {𝑥𝑘}𝑘 generated by Algorithm 1 converges to a solution of (EP).

Proof. By Lemma 3.11, we have that {𝑥𝑘}𝑘 is bounded. Suppose that 𝑥∗ is an accumulating point of {𝑥𝑘}𝑘 .
Parts (a) and (b) of Lemma 3.11 yield that 𝑥∗ is also an accumulating point of {𝑦𝑘}𝑘 and of {𝑧𝑘}𝑘 , i.e.,

lim
𝑚→∞

𝑦𝑘𝑚 = lim
𝑚→∞

𝑧𝑘𝑚 = 𝑥∗. (23)

From the definition of 𝑧𝑘 , we have that for any 𝑘 ≥ 1,

𝑓 (𝑦𝑘 , 𝑧𝑘) + 1
2𝜆𝑘
∥𝑦𝑘 − 𝑧𝑘∥2 ≤ 𝑓 (𝑦𝑘 , 𝑥) + 1

2𝜆𝑘
∥𝑦𝑘 − 𝑥∥2 , ∀𝑥 ∈ 𝐶.

Because 𝜆𝑘 > 0, it follows that

𝑓 (𝑦𝑘 , 𝑧𝑘) ≤ 𝑓 (𝑦𝑘 , 𝑥) + 1
2𝜆𝑘
∥𝑦𝑘 − 𝑥∥2 , ∀𝑥 ∈ 𝐶. (24)

Taking 𝑥 = 𝑡𝑦 + (1 − 𝑡)𝑥∗ with 𝑦 ∈ 𝐶 and 𝑡 ∈ [0, 1], we obtain from (24) that

𝑓 (𝑦𝑘 , 𝑧𝑘) ≤ 𝑓 (𝑦𝑘 , 𝑡𝑦 + (1 − 𝑡)𝑥∗) + 1
2𝜆𝑘
∥𝑡(𝑦𝑘 − 𝑦) + (1 − 𝑡)(𝑦𝑘 − 𝑥∗)∥2. (25)

By Assumption (A4), for each 𝑦𝑘 ∈ 𝐶, the function 𝑔(·) := 𝑓 (𝑦𝑘 , ·) is strongly quasiconvex with modulus
𝛾 > 0. Therefore, (25) yields

𝑓 (𝑦𝑘 , 𝑧𝑘) ≤ max{ 𝑓 (𝑦𝑘 , 𝑦), 𝑓 (𝑦𝑘 , 𝑥∗)} −
𝑡(1 − 𝑡)𝛾

2 ∥𝑦 − 𝑥∗∥2

+ 𝑡2

2𝜆𝑘
∥𝑦𝑘 − 𝑦∥2 + (1 − 𝑡)2

2𝜆𝑘
∥𝑦𝑘 − 𝑥∗∥2 + 𝑡(1 − 𝑡)

𝜆𝑘
⟨𝑦𝑘 − 𝑦, 𝑦𝑘 − 𝑥∗⟩, (26)

for all 𝑦 ∈ 𝐶 and for all 𝑡 ∈ [0, 1]. In addition, we have

∥𝑦𝑘−𝑦∥2 = ∥𝑦𝑘−𝑥∗+𝑥∗−𝑦∥2 = ∥𝑦𝑘 − 𝑥∗∥2 + ∥𝑥∗ − 𝑦∥2 + 2⟨𝑦𝑘 − 𝑥∗ , 𝑥∗ − 𝑦⟩ (27)

and
⟨𝑦𝑘 − 𝑦, 𝑦𝑘 − 𝑥∗⟩ = ⟨𝑦𝑘 − 𝑥∗ + 𝑥∗ − 𝑦, 𝑦𝑘 − 𝑥∗⟩ = ∥𝑦𝑘 − 𝑥∗∥2 + ⟨𝑥∗ − 𝑦, 𝑦𝑘 − 𝑥∗⟩. (28)

Combining (26), (27) and (28) we obtain

𝑓 (𝑦𝑘 , 𝑧𝑘) ≤ max
{
𝑓 (𝑦𝑘 , 𝑦), 𝑓 (𝑦𝑘 , 𝑥∗)

}
+ 𝑡2

2𝜆𝑘

(
∥𝑦𝑘 − 𝑥∗∥2 + ∥𝑥∗ − 𝑦∥2

)
+ 𝑡2

𝜆𝑘
⟨𝑦𝑘 − 𝑥∗ , 𝑥∗ − 𝑦⟩ + (1 − 𝑡)2

2𝜆𝑘
∥𝑦𝑘 − 𝑥∗∥2

+ 𝑡(1 − 𝑡)
𝜆𝑘

(
∥𝑦𝑘 − 𝑥∗∥2 + ⟨𝑥∗ − 𝑦, 𝑦𝑘 − 𝑥∗⟩

)
− 𝑡(1 − 𝑡)𝛾

2 ∥𝑦 − 𝑥∗∥2 , ∀𝑘 ≥ 1.
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Simplifying the right-hand side, one has that

𝑓 (𝑦𝑘 , 𝑧𝑘) ≤ max
{
𝑓 (𝑦𝑘 , 𝑦), 𝑓 (𝑦𝑘 , 𝑥∗)

}
+ 1

2𝜆𝑘
∥𝑦𝑘 − 𝑥∗∥2

+ 𝑡

2

(
𝑡

𝜆𝑘
− (1 − 𝑡)𝛾

)
∥𝑥∗ − 𝑦∥2 + 𝑡

𝜆𝑘
⟨𝑥∗ − 𝑦, 𝑦𝑘 − 𝑥∗⟩, ∀𝑘 ≥ 1. (29)

Take 𝜆∗ := 1/(𝛾 − 8𝜂). Then, by Assumptions (C2), it holds that 0 < 𝜆∗ ≤ 𝜆𝑘 for all 𝑘 ≥ 1. Substituting 𝑘 by
𝑘𝑚 in (29), then taking lim sup

𝑚→∞
, using (23) and Assumption (A3) one has

0 = 𝑓 (𝑥∗ , 𝑥∗) ≤ lim inf
𝑚→∞

𝑓 (𝑦𝑘𝑚 , 𝑧𝑘𝑚 ) ≤ lim sup
𝑚→∞

𝑓 (𝑦𝑘𝑚 , 𝑧𝑘𝑚 )

≤ max{ 𝑓 (𝑥∗ , 𝑦), 0} + 𝑡

2

(
𝑡

𝜆∗
− 𝛾 + 𝛾𝑡

)
∥𝑦 − 𝑥∗∥2 , ∀𝑦 ∈ 𝐶, ∀𝑡 ∈ [0, 1].

Since 𝛾 > 0 we can take 𝑡 < (𝜆∗𝛾)/(1 + 𝜆∗𝛾) such that 𝑡/𝜆∗ − 𝛾 + 𝑡𝛾 < 0. Then the inequality above implies
that

0 ≤ max{ 𝑓 (𝑥∗ , 𝑦), 0} = 𝑓 (𝑥∗ , 𝑦), ∀𝑦 ∈ 𝐶 \ {𝑥∗}.
Thus, 𝑥∗ ∈ 𝑆(𝐶, 𝑓 ).

We now suppose that there exist {𝑥𝑘 𝑗} ⊂ {𝑥𝑘} and {𝑥𝑘𝑚} ⊂ {𝑥𝑘} such that 𝑥𝑘 𝑗 → 𝑥̄ as 𝑗 → ∞ and
𝑥𝑘𝑚 → 𝑥∗ as 𝑚 →∞. We will show that 𝑥̄ = 𝑥∗.

Observe that

2⟨𝑥𝑘 , 𝑥∗ − 𝑥̄⟩ = ∥𝑥𝑘 − 𝑥̄∥2 − ∥𝑥𝑘 − 𝑥∗∥2 − ∥𝑥̄∥2 + ∥𝑥∗∥2 , (30)

2⟨𝑥𝑘−1 , 𝑥
∗ − 𝑥̄⟩ = ∥𝑥𝑘−1 − 𝑥̄∥2 − ∥𝑥𝑘−1 − 𝑥∗∥2 − ∥𝑥̄∥2 + ∥𝑥∗∥2 ,

and 2⟨𝑥𝑘−2 , 𝑥
∗ − 𝑥̄⟩ = ∥𝑥𝑘−2 − 𝑥̄∥2 − ∥𝑥𝑘−2 − 𝑥∗∥2 − ∥𝑥̄∥2 + ∥𝑥∗∥2.

Therefore,

2⟨−𝜃𝑥𝑘−1 , 𝑥
∗ − 𝑥̄⟩ = −𝜃∥𝑥𝑘−1 − 𝑥̄∥2 + 𝜃∥𝑥𝑘−1 − 𝑥∗∥2 + 𝜃∥𝑥̄∥2 − 𝜃∥𝑥∗∥2 (31)

and 2⟨−𝛽𝑥𝑘−2 , 𝑥
∗ − 𝑥̄⟩ = −𝛽∥𝑥𝑘−2 − 𝑥̄∥2 + 𝛽∥𝑥𝑘−2 − 𝑥∗∥2 + 𝛽∥𝑥̄∥2 − 𝛽∥𝑥∗∥2. (32)

Adding (30), (31) and (32) gives

2⟨𝑥𝑘 − 𝜃𝑥𝑘−1 − 𝛽𝑥𝑘−2 , 𝑥
∗ − 𝑥̄⟩ =

(
∥𝑥𝑘 − 𝑥̄∥2 − 𝜃∥𝑥𝑘−1 − 𝑥̄∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̄∥2

)
−
(
∥𝑥𝑘 − 𝑥∗∥2 − 𝜃∥𝑥𝑘−1 − 𝑥∗∥2 − 𝛽∥𝑥𝑘−2 − 𝑥∗∥2

)
+ (1 − 𝜃 − 𝛽)(∥𝑥∗∥2 − ∥𝑥̄∥2).

According to Part (c) of Lemma 3.11, the limit

lim
𝑘→∞

[
∥𝑥𝑘 − 𝑥∗∥2 − 𝜃∥𝑥𝑘−1 − 𝑥∗∥2 − 𝛽∥𝑥𝑘−2 − 𝑥∗∥2

]
exists and the limit

lim
𝑘→∞

[
∥𝑥𝑘 − 𝑥̄∥2 − 𝜃∥𝑥𝑘−1 − 𝑥̄∥2 − 𝛽∥𝑥𝑘−2 − 𝑥̄∥2

]
also exists.

These last three facts imply that

lim
𝑘→∞
⟨𝑥𝑘 − 𝜃𝑥𝑘−1 − 𝛽𝑥𝑘−2 , 𝑥

∗ − 𝑥̄⟩

exists. Now,

⟨𝑥̄ − 𝜃𝑥̄ − 𝛽𝑥̄ , 𝑥∗ − 𝑥̄⟩ = lim
𝑗→∞
⟨𝑥𝑘 𝑗 − 𝜃𝑥𝑘 𝑗−1 − 𝛽𝑥𝑘 𝑗−2 , 𝑥

∗ − 𝑥̄⟩

= lim
𝑘→∞
⟨𝑥𝑘 − 𝜃𝑥𝑘−1 − 𝛽𝑥𝑘−2 , 𝑥

∗ − 𝑥̄⟩

= lim
𝑚→∞
⟨𝑥𝑘𝑚 − 𝜃𝑥𝑘𝑚−1 − 𝛽𝑥𝑘𝑚−2 , 𝑥

∗ − 𝑥̄⟩
= ⟨𝑥∗ − 𝜃𝑥∗ − 𝛽𝑥∗ , 𝑥∗ − 𝑥̄⟩.

Hence, (1 − 𝜃 − 𝛽)∥𝑥∗ − 𝑥̄∥2 = 0.
Since 𝛽 ≤ 0 < 1− 𝜃, we obtain that 𝑥∗ = 𝑥̄. Therefore, every accumulation point of {𝑥𝑘}𝑘 is a solution to

(EP). This completes the proof. □
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4. Application to mixed variational inequality problems
In this section, we apply Algorithm 1 to a mixed variational inequality problem (MVIP): Find 𝑥∗ ∈ 𝐶 such
that

⟨𝑇(𝑥∗), 𝑦 − 𝑥∗⟩ + ℎ(𝑦) − ℎ(𝑥∗) ≥ 0, ∀𝑦 ∈ 𝐶, (33)

where 𝑇 : 𝐶 −→ R𝑛 and ℎ : 𝐶 −→ R.

We now define 𝑓 (𝑥, 𝑦) = ⟨𝑇(𝑥), 𝑦 − 𝑥⟩ + ℎ(𝑦) − ℎ(𝑥). (34)

Then the equilibrium problem (EP) becomes the MVIP (33) and that
arg min

𝑥∈𝐶

(
𝑓 (𝑦𝑘 , 𝑥) + 1

2𝜆𝑘
∥𝑦𝑘 − 𝑥∥2

)
= Prox𝜆𝑘 ℎ

(
𝐶, 𝑦𝑘 − 𝜆𝑘𝑇(𝑦𝑘)

)
.

As a result, Algorithm 1 is transformed into the following for MVIPs.
Algorithm 2: Relaxed Double Inertial Proximal Point Algorithm for Mixed Variational Inequality Problems
(RDIPPA-MVIP)

1: Choose 𝛽 ∈ (−∞, 0], 𝜌 ∈ [0, 1), 𝜃 ∈
[
0, 1

2
)

and 𝜆𝑘 > 0 for all 𝑘 = 1, 2, 3, . . . . Pick 𝑥−1 , 𝑥0 , 𝑥1 ∈ 𝐶 and set
𝑘 = 1.

2: Given 𝑥𝑘−2 , 𝑥𝑘−1 and 𝑥𝑘 , compute

𝑦𝑘 = 𝑥𝑘 + 𝜃(𝑥𝑘 − 𝑥𝑘−1) + 𝛽(𝑥𝑘−1 − 𝑥𝑘−2),
𝑧𝑘 = Prox𝜆𝑘 ℎ

(
𝐶, 𝑦𝑘 − 𝜆𝑘𝑇(𝑦𝑘)

)
.

3: If 𝑦𝑘 = 𝑧𝑘 then STOP. Otherwise, go to Step 4.
4: Choose some relaxation parameter 𝜌𝑘 ∈ [1 − 𝜌, 1 + 𝜌] and update

𝑥𝑘+1 = (1 − 𝜌𝑘)𝑦𝑘 + 𝜌𝑘𝑧𝑘 .

5: Let 𝑘 ← 𝑘 + 1 and go to Step 2.
To analyze the convergence for Algorithm 2 we will make the following assumptions on the operator 𝑇

and the function ℎ.

(B1) 𝑇 is ℎ-quasimonotone on 𝐶, i.e., for all 𝑥, 𝑦 ∈ 𝐶

⟨𝑇(𝑥), 𝑦 − 𝑥⟩ + ℎ(𝑦) − ℎ(𝑥) ≥ 0 =⇒ ⟨𝑇(𝑦), 𝑥 − 𝑦⟩ + ℎ(𝑥) − ℎ(𝑦) ≤ 0;

(B2) 𝑇 is 𝐿-Lipschitz continuous on 𝐶 with Lipschitz constant 𝐿 > 0;

(B3) ℎ is strongly convex on 𝐶 with modulus 𝛾 > 0;

(B4) ℎ is continuous on 𝐶.

Theorem 4.1. Let 𝑇 : R𝑛 −→ R𝑛 , ℎ : 𝐶 −→ R be such that the Assumptions (B𝑖), 𝑖 = 1, 2, 3, 4 hold. Then the
bifunction 𝑓 defined in (34) satisfies all Assumptions (A𝑖), for all 𝑖 = 1, 2, 3, 4, 5.

Proof. Because ℎ is continuous on 𝐶, and 𝑇 is 𝐿-Lipschitz continuous, it holds that 𝑓 is continuous on
𝐶 × 𝐶. Hence, 𝑓 is lower continuous in both arguments on 𝐶 × 𝐶 and for each 𝑦 ∈ 𝐶, the function 𝑓 (·, 𝑦) is
upper continuous on 𝐶. Thus, Assumptions (A1) and (A3) are satisfied by 𝑓 . We now show that 𝑓 satisfies
Assumption (A2).

Suppose that 𝑓 (𝑥, 𝑦) ≥ 0 for all 𝑥, 𝑦 ∈ 𝐶.
By the definition of 𝑓 , we have

⟨𝑇(𝑥), 𝑦 − 𝑥⟩ + ℎ(𝑦) − ℎ(𝑥) ≥ 0, ∀𝑥, 𝑦 ∈ 𝐶.

Because 𝑇 is ℎ-pseudomonotone, it follows that

𝑓 (𝑦, 𝑥) = ⟨𝑇(𝑦), 𝑥 − 𝑦⟩ + ℎ(𝑥) − ℎ(𝑦) ≤ 0, ∀𝑥, 𝑦 ∈ 𝐶.

Hence, (A2) is satisfied by 𝑓 .
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As for Assumption (A4), for each 𝑥 ∈ 𝐶, let

𝑔(·) := 𝑓 (𝑥, ·) = ⟨𝑇(𝑥), · − 𝑥⟩ + ℎ(·) − ℎ(𝑥).

Since ℎ is strongly convex on 𝐶, we obtain

𝑔(𝑡𝑦1 + (1 − 𝑡)𝑦2) = ⟨𝑇(𝑥), (𝑡𝑦1 + (1 − 𝑡)𝑦2) − 𝑥⟩ + ℎ(𝑡𝑦1 + (1 − 𝑡)𝑦2) − ℎ(𝑥)
≤ 𝑡⟨𝑇(𝑥), 𝑦1 − 𝑥⟩ + (1 − 𝑡)⟨𝑇(𝑥), 𝑦2 − 𝑥⟩ + 𝑡ℎ(𝑦1) + (1 − 𝑡)ℎ(𝑦2)
− 𝑡ℎ(𝑥) − (1 − 𝑡)ℎ(𝑥) − 𝑡(1 − 𝑡)𝛾2 ∥𝑦1 − 𝑦2∥2

= 𝑡 𝑔(𝑦1) + (1 − 𝑡)𝑔(𝑦2) − 𝑡(1 − 𝑡)𝛾2 ∥𝑦1 − 𝑦2∥2 ,

for all 𝑦1 , 𝑦2 ∈ 𝐶 and for all 𝑡 ∈ [0, 1].
Hence, 𝑔 is strongly convex on 𝐶, meaning that 𝑓 (𝑥, ·) is strongly convex on 𝐶. This implies that 𝑓 (𝑥, ·)

is strongly quasiconvex on 𝐶. Thus, (A4) is satisfied by 𝑓 .
We now verify that 𝑓 satisfies (A5).
By the definition of 𝑓 , for all 𝑥, 𝑦, 𝑧 ∈ 𝐶,

𝑓 (𝑥, 𝑧) − 𝑓 (𝑥, 𝑦) − 𝑓 (𝑦, 𝑧) = ⟨𝑇(𝑥), 𝑧 − 𝑥⟩ + ℎ(𝑧) − ℎ(𝑥) − ⟨𝑇(𝑥), 𝑦 − 𝑥⟩
− ℎ(𝑦) + ℎ(𝑥) − ⟨𝑇(𝑦), 𝑧 − 𝑦⟩ − ℎ(𝑧) + ℎ(𝑦)

= ⟨𝑇(𝑥) − 𝑇(𝑦), 𝑧 − 𝑦⟩. (35)

Using the Cauchy-Schwarz inequality, the 𝐿-Lipschitz continuity of 𝑇, and the Cauchy inequality it holds
that

⟨𝑇(𝑥) − 𝑇(𝑦), 𝑧 − 𝑦⟩ ≤ ∥𝑇(𝑥) − 𝑇(𝑦)∥∥𝑦 − 𝑧∥ ≤ 𝐿∥𝑥 − 𝑦∥∥𝑦 − 𝑧∥
≤ 𝐿

2
(
∥𝑥 − 𝑦∥2 + ∥𝑦 − 𝑧∥2

)
. (36)

Combining (35) and (36), we obtain

𝑓 (𝑥, 𝑧) − 𝑓 (𝑥, 𝑦) − 𝑓 (𝑦, 𝑧) ≤ 𝐿

2
(
∥𝑥 − 𝑦∥2 + ∥𝑦 − 𝑧∥2

)
,

which implies that Assumption (A5) is satisfied by 𝑓 with 𝜂 =
𝐿

2 .
Thus, the proof of the theorem is complete. □

By Theorem 4.1, Theorem 3.12, and the transformation from Algorithm 1 to Algorithm 2, applied to the
bifunction 𝑓 defined in (34), we obtain the following corollary.

Corollary 4.2. Let 𝐶 be a affine, closed subset ofR𝑛 . Let𝑇 : 𝐶 −→ R𝑛 and ℎ : 𝐶 −→ R be such that all Assumptions
(B𝑖), 𝑖 = 1, 2, 3, 4 hold. Assume further that all Conditions (C𝑖), 𝑖 = 1, 2, 3, 4 in Assumption 3.6 hold. Then the
sequence {𝑥𝑘}𝑘 generated by the Algorithm 2 converges to the solution 𝑥∗ of the MVIP (33).

5. Numerical experiments
In this section, we present numerical experiments to compare our proposed Algorithm to the one of Grad,
Lara, and Marcavillaca in [19]. The codes were written in Python running on https://colab.research.google.com
on a HP ProBook 430G6 Laptop with Windows 11 Home Single Language and an Intel Core i5 8265U CPU
with 1.60 GHz and 4.0GB RAM.

The numerical example below illustrates a situation in which the method proposed in this paper exhibits
superior performance—in terms of both the number of iterations required and the CPU time needed to
reach a solution of (EP)—compared with the Relaxed–Inertial Proximal Point Algorithm (RIPPA) proposed
by Grad, Lara, and Marcavillaca in [19].

As the stopping criterion for the proposed algorithms, we consider the case where the norm (in
particular, the absolute value) of the difference between 𝑦𝑘 and 𝑧𝑘 is not larger than a prescribed tolerance
𝜀 > 0; that is, the algorithm terminates when |𝑧𝑘 − 𝑦𝑘 | < 𝜀.
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Example 5.1. [19] Let 𝑝, 𝑞 ∈ N, 𝑝 > 1, 𝑞 > 1. Let 𝑓 : R × R −→ R be defined by

𝑓 (𝑥, 𝑦) = 𝑝
(
max{

√
|𝑦|, (𝑦 − 𝑞)2 − 𝑞}

)
− 𝑝

(
max{

√
|𝑥|, (𝑥 − 𝑞)2 − 𝑞}

)
+ 𝑥(𝑦 − 𝑥).

As shown in [19] the bifunction 𝑓 satisfies all the assumptions (A𝑖), 𝑖 = 1, 2, 3, 4, 5 with 𝜂 = 1/2. □

We implement a numerical experiment with the parameters chosen as follows:
𝑝 = 2, 𝑞 = 99, 𝜖 = 1

4 , 𝜌 = 2
5 , 𝜀 = 10−12 , 𝛽 = −0.001, 𝜃 = 0.12, 𝜌𝑘 = 1.4, 𝜆𝑘 = 0.1 for all 𝑘 = 1, 2, 3, . . ., and

with initial points 𝑥−1 = 3210 and 𝑥0 = 𝑥1 = 8297.
A straightforward verification shows that all assumptions (C𝑖), 𝑖 = 1, 2, 3, 4, are satisfied for the chosen

parameter values.
Table 1 reports a comparison of the performance of RDIPPA and RIPPA under these settings.

Table 1. Comparison of the performance of RDIPPA and RIPPA with 𝛽 = −0.001, 𝜃 = 0.12, 𝜌𝑘 = 1.4, and
𝜆𝑘 = 0.1 for all 𝑘 = 1, 2, 3, . . ..

Algorithm RDIPPA RIPPA

𝜀 = 10−12 𝜀 = 10−12

Approximate solution 79.19999999989813 79.19999999996573

Time 0.005859375 0.010273456573486328

Iterations 40 54

Next, the algorithm is executed with the parameters 𝑝 = 2, 𝑞 = 99, 𝜖 = 1
4 , 𝜌 = 2

5 , 𝜀 = 10−13, 𝛽 = −0.0001,
𝜃 = 0.25, 𝜌𝑘 = 1.4, 𝜆𝑘 = 0.2 for all 𝑘 = 1, 2, 3, . . ., and with the same initial points 𝑥−1 = 3210 and
𝑥0 = 𝑥1 = 8297. The numerical results are presented in Table 2.

Table 2. Comparison of the performance of TIPPM and RIPPA with 𝛽 = −0.001, 𝜃 = 0.12, 𝜌𝑘 = 1.4, and 𝜆𝑘 = 0.1
for all 𝑘 = 1, 2, 3, . . ..

Algorithm TIPPM RIPPA

𝜀 = 10−13 𝜀 = 10−13

Approximate solution 79.1999999999766 79.199999999986

Time 0.029584646224975586 0.04530167579650879

Iterations 152 313

From Tables 1 and 2 we observe that the proposed algorithm attains approximate solutions in less
computational time and with fewer iterations than the algorithm presented in [19].

6. Conclusion
In this paper, we showed that the relaxation proximal point method with two-step inertial extrapolation
can be adapted to solve non-convex equilibrium problems. We established the global convergence of
the iterative sequence generated by the proposed method, and provided numerical illustrations. Our
numerical experiments highlight the advantages of using two-step inertial extrapolation over the one-step
approach commonly employed in related studies on (convex) equilibrium problems. In future work, we
plan to extend the proposed method by incorporating a combination of inertial and correction terms, or
we may develop the algorithm in more general spaces.
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